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AnHoTanuga

Ha ocHOBe UHMCIEHHOTO peIleHUS YPAaBHEHUH peHT-
TeHOBCKOH AMHAMAYECKON Audpariuu mcciaegoBaHa
dborycupoBKa KJIMHOBBIX MHOTOCJTOMHBIX Jlays JWH3
(MJLJ). Tlokazamo, uTo OonyGIMKOBAaHHEIE paHee pe-
syapraThl A. Amapeiiuykom m ap. [A. Andrejeczuk
et al., Nuclear Instruments and Methods in Physics
Research B, 364 (2015) 60] He cCOOTBETCTBYIOT YCJIO-
BuaM Jlays qudpakuun, U ciefoBaTEIbHO, JaHHEIE O
dorycupoBre MJIJI aBiaaroTcsa HEMpPaBUJIbHEIMH.

KuatoueBsie cioBa:

KJAUHOBbLE MHO020CA0lHbe Jlays AuH3bl, OUHaMULe-
CKaA peHmeeHo8CKaA OUuPparuus, pPeHMzeHO8CKAS
dorycuposra

Abstract

Focusing of wedge multilayer Laue lenses is stud-
ied based on the numerical solution of the X-ray dy-
namic diffraction equations. It is shown that the re-
sults published earlier by Andreichuk et al. [Nucl.
Instr. Meth. Phys. Res. B 364 (2015) 60] do not
correspond to the Laue diffraction conditions, and,
consequently, the data on MLL focusing are incor-
rect.
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dynamic X-ray

®
Introduction

The paper [1] presents theoretical results on
the focusing properties of a one-dimensional multilayer
wedge Laue lens (MLL). The calculations were per-
formed using the beam propagation method for a lens
that focuses X-rays with an energy of 20 keV to a spot
size of less than 5 nm. The method used by the authors
and the results obtained on its basis are highly ques-
tionable. In [1], it is not shown how the beam propaga-
tion method is related to the multilayer Laue lens struc-
ture, how the X-ray Laue diffraction of an aperiodic multi-
layer structure is described using the beam propagation
method, and finally, what is the distribution of the trans-
mission and diffraction intensities inside the MLL at an
angle of X-ray beam incidence o = 8.5 mrad. Moreover,
the authors [1] consider the distribution of the dielectric
constant D(Xi) in the lens as a periodic trapezoidal func-
tion, while this distribution should correspond to the con-
figuration of the Fresnel zone plate. Therefore, the pur-
pose of this paper is to provide an alternative description
of the MLL focusing based on the dynamic Laue diffrac-
tion theory and to compare the results obtained with the
data of the paper [1].

Diffraction equations

Dynamical Laue X-ray diffraction in periodic me-
dia differs from diffraction in Bragg geometry [2]. One
of the differences is the Pendelliésung effect, when
the intensities of the transmission and diffraction X-ray
waves oscillate into the periodic medium. The period of
such Pendellésung oscillations (Pendellésung distance)
in the symmetrical Laue geometry is equal to Ag =
AlcosOp| /(C|x1|), where X is the X-ray wavelength,
0 p is the Bragg angle, C' is the polarization factor, and
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X1 18 the Fourier component of the X-ray polarizability in
the diffraction direction.

Direct calculations of the distribution of X-ray in-
tensities inside the multilayer Laue lens have not yet
been carried out. Such calculations, in contrast to the
traditional dynamical theory [2], should be performed tak-
ing into account the spatial restriction of X-ray beams [3-
7].

For a rigorous calculation of the intensity distribu-
tion inside the MLL, we use the Takagi - Taupin equations
[8, 9] in an oblique coordinate system (Fig. 1):
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Fig. 1. Schematic representation of X-ray diffraction
in a wedged multilayer Laue lens.

Pmc. 1. Cxemarmueckoe m300paskeHHe PEeHTTEeHOBCKOHR
audppakonur B MJLJL.
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where Ey 1 (); s, s1) are the amplitudes of the transmis-
sion Ky and diffraction F of X-ray wave, ®(sg,s1) =
27e(s0,81)sin0p/d, £(s0,81) = A(so,s1)/d is the
relative mismatch of the MLL period, d is the average
MLL period, ag = 7mxo/A a1 Crxi/A n
27w sin(20p )/ is the angular parameter, w is the de-
viation of the X-ray beam from the Bragg angle 0p,
fpw is the statistic Debye-Waller factor. The Fourier
coefficients of X-ray polarizability for a structure with a
two-layer period in the direction of transmission xg and
~ Xede + Xodp

diffraction 1 are written as
. mdy
, sin|{ — ).
d d

Here x¢ s and dt,b the Fourier coefficients of polariz-
ability and thicknesses of the upper (¢) and lower (b)
layers of the period of the multilayer structure. X-ray
polarizabilities of chemical elements are calculated us-
ing table values of optical constants: x; = 2(d; + ¢535),

:Xt_Xb
is

X0 X1
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b indicates the corresponding layer in the period of the
multilayer structure, rg = e?/(mc?) isthe classical elec-
tron radius, e and m are the electron charge and mass,
N is the atomic density, Z is the number of electrons in
an atom, Af7 and A f/ are the dispersion corrections to
the atomic amplitude.

The structure of MLL corresponds to the design of
periodically alternating layers of heavy and light material
according to the law of the Fresnel zone plate [1].

n2\2
4 2

= G(z)\/nAf +

ey

where 7 is the layer number, f is the focal length of the
zone plate, X is the wavelength of the incident X-ray ra-
diation, G(x) = 1 — gz, g = 0.5f~!. The width of the
n-th zone is defined as

Aryla) = G(ac)% 1+ ;—%

Therefore, MLL is a multilayer structure with variable pe-
riod

dp () = 2Arn(2) = d+ Adp(z),

where d is the average MLL period, Ad,,(z) is the mis-
match of the period with the number m (m = 2n) rela-
tive to the average period. The relative mismatch of the
MLL period can be written as

e(z, 2)G(x).

The structure of MLL, the geometry of X-ray
diffraction, and the characteristics of X-ray radiation in
numerical simulation corresponded to the parameters
usedin[1]. Thetotal number of MLL layersis N = 5822,
the number of layers illuminated by the X-ray beam was
5500 (M, = 2750 is the number of periods) [1]. For
hard X-ray radiation (wavelength is 0.062 nm) accord-
ing to the law of the Fresnel zone plate, the focal length
corresponds to f = 1.25 mumn. The size of the first zone
is Ary = 13.9 nm, the last zone is Argn, = 1.8 nm.
For the width L, = 16.7 wm of the incident X-ray beam
on the MLL, the minimum illuminated Laue lens period is
3.65 nm, and the maximum one is 17 nm. The average
MLL period is d = L,/M, = 6 nm, which corresponds
to a Bragg angle of 5.2 mrad. The maximum mismatch
of the MLL period is 11 nm, the minimum mismatch is
2.3 nm. The parameter ¢ = 0.4 mm ™", the coefficient
G(x) varies from 1 to 0.994. The map of relative mis-
matches of the MLL period is shown in Fig. 2.
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Fig. 2. Map of the relative mismatch of the MLL pe-
riod £(z, z) on a linear scale. The ratio of (z, z) values
between adjacent lines is 0.1. The maximum value of
the relative period mismatch is €00 (x, z) = 1.833 (red
color) and the minimum value is €nin(z,2) = —0.394
(purple color).

Pmc. 2. KapTa OTHOCHTEIBHOTO PACCOIJIACOBAHMA HEPH-
oga MJLJI ¢(z,z) B amHe#iHOM Macimrabe. OTHOIUIeHHE
sHAUeHO# £(z, z) MexAy coceganmn suEAamA 0.1. Maxk-
CHMaJbHOE 3HAUeHNEe OTHOCHTEIBHOTO PaCCOTIACOBAHMA

DePHOJA Emaz(z,2) = 1.833 (kpacHHHA OBeT) I MHHH-
MaJbHOE 3HAUEHHE &paq(z,2) = —0.394 (dmomeToBEIH
IBET).

X-ray fields inside a wedge multilayer Laue lens

The calculations of the X-ray intensity distribution
inside the MLL were performed using equations (1). The
numerical algorithm of the “half-step derivative” was ap-
plied [7]. In addition, X-ray fields were calculated on
the basis of the two-dimensional Takagi — Taupin equa-
tions in the Cartesian coordinate system using the Runge
— Kutta method [10], as well as two-dimensional recur-
rence relations was employed [3, 4]. All these methods
led to the same result, which ultimately was a guarantee
of the correctness of the calculations.

X-ray diffraction was calculated in MLL, consist-
ing of alternating layers of tungsten (117) and silicon car-
bide (57C') [1]. In the calculations, we used the optical
constants oftungsten = (—1.596 + ¢ 0.125) - 10~3
and silicon carbide 1 = (—0.334 + i 0.00092) - 10~3
for an X-ray energy of 20 keV [11-13].

The lateral size of the MLL is L, = 7.7 um
(Fig. 1), which corresponds to half the Pendellésung dis-
tance. This length of the lens gives the maximum in-
tensity of the diffraction beam at the exit from the right
face of the MLL (Fig. 3). The intensity distribution of the
transmission and diffraction X-ray beams inside the MLL
is shown in Fig. 3.
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Fig. 3. The intensity distribution of the diffraction
(1) and transmission (2) X-ray waves inside the W/SiC
MLL for an X-ray wavelength of 0.062 nm.

Pnc. 3. PacnpegeneEne WHTEHCHBHOCTH IU(ppPaKIMHAOH-
Ho#t (1) m mpoxogdAine# (2) peHTTeHOBCKOA BOJHEI BHYT-
pu MJLJI W/S:iC' pgnaa AAUHEL PEeHTTEHOBCKOW BOJHEI
0.062 nm.

The results of numerical simulation of the intensity
distribution of the X-ray fields inside the MLL are shown
in Fig. 4 — Fig. 7. The intensity maps of the X-ray wave
fields are given on a linear scale, the ratio between adja-
cent lines is 0.1. Red color refers to the maximum value
of intensity, purple color corresponds to the minimum in-
tensity.

Fig. 4 and Fig. 5 shows the intensity distributions
of the diffraction and transmission X-ray beam inside the
MLL for angular deviation w = 0. The intensity incident

on the left face of the MLL is Iy — ‘Eé’m‘ — 1 (Fig. 1).
The maximum diffraction intensity I; = 0.64 is concen-
trated near the right face of the MLL (red spot in Fig. 4

and curve 1 in Fig. 8). In this region, the transmission in-
tensity is I; ~ O (purple spot in Fig. 5, curve 2 in Fig. 8).

16.7

71

X, Um

Fig. 4. The intensity distribution map of the diffrac-
tion X-ray beam inside the MLL for angular deviation
w = 0 (the X-ray incidence angle is o = 6 = 5.2 mrad
for the average MLL period d = 6 nm).

Puc. 4. Kapra pacupeseneEnsa HHTeHCABHOCTH Audpak-
IMAOHHOTO PEHTTeHOBCKOTro nydka BEYTpH MJIJI ana w =
0 (yron majgeHHA PEHTTE€HOBCKOTO OydKa o« = Op =
5.2 mrad gaa cpegaero mepmoga MJLJI d = 6 nm).
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Fig. 5. The intensity distribution map of the transmis-
sion X-ray beam inside the MLL for angular deviation
w = 0 (the X-ray incidence angle is o = 0p = 5.2 mrad
for the average MLL period d = 6 nm).
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Pmc. 5. Kapra pacupefeleEdA HHTEHCHBHOCTH IPOXO-
IAIEero peHTreHoBcKoro nyuka BEyTpm MJLJI nma w
0 (yron majgeHHmA PeHTITEHOBCKOTo OyuYkKa « = 0p
5.2 mrad paa cpegraero mepuoga MJLJI d = 6 nm).

By increasing the angular deviation (w
1.7 mrad, o = 0 + w = 6.8 mrad (Fig. 1)), the max-
imum diffraction intensity /; = 0.64 does not change.
The diffraction spot increases and shifts downward along
the right face of the MLL (Fig. 6, Fig. 9, curve 1). The in-
tensity of the transmission beam has a minimum value
of I; =~ 0 (Fig. 9, curve 2).
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Fig. 6. The intensity distribution map of the X-ray
diffraction beam inside the MLL for angular deviation
w = 1.7 mrad, the X-ray incidence angle is & = 0p+w =
6.8 mrad.

Puc. 6. Kapra pacupegeseHnd AHTeHCABHOCTH TH(paK-
IHOHHOTO PEHTTEHOBCKOTO nyuka BEyTpHu MJLJI ama w =
1.7 mrad, yroix majeHHS pPeHTTeHOBCKOTO IYJKA «
Op +w = 6.8 mrad.

1.7

X, Mm

Fig. 7. The intensity distribution map of the X-ray
diffraction beam inside the MLL for angular deviation
w = 3.3 mrad, the X-ray incidence angle is &« = 0p+w =
8.5 mrad.

Puc. 7. Kapra pacupegeseHnd RHTEHCABHOCTH TH(DpaK-
OTHOHHOTO PEHTTEHOBCKOTO nyuka BEyTpHu MJLJI ama w =
3.3 mrad, yron majeEHma PeHTTE€HOBCKOTO OYIKa «
Op + w = 8.5 mrad.

However, a further increase in angular deviation
to a value of 3.3 mrad (the X-ray incidence angle is
o = O0+w = 8.5 mrad) disturbs the diffraction condition
inthe MLL (Fig. 7). The maximum value of the diffraction
intensity 1; = 0.065 decreased by 10 times and was not
placed at the right face of the MLL, but located inside the
lens. In this case, the Pendellésung effect is disturbed,
X-ray diffraction is suppressed, and the maximum value
of the reflected intensity is 0.04 at the bottom of the MLL
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(Fig. 7). Thus, the information on focusing by the wedge
multilayer Laue lens presented in [1] is incorrect. Fo-
cusing of the diffraction beam for the angle of incidence
o = 8.5 mrad, as presented in [1], is not possible, since
the Laue X-ray diffraction conditions are not satisfied at
this incident angle.

0.8

Intensity

o

0 167

Fig. 8. The intensity distribution of the diffraction
(1) and transmission (2) X-ray wave coming out of the
W/SiC MLL. The angular deviation is w = 0 mrad.
Prc. 8. Pacnpenenerne HHTEHCHBHOCTH IH(PPaKIHAOH-
Ho# (1) m mpoxogainei (2) peHTT€HOBCKOH BOJIHBI, BEHI-
xogamed ma MJLJI W/SiC ¢ yrioBHIM OTKJIOHEHHEM
w = 0 mrad.
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Fig. 9. The intensity distribution of the diffraction
(1) and transmission (2) X-ray wave coming out of the
W/SiC MLL. The angular deviation is w = 1.7 mrad.
Prc. 9. Pacunpeaenerne HHTEHCHBHOCTH IH(PPAKIHAOH-
Ho# (1) m mpoxogainei (2) peHTTeHOBCKOH BOJHBI, BEHI-
xogamed ma MJLJI W/SiC ¢ yrioBHIM OTKJIOHEHHEM
w = 1.7 mrad.

z, m

Focusing of diffraction intensity

The amplitude F1(z) of X-ray wave exiting from
the right face of the MLL propagates outside the mul-
tilayer structure according to the Fresnel-Kirchhoff law
[14]

Ei(z4,24) = cosfp /dz’P(xd, zqg —cosOpz' ) E1(2)

where Fi(z4,z4) is the amplitude of the diffraction
X-ray wave in the plane of the detector (Fig. 1),
P(x, z) = (ixx)~ /2 exp(imz?/ (\z)) is the propagator
of X-ray wavefield [14].

?
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Fig. 10. The distribution map of the focused intensity
of a diffraction beam coming out of the MLL in the case
of w=0.

Pmc. 10. Kapra pacumpenenernda choKyCHPOBaHHON HH-
TEeHCHBHOCTH AH(MPAaKOHOHHOTO IYYKA, BEIIIIEIIIETO H3
MJLJI B cayuae w = O.
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Fig. 11. The normalized intensity distribution of the
focal spot (1) and the outgoing X-ray beam from the
MLL (2).

Prc. 11. HopMmupoBamHOE pacmpegeseHne HHTEHCHABHO-
CTH Q)ORYCHOI‘O OATHA (1) H BBIXOJAINEI0 PEHTT€HOBCKO-
ro myaka u3 MJLJI (2).

In Fig. 8 the map of the focused intensity of diffrac-
tion beam exiting from the MLL at w = 0 depending on
the position of the detector x4 is represented. The dis-
tance to the middle of the focal spot shown in Fig. 8 by the
red line is 73 mm, while according to the law of the Fres-
nel zone plate it should be 1.25 mm. Fig. 9 shows the
normalized intensity distributions of the focal spot (curve
1) and the exiting X-ray beam from the MLL (curve 2).
The focal spot size at half full intensity is 960 nm, which
does not agree with the value of 5 nm [1].

Features of X-ray diffraction by aperiodic structures

Calculations performed using rigorous equations
of the dynamical theory show that diffraction focusing by
multilayer structures is very different from focusing by
Fresnel zone plates. The supposition that wedged mul-
tilayer Laue lens is more effective than flat MLL is rather
controversial [15]. Wedge-shaped layers create inhomo-
geneity not only in thickness z, but also in width z of the
multilayer structure (Fig. 1), thereby leading to a distur-
bance of the Pendellésung effect in MLL. In the diffrac-
tion equations (1), the phase changes caused by the
mismatch of the MLL period are determined by the pa-
rameter n + ®(so, s1). In papers [16, 17], X-ray diffrac-
tion in a structure with the linear lattice period variation
was considered, and the optical principle of "phase lay-
ers” was developed to describe diffraction. According to
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this optical principle, in the aperiodic structure, the Bragg
diffraction condition will be satisfied in a layer of thick-
ness [y, if in the equations (1) n + ®(sg, s1) < /1y or
from here, [; ~ 0.5 d/(cospw + £sinfp), where £ is
the average relative mismatch of the period in the layer
[1. If the mismatch of the layers is zero, that is, the pe-
riod of the multilayer structure is constant, then /; — oc.
In other words, diffraction will be observed if Bragg’s law
is satisfied:

2(d+ Ad)sin (0 Fw) = A.

Even when the angular deviation w = 0, X-ray diffraction
is performed in a narrow area of the MLL with a period
d+ Adp, = d (1 + &p,) until the phase changes of the
X-ray waves remove the beam from the diffraction con-
dition. The width of this area is equal to the thickness of
the phase layer /1. Inour case, at w = 0, £ = 0.148, the
size ofthe diffraction areal; =~ d/(25sinfg) = 3.9 um,
which is consistent with the width of the diffraction beam
3.8 wm (Fig. 11). By changing the diffraction angle
by w = 1.7 mrad, the size of the diffraction area is
[ = 8.6 wm, however, the size of the exiting diffrac-
tion beam is 7.7 pm (Fig. 9). This is due to the fact that
not all MLL periods of the “phase layer” [y = 8.6 um par-
ticipate in diffraction. At the angle of the incident beam
« = 8.5 mrad [1], under diffraction conditions there is
only one, the smallest MLL period, and diffraction from
the I /2 layer is extinguished by the “antiphase layer” [,
[16, 17].

Conclusion remarks

Thus, in the present work, for the first time, the re-
sults of numerical simulation of X-ray wave fields inside
a wedge multilayer Laue lens are presented. Due to the
mismatches of the MLL period, the diffraction condition
will not cover the entire volume of the lens, but only its
insignificant area. This area in Fig. 1 is schematically re-
stricted by red lines. The size of this area depends on
the average relative mismatch £ of the mismatch period
and the incidence angle of the X-ray beam «. Conse-
quently, the intensity distribution of the X-ray wavefields
inside the MLL is more likely related to the “collimation” of
the X-ray beam, and not to its focusing. Moreover, such
“collimation” is not connected to the configuration of the
Fresnel zone plate [15]. Also it was shown that for the
incidence angle of the X-ray beam o = 8.5 mrad on
the MLL, the Laue diffraction condition is not satisfied,
therefore, the results of [1] are erroneous.
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