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AnHoTanuga

MsbI IOKa3HIBaeM BEPXHIOK OMEHKY AJA CHEKTPAJIb-
HOH HOPMEL 172 X 72 (12 < 171) IPAMOYTOJBLHOR ciaydaii-
HOM MaTPHUIH B IPEAIOJOKEHUHT, UTO PACTPEAECTCHAE
ee 2IeMeHTOB HMeeT KOHeUHb i MOMeHT mopanka 414
¥ 5JIEMEHTH MATPHIIE YCeUEHE HA YPOBHE (np)l/z_”,
rae » > 0 m zaBucuT or §. CAMBOA p O3HAUAET BEPO-
STHOCTb MPOPEKUBAHUA.

KuatoueBsie ciaoBa:
8bLOOPOULHAA KOBAPUAUUOHHASL MAMPUUA, NPOPEHCCH-
Hasa mampuya, Hauboavuiee CUHZYAAPHOE LUCAO, CAY-
waithas mampuua

Abstract

We prove an upper bound for the spectral norm of
nxm (n < m)of arectangular random matrix under
the assumption that the distribution of matrix ele-
ments has a finite moment of order 444 (6 > 0) and
the elements are truncated at the level (np)l/Q_”,
where 7 > 0 and depends on §. Here p denotes the
probability of sparsity.

Keywords:
sample covariance matrix, sparse matrix, largest sin-
gular value, random matrix
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Introduction and the main result

Let m = m(n), m > n. Consider indepen-
dent zero mean random variables Xjk, 1 <7< n
1 < k <€ m with IEIX]?,C = 1 and independent of that
Bernoulli random variables §j, 1 < j <n, 1 <k <m
with £ = py,. In addition suppose that np,, — oo as
n — o0. Then we put p = p,. Consider the sequence
of random matrices

(1)

We denote the non-zero singular values of the matrix X

X = (& Xk 1<ign,1<hgme

by si =2 --- = s, and define the sample covariance
matrix W = XX*.
Lety = y(n) = = We are interesed in esti-

mating the maximal singular value s; (or spectral norm)
of matrix X. The problem of estimating the norm of a
random matrix arises in many applications. This topic
has been studied by many authors. The case of Wigner
matrices or sample covariance matrices has been suffi-
ciently studied. See, for example, the work of Rudelson
and Vershynin [1] and the literature to it. Sparse matri-
ces with p,, — 0 when n — o0 take a special place.
Our motivation for studing the largest singular value of
a sparse random matrix is related to the proof of local
laws for sparse covariance matrices with "heavy tailed”
entries.
The main result of our paper is the following

Theorem 1. Let EX;, = 0 and E|X;|*> = 1. Let’s
assume that

E| X < Cp < o0,

forany 7,k > 1 and for some § > 0. Suppose that there
exists a positive constant B, such that

npn > Blog* n,

where »x = Additionally assume that

)
2(4498)"
| Xjk| < C1(npn)2 ",
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Then for every () > 1 there exists a constant C' =
C(Q,0,Cy, C1), such that

Pr{s; > C\/npy/logn} < Cn™@, (3)

The estimations of the largest singular value for
sparse covariance matrices like (3) but without factor
v/log n, with stricter restrictions of moments, is possible
to find in [2].

Some applications and proof of the main result

To estimate the spectral norm of the matrix X, we
introduce the matrix V

o

where O denotes a matrix of the corresponding dimen-
sion with zero entries. Note that

, [ XxX* O
V{ o XX}

(4)

O X
X* 0Ol

and
TrW* = 9TrV?2s,

Let's consider the estimates of the high order moments
of the matrix V. First we note that for g = 2r + 1

ET+V? =0.

We investigate ¢ = 2r. Let ag = 2Tr V2,
Theorem 2. The following inequality holds for r

C(np)”,

<

(23]
Eag, € np Z Eogsozp_2s—2+
s=0

+Cnp E%lagr + C]E%Oégr.

r
(np)
Corollary 1. Under conditions of Theorem 2, for r <
Co(np)* there exist the constant C1 > 0 depending on
Cy such that the following inequality holds

Eag,. < CTr"(np)”

Proof of Corollary 1. Let

[

_ 1
Yr = (np) Ezr argy.

Using Young inequality, we can rewrite the result of The-
orem 2 as follows
N
)| +
(np)*
1

2
Ea

1
T {47«(1 +
T

1 1
oy + ;(40)%

4
Here from we get the required.
O

Corollary 2. There exists an absolute constant C, s.t.
forevery t > C,

Pr{s; > t\/npy/logn} <

exp{—clogtlogn}.

41

Proof of Corollary 2. Note that (np)*
put + = clogn. It is easy to see that

> Clogn. We

1 L
51 < nirag.
Applying Chebyshev’s inequality, we get

E 2r
> ty/npy/logn} < °1

pris g Togn <
nEasy,

———.
120 (np)rlogn”

Using Theorem 2, we get

r 2r
Pr{s; = ty/npy/logn} < Zg < (%) .
O
Lemma 1.
(75
ETrV® = > (As+ B+ Z,
s=0
where

n

A, fZIE[

SN XnbinXix

k=11=1

% [ >23 HVQ’"_QS_Q} ’
k4+n,l4n 7i

o ;E[ZXM@IC [ VQ))QSHLM,J’}X

X [V%_QS_Q} o
VEY)
A ;];E ]kgjk[ V<9>)’" 1VT} ktn.g

Proof of Lemma 1. We have the following equality

ETrv? =23y "EX;i [V '], .y

j=1k=1
Let's denote the jth column of the matrix V for j =
1,...,nby V; Let
1
T T T
Aj = Vjej + ejVj — mejjejej
and ]
Vi =v - A (5)
Using these notations, we obtain
ETrV?" = Cy + Oy,
where
n m
_ . (F)x72r—2
=SS EXjié [V \% }Hw
j=1k=1
n m
2r—2
Ca= 30 Bt [A,V7 ), .,
j=1k=1
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It is straightforward to see that

ZZE kgjk V2r 2]]7j

j=1k=1

= Agp.

We continue with Cf.
we get

Using representation (5),
C1 = C11 + Cha,
where

Ci=)

j=

Ciz =

=1

NE

—_

k

I
MR

NE

x>
I

1

.

Next, it is easy to check that

Cip = zn:iEXjkﬁjk [Vm}

j=1k=1

[V2r—2] _ BO-

et 53
Note that

012 = 0.
We continue with C1;.
(5), we get

Applying again representation

Ci1 = Crir + Chrae,

where

n

Ciy1 = Z Z EX;k&k |:<V<j>>3v2r—4:|

=1 k=1

Clig = Z Z Xtk [ Vm)zAsz”_‘l}
=1 k=1

fetn,g

ktn,g

Using the definition of A, we get

0112 = Z Z ZE ijjlgjkgjl [(VO))z}

j=1k=11=1

X
k+n,l4+n

X [V2r—4] = As.

3.7
Repeating with C'{11, we get

n m

Cinn=58 +Z ZEXjkﬁjk [(V<j>)4V2r_5}

s k+n,j

Continuing this procedure, we get the required. O

Proof of Theorem 2. \We start with the estimation of A,
fors=1,..., {’"51

} . We represent

o~

As :ZS+A3,

42

where
A, znjﬂz[zx 2LV )2 k| X
FlVQ’" =,
:zn: [i i X Xj&50%
O YTk

% {(V(j)>23} k+n,l+n} [V%_%_QL/

Further, we continue with Zs as follows

A= A A,

where
gg) p;E[Z [ (V)2 }k+n,k+n} X
y |:V2r—23—2i|
is’

AP *ZE[Z X — p)x
7j=1 =

% |:<V<]>>28:|k+n7k+n:| [V%_%_QL]"

Using Vi > 0 and V,ijlg > 0fork=1,...,n+mand
interplacing theorem, we get
Zg) < pETrV3Trv2r—2s-2
We can rewrite it as
Zi” < npEaggany s 2.
Applying Hélder inequality, we get
n
AR <STE| Y (X2 — EXZ 850 %
g=1 k=1
r—1
% {(VU))QS} Ty
k+n,k+n
r—s—1
E5=T ‘ [Vw 25— 2] 71
Ji
Note that for s — 0,...,[’;1] we have ¢ = =L > 2.

8
Taking the conditional expectation with respect to V@)
and applying Rosenthal’s inequality, we get the inequal-

ity
(> (v, )

n

AP <Y Es
j=1

+qp(np)t 22 i ( { (V) I)LJrn,kJrn)q) %

k=1

9
q—1

g—1
xE 4

[Vz(r—mqqﬁ}

Ji

e

+
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This implies that
AP <10 T,

where
"1 \ 2(r=1)
re — C\/M;E}; (%TT’ (V(])>2 1 >><

q—1
?

[Vz(r—mqqﬁ}

Ji

a1

([ ) ) )

[V2<r—1)quLj

Applying Hoélder’s inequality and interlacing theorem, we
get

'Y <2, /mpq (ETT’(V>2<T_1>> <

r—1
T

<2 npqn% (ETT’V%> ,

g—1

g—1
xE 4

r <C’q(np)1_2’{_%n% (ETT’(V>2<T_1>> <

r—1
T

<C’q(np)1_2’{_%n% (ETTV2r> (7)

Further, we consider Xs.
equality, we get
m

<<ZEHZ Z Xl Xj&x
; k=11=1,14k

@)
(E(v, ) )

Applying inequality for quadratic forms (see [3]), we get

Applying twice Hélder’s in-

1
q
X

1
A<t (T 1 T@ 4 T0) "

X(Ji:lE

(v, ))
Ji ’

where

[

("))

k=11=1
T3 =% pt (np) i~ 2px
B (S (V) )
kz:; lz:; k4+n,l4n

B ety 3OS | [ [

k=11=1

k+n,l4+n

43

Note that
(fg”) < @ (TT’V4S>%
< qpn(rgfs)IE<T'r'V2’"> g (8)
Further,

S

(L (v],,,,,,) ) <mmve

=1

E),

(9)
This implies that

1
<f§2>> "< gBp(np)i e
Finally,

()’

Moreover,

1

1
q

s
I8

(ETTV*")" . (10)

n

-

s
Is

< qz(np)1_2”_7 . (ETTVQ’”)

(]zn;E <[V2r_28_2]jj> e )qql

r—s—1

(TTV2r> "

Combining the estimates (8)—(10), we get

N

(g—=1)

<n o

r—1
T

< Cnp(X1 + X9+ X3) (ET'r'(V)Q’") ,

As
where
141
Z1 =qn 2+T7
Yo :q% (np)_%_bﬂr%)n_l
qz

(np)¥ "3

Summing by s = 1,...,[55

1___2s
r  r(r—1)

Yy =

], we get

+ +
(np)2t=y/n - (n

r—1
T

x (ETTV”)

Now we estimate B,. First we note that By — 0.
We can assume that s > 1. We represent B in the form

BS:ZE[Z Z XX x

J=1  k=11=1,1#7

y { (VU))%LM’HJ ([V2r—28—2]jj> .

The estimation of B, is similar to the estimation of Xs.

We get

3
r2

+ +
(np)>+y/n

-1
[

Z |Bs| < < Cnpnr
s=0

rlogr

vn
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r—1

i (IETT(V)2”> "

T

<np>2%)

In conclusion, we estimate Z,. Without loss of
generality, we can assume that r is even. First we write

12| < zn:f:ﬂ?:‘ inkﬁjk {(VU))r_l
k=1

+

%
j=11=1 ktn,l
X‘ [V, ‘
Applying Cauchy inequality, we obtain
n o m L m =1 2
|Zy] < ZEE ZXjké}'k {(Vm) X
=1 1=1 k—1 ktnl

xE2| V7] 5|7

Taking the conditional expectation and applying Cauchy

inequality again, we get
oD

|Z| < zn: (pEii ‘
X (Ei nar ‘2>
=1

j=1 =1 k=1
From here it follows that

n 0 2r—2\ %
|Z,n|<C\/;—9jz:1<IETfr [VJ} ) X

1
2
X

k+n,l

[N

<(ES V7, 1)
=1

Taking into account interlacing theorem and applying
Cauchy inequality, we get
m

> |[Vr]l,j|2>

1i=1

(S

12| < C\APEATr[V]* = (E <

n
1=

44

1 2r—1
< Cnery/npR 20 TrV?",

Combining inequalities (6), (7), (11), and estimates of
corresponding sums, we get the required. O

(11)

Proof of Theorem 1. The proof of Theorem 1 follows
now from Corollary 2 by choosing ¢ sufficiently large. O
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