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D.B. EFIMOV

HAFNIAN OF SOME THREE-PARAMETER
TOEPLITZ MATRICES AND PERFECT
MATCHINGS OF ARC AND CHORD
DIAGRAMS

Institute of Physics and Mathematics,
Federal Research Centre Komi Science Centre,
Ural Branch, RAS,

Syktyvkar

AunHoranusa

ITonyuena aBHas Gopmysia O TOUHOTO BBIUMCIIEHU T
I‘aQ)HI/IaHa TpexmnmapaMeTpuiyeCKnuX TeNJINIeBbIX MaT-
PUIL CHEIUATHLHOI0 BUAA 32 IIOJMHOMHAJIBLHOE BPeMs.
HaHa acuMITOTHYECKAs OIleHKA rapHuana yKasaHHO-
ro tuna marpul. OTaeJbHO PacCMOTPEH CJaydail Iie-
JIOUMCJIEHHBIX HEOTPHUIATEJbHBLIX IIapaMeTPOB, KoTaa
BBIUMCJIEHNE rapHHaHA PABHOCHUJIBHO IIE€PEUUCIICHUIO
COBEPILIEHHBIX [MapOCOYETAHUIN MYTrOBLIX U XOPHAOBBIX
AnarpamMM.

KaroueBsie ciaoBa:

2apHUAH, Menauye6a MAmpPuUya, cO6epuLeHHoe napo-
coyemaHrue, dyzosas duazpamma, xopdosas duazpam-
ma, mnozounen Beccens

Abstract

We obtain an explicit formula for exact calculating
the hafnian of 3-parameter Toeplitz matrices of a
special type in polynomial time. We also give an
asymptotic estimate for the hafnian of this type of
matrices. Separately, we consider a case of non-neg-
ative integer parameters, when calculating the haf-
nian is equivalent to enumerating perfect matchings
of arc and chord diagrams.

Keywords:
hafnian, Toeplitz matrix, perfect matching, arc dia-
gram, chord diagram, Bessel polynomial

Introduction

Let A = (a;;) be a symmetric matrix of even or-
der n over a commutative associative ring. The hafnian
of A is defined as

Hf(A) = >

(i1t2]...]in—1%n)

Qiyig " Wiy 1y

where the sum runs over all partitions of the set
{1,2,...,n} into disjoint pairs (i1i2), ..., (in—1%n) Up
to the order of pairs, and the order of elements in each
pair. So, if n = 4 then Hf(A) = aj2a34 + a13a24 +
ai4a93. The hafnian of the empty matrix is taken to be
1.

Recall that a matrix is called Toeplitz if all its diag-
onals parallel to the main diagonal consist of the same
elements. A symmetric Toeplitz matrix is uniquely deter-
mined by its first row. Let a, b, ¢ be real or complex num-
bers. We denote by T, (a, b, c) the symmetric Toeplitz
matrix of order 2m with zero main diagonal whose first
row has the form (0,a,b,b,...,b,c) or (0,a) if m = 1.
For example (dots denote zeros),

- a b b b c
a - a b b b
b a - a b b
Liabe)=1 4 4 o . o b
b b b a - b
c b b b a -

In the first part of our work, we obtain an explicit
formula for exact calculating the hafnian of such matri-
ces. Using this formula, we also give an asymptotic esti-
mate. In the second part, we consider sequences of val-
ues Hf(T,,(a, b, c)) with respect to m for non-negative
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integers a, b, c. Such sequences can be interpreted in
the language of graph theory as follows. It is easy to see
that if M is the adjacency matrix of an unordered multi-
graph with even number of vertices, then Hf( M) equals
the total number of perfect matchings of the multigraph.
We denote by G, (a, b, ¢) the multigraph with 2m ver-
tices whose adjacency matrix is T, (a, b, c). It is con-
venient to represent such a multigraph in the form of an
arc or chord diagram. An arc diagram is a graph presen-
tation method where all the vertices are located along
a line in the plane, while all edges are drawn as arcs.
The vertices of a chord diagram are located on a circle
and edges are chords of the circle. However, if a pair of
vertices of a chord diagram is joined by several edges,
then to distinguish them in a figure, we will draw them
not in the form of segments, but also in the form of arcs.
By construction, the vertices 1 and 2m of the diagram
G (a,b, c) are joined by c edges, vertices with numbers
differing by one are joined by a edges, and all other pairs
of vertices are joined by b edges (see Figure 1).

Fig. 1. Arc (a) and chord (b) diagrams G3(2,1,0).
Puc. 1. Iyrosas (a) m xopmosas (b) aguarpamMmbl
G3(2,1,0).

Thus, in the second part of our work, we consider
sequences of numbers of perfect matchings of the multi-
graphs G, (a, b, ¢) for some values of a, b, c.

Note thatin many papers (see, for example, [1,2]),
chord diagrams are understood to be perfect matchings
of chord diagrams in our terminology, and perfect match-
ings of arc diagrams are called linear chord diagrams. In
the same papers, one can find references to extensive
applications of these structures.

1. The hafnian of three-parameter Toeplitz matrices

Let @k, denote the set of all unordered k-ele-
ment subsets of the set {1,2,...,n}. Let A be a matrix
of order n and o € Q. We denote the submatrix of
A formed by the rows and columns of A with numbers
in « by Ala], and the submatrix of A formed from A by
removing the rows and columns with numbers in o by
A{a}. The following property proved in [3]:
Proposition 1. Let A, B be symmetric matrices of even

ordern. Then

n/2
Hf(A+B)=>_ Y Hf(Ala)H{(B{a}). (1)
k=0 a€Q2k,n

Consider the matrix T;,(a,b,c), m > 2. For
brevity, we denote it now by A,,:

0 a b -+ b ¢
0 e e b
A, = b , m>2
b
b a
c b b a O
2m

This matrix can be represented as the sum of the follow-
ing two matrices:

0 a b b
a
Bm: ’
b
a
b b a O
0 0 c—b
0
Cy, =
0 :
c—b 0 e e ... 0

It has shown in [4], that if we put 0° = 1 then the hafnian
of B,, can be calculated by the following formula:

(m+k)!
El(m — k)12k°

m

Hf(Bn) = Y (a—b)" *o
k=0

)

In other words, the value of the hafnian of such a matrix
is equal to the value of the polynomial

"o(m+ k) sz\F —
Pm(2,y) :Zk:(!(m—lz;)! (5) '
k=0

in two variables =,y at x = band y = a — b. Note
that for y = 1 this polynomial coincides with the Bessel
polynomial of degree m [5]. Using (1), we find

Hf(Ay,) = Z Z Hf(Bm[a])Hf(Cm{O‘})'
k=0 a€Q2k,2m
If = (1,2,...,2m), then C,,{a} is the empty ma-
trix and Hf(C), {a}) = 1. If o = (2,3,...,2m — 1),
then Hf(C,, {a}) = Hf(C),[1,2m]) = ¢ —b. In all other
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cases, Hf(C,, {a}) = 0. It follows that

Hi(Apn) = HE(Byn) + (¢ — b)H( By 1) =
- i m+k)!
- ;(a kbkk!((m - k))!2k "
m—1
Hle=t) Y a0 “((Zfll: 11))!!21 @

Performing simple transformations, we finally obtain
(2m)! /b\™
m! 2 +
+mz:1 a_b)mkl b\ : b)(m+k)!+
Z a—
Pt 2 (m —k)!

(m+k—1)!
+(c—b)7(m_k_ 1)!> )

If a # b, then the first summand can also be entered
under the sum sign:

HE(A,,) = zmj (“_b]):kl (Z)k y

k=0
(m+k—1)!
% < (m — k).

Hf(Am) =

(m(a+c—2b) + k(a — c))) .
(6)

Remark 1. Using (4) and (5), one can compute Hf(A,,)
in time O(m).

The obtained formulas allow us to give an asymp-
totic estimate for Hf(A4,,,).
Proposition 2. Ifb = 0, then Hf(A,;,) = a™ (a + ¢).

Ifb # 0, then
2m)! "
@m)! (b> e/ .

Hi(Am) ~ ml \ 2

Proof. If b = 0, then nonzero summands in (3) corre-
spond only to the values k = 0 and [ = 0. Therefore, in
this case Hf(A,,) = a™ (a + ¢).

In the case b # 0, the proof is similar, with slight
modifications, to the proof of the asymptotic formula for
Bessel polynomials in [6]. We introduce for convenience

the notation
2m)! sx\™
i) = O (5)" e

Our task is to show that Hf(A,,) ~ fm(b,a — b) as
m — 00. In the course of the proof, for the sake of con-
venience, we also denote Hf(B,,) by S,,. If we replace
k by m — k under the summation sign in (2), and then
take out the first summand as a common factor, we get:

(2m — k)!

_ _ p\kpm—k : —
Sm =D _(a=b*b kl(m — k)l2m—F

b (2m)! o= (a — b)k2kml(2m — k)!
B Z bEEN(2m)! (m — k)!

By induction on k, it can be proved that

1 2km!(2m — k)!
il i Sl L P
0<% <1 (2m)!(m—kz)!> =
L 2<k<
=9k —2)l2m —1)’ ==
Hence,

(a— b
b* k!

_bm(2
Sm m'QTZ Z

< o™ ( la —b|*
= mvgm Z b[F !
Iblm(2m) i la —b[*
= 2 (2m — 1) £ bRk — 2)1

o™~ 2(2m)!|a — b
ml2m+1(2m — 1)

2Fm!(2m — k)!
@m) (m — k)| ) =

ola—bl/1b]

Similarly,

m—1 k—1
me 2 2
,:Za—b)kb (2m —k - k>1:
= El(m —k —1)12m—

2m 'mzzl b)*2E I ml(2m — k —2)!
m'2m P bk+1k'(2m) (m—Fk—1)!
m—l k .
bm 2m,)! a—b)k 2m — 2i
“ml2m l;) (bk+1k‘ 2m — kfl)l_l_[1 2mi> '

It follows that

m—1
o]~ (2m)! la — b|*
S| <
| 1= ml2mm Z bRkl —
N Ll CZ D Ly
- ml2m™m

Now we can write the following chain of inequali-
ties:

|Hf(Am) - fm(b7a - b)' =
(a —b)k

= SWL + (C - b)Sm_l bkk'

|2m 1;)
<ls, - b™(2m)! « Z (a — b)*

ml2m bk k!

+

ja —b|*
bFRl =

e — 0]
1).
o T

o™ (2m)! &
+‘C_b|‘sm—1‘+W Z
k=m+1

la —b|?
22m — 1)[b]2

< Fun([b],fa— ) (
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Hence,

Hf(Am) 1‘ _ |Hf(An) = fm(b,a = b)|
fm(bva_b) |fm(b?a_b>| o
fm([b], |a — b]) a — b|? lc — b

= T a—D) <2<2m—1>|b|2+ mlb] “)'

(6)

The ratio f,,,(|0], |a — b])/|fm(b,a — b)| is a constant,
and the expression in brackets approaches zero as m
increases. This completes the proof. O

Remark 2. The inequality (6) guarantees fast conver-
gence only for small values of the ratios |c — b|/|b| and
la — bl/1b].
Remark 3. The value of the parameter c affects only the
convergence rate, but does not affect the form of the
asymptotic behavior of Hf(A,,,). This is not surprising,
since the parameter c, in contrast to the parameters a
and b, corresponds to only two elements of a matrix.
For non-negative integers a,b, ¢, formulas ob-
tained in this section allow us to calculate exactly and
approximately the values of the number of perfect match-
ings of arc and chord diagrams G, (a, b, ¢). Further we
will consider some concrete examples.

2. Perfect matchings of some diagrams G, (a, b, ¢)

2.1. The arc diagram G,,,(2,1, 1)

Let us consider the arc diagram G,,(2,1,1).
Neighboring vertices are joined in it by two arcs (we
call them conditionally «upper» and «lower» arc), and
any other pair of vertices is joined by one arc (see Fig.
2). Let a,, denote the number of perfect matchings of
Gm(2,1,1). From (5) we get

1
= HE (T (2,1,1)) = > o —— ()

Applying (7) for consecutive m, we get the sequence
A001515 from [7]. Thus, we have a new interpretation

of this sequence.

)

—2—3—4 1 2 3 4
12341M4

TN - e e -2
P2 a—4 12 3 4

e - & o --4-0
2 % 1 2 3 3
Fig. 2. The arc diagram G>(2,1,1) and its perfect
matchings.

Puc. 2. [lyrosasa guarpamma G2(2,1,1) u ee coBepImen-
Hble IIapOCOYEeTAHUA.

By Proposition 2

(2m)!
e.
ml2m

am (8)
If we remove «lower» arcs in the diagram G,,(2,1,1),
then we get the complete graph K5,,. The number of
perfect matchings of Ky, equals (2m)!/m!2™. So, it
follows from (8) that adding «lower» arcs joining neigh-
boring vertices to the arc diagram of the complete graph
increases the number of perfect matchings by approxi-
mately e times.

It is known from the description of the sequence
A001515 in [7] that its m-th term is equal to the number
of partitions of the sets {1,2,....k}, m < k < 2m,
into m non-empty blocks with no more than two ele-
ments per block. For example, if m = 2, then we get
partitions: {1,2}, {13,2}, {13,24}, {1,23}, {14,23},
{12, 3}, {12,34} — 7 in total. We establish now the cor-
respondence between the given interpretation of this se-
quence and its interpretation through the number of per-
fect matchings of the arc diagram G,,,(2, 1, 1) obtained
above. As an example, Figure 2 illustrates the arc dia-
gram G2(2,1, 1) and all its perfect matchings.

We assign a partition to each perfect matching
by the following rule. If two vertices are joined by an
«upper» arc, then we put down their numbers to the
same block. If two neighboring vertices are joined by an
«lower» arc, then we «glue» them into one, renumber
vertices of the obtained graph from left to right and put
down the number of a single vertex to a separate block
(see Fig. 3). Carrying out this procedure in the opposite
direction, we will uniquely restore the perfect matching
of the diagram for a given partition. The given scheme
obviously works for an arbitrary m.

2.2. The chord diagram G,,,(2, 1, 2)

Consider the chord diagram G,,(2,1,2). Neigh-
boring vertices are joined in it by two chords, and any
other pair of vertices is joined by one chord (see Fig. 4).

Let b,,, denote the number of perfect matchings of
G (2,1,2). It follows from the above that

m+k—1)!
(m—Fk)!
9)

b, = HE(T3,(2,1,2)) = mz E1ok—1
k=0

By Proposition 2

(2m)!
miam &

by, ~

Setting by = 2 and using (9) for consecutive m > 2,
we get the sequence A336400 from [7]. This sequence
is also presented in the second column of Table 1. It
is easy to see, that sequences (a,,,) and (b,,) are con-
nected to each other by the following relation:

by, = @m + Q1. (10)

Indeed, the diagram G,,(2,1,2) differs from
Gm(2,1,1) by only one edge joining the vertices 1 and
2m. For G,,,(2, 1, 2), the number of perfect matchings,
in which vertices 1 and 2m are joined by an edge, equals
am—1. Hence, b,, is greater than a,, by a,,_1.
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/[;\ —> {14, 23}
2 3 4

1
-- B Y Y ———
T T
N
A S A y

Q—— -— - >
2

1

> ---0 «—> {1,2}

CONDN ey
4

1 2 3

- > {1234}
1 2 3 4
e — {13,2}
2 3

C e > {12,3}

2 3

M,,m > e--&-% > {1,23}

3 4

2 3

Fig. 3. The correspondence of two interpretations of the sequence A001515.
Puc. 3. CoorBeTcTBHE ABYX MHTepIpeTanuii mociaenoBarenabuoctTu A001515.

/
/7
-
3 -7 3 ~~___-" 2
4 .-~~~ 1 4 .-~ "~ 1
« e «______»
/ \ / A\
/ \ / \
i \ ! \
[ 1
\ , \ 1]
\\ ) \\ ,
\, / \ 4
| S &« -
3~ -7 3 ~__--7 2
4 .-~~~ 1 4 .-~ "~ 1
« e
14 \ 7 \
/ \ / \
! \ ! \
[ 1 |
| \
[ I
\\ , \\ ,
\t\/\./ “ ’
3 ~~___-7 3 ~~___-"2
4 -7~ 4 -7~ 1
/| \ / N\
/ \ / \
i \ ! \
1 1
\\ , \\ )
/ /
\\ , \\ ,
~ ~ <
3 ~~___- 3 __--" 2
4 -7~ 4 .-~ "~ 1
/| \ / A\
/ \ / \
! \ ! \
1 1 |
| \
[ I
\\ , \\ ,
\ 4 \, /
a7 2 3 ~~___-"2

Fig. 4. The chord diagram G2(2,1,2) and its perfect
matchings.

Puc. 4. Xopgosasa guarpamma G2(2, 1,2) u ee coBepImeH-
HbIE ITaPOCOYETAHMUS.

It is known that the sequence (a,,) satisfies the
following recurrence relation:

am = (2m—1)am—1+am—2, a1 =2, a9 =1. (11)

From the equalities (10) and (11), we can derive the fol-
lowing recurrence relation for terms b,,,:

bm+1:2mbm+(2m—2)bm_1+bm_2, m > 4.
and

4m?2 — 3)b,, 2 )b, —
bm—l—l:(m Jom & (2m + b1 m > 3.

2m —1 ’

2.3. The arc diagram G,,,(2,1,0)

Let us consider the arc diagram G,,(2,1,0).
Neighboring vertices are joined in it by two arcs, the ver-
tices 1 and 2m are not adjacent if m > 2, and all other
pairs of vertices are joined by one arc (see Fig. 5).

S

1723 4 1 2 3 4
VOV AN P
1 2 3 4 12 3 4

T N - e -- e --&-0%
© 2 sk 12 5 4

Fig. 5. The arc diagram G>(2,1,0) and its perfect
matchings.

Puc. 5. Iyrosas gurpamma G2(2,1,0) u ee coBepimeH-
HBIE TIaPOCOYETAHUA.

Let ¢,,, denote the number of perfect matchings of
G (2,1,0). From (5) we get

cm = HE(T9,,(2,1,0)) =

Re 1 (m+k—1)!
*;(/{—1)!2’6—1 (m—Fk)! (12)

By Proposition 2

(2m)!
migm &

Cm
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Setting ¢; = 2 and using (12) for consecutive m > 2, we
get the sequence presented in the third column of Table
1.

As in the case of (a,, ), the sequence (c,,) can
be interpreted through partitions of finite sets of natural
numbers into blocks. Namely, ¢,, is equal to the num-
ber of partitions of sets {1,2,...,k}, m < k < 2m,
into m non-empty blocks so that there are no more than
two elements in each block and there is no block con-
taining 1 and k simultaneously. For example, if m = 2
then we get partitions: {1, 2}, {13,24}, {1, 23}, {12, 3},
{12,34} — 5 in total.

It is easy to see that sequences (a,,) and (¢,)
are connected to each other by the following relation:

Cm = Um — Am—1- (13)
Indeed, the diagram G,,(2,1,1) differs from
G (2,1,0) by only one edge joining the vertices 1 and
2m. For G,,(2,1, 1), the number of perfect matchings,
in which vertices 1 and 2m are joined by an edge, equals
am,—1. Hence, a,, is greater than ¢, by a,,_1. From
the equalities (11) and (13), one can derive the following
recurrence relation for terms c,,,:

Cm+1 = 2m+2)em —2m—4)ep—1—Cm—2, M > 4.
and

(4m? + ey + (2m + Ve

> 3.
om — 1 ) M=

Cm+1 =

Starting from m = 2, ¢,, coincides with the
(m — 1)-th term of the sequence A144498 from [7].
Thus, one can say that we get a new interpretation of
A144498.

2.4. The arc diagram G,,,(1,2,2)

Let us consider the arc diagram G,,(1,2,2).
Neighboring vertices are joined in it by one arc, and
any other pair of vertices is joined by two arcs (see Fig.
6). Let u,, denote the number of perfect matchings of
G (1,2,2). From (5) we derive that

m

U = HE(Thm (1,2,2)) = )
k=0

(=)™ F (m + k)!
k! (m— k)’
(14)
Setting u; = 1 and using (14) for consecutive m, we get
the sequence presented in the first column of Table 2. El-
ements of this sequence coincide in absolute value with

the corresponding elements of the sequence A002119
from [7].

2m-3 2m-2

(a)

Fig. 7. A derivation of a recurrence for (um).
Puc. 7. BBIBOA PEKYPPEHTHOIO COOTHOIIEHUS A (Um ).
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4 1 2 3 4
& R G S
1 5 3 4 1 5 3 4
1 5 3 4 1 2 3 4
e - -
1 5 3 4 1 5 3 4
Fig. 6. The arc diagram G»(1,2,2) and its perfect
matchings.

Puc. 6. lyrosas guarpamma Gz(1,2,2) u ee coBepiieH-
HbIE TaPOCOYETAHUA.

By Proposition 2
(2m)!
Vem!’

If one joins in the diagram G.,,,(1, 2, 2) neighboring ver-
tices by additional «lower» arcs, then we obtain the di-
agram G,,(2,2,2). It is nothing more than a com-
plete multigraph, each pair of vertices of which is joined
by two edges. It is not difficult to calculate that the
number of perfect matchings of such a graph equals
(2m)!/m!. From (15) it follows that, by appending addi-
tional «lower» arcs joining neighboring vertices to the di-
agram G,,,(1, 2, 2), we get the number of perfect match-
ings increased by approximately /e times.

Now we derive a recurrence for the sequence
(um,). For Gi(1,2,2), consider perfect matchings, in
which the vertex 2m is joined by an arc with the vertex
2m — 1. It is obvious that the number of such perfect
matchings equals u,,,—1. Consider a perfect matching,
in which the vertex 2m is joined by an «upper» arc with
the vertex 2m — 2 (see Fig. 7(a)). The remaining 2m — 2
vertices can be paired in at least u,,—1 ways. But the
vertices 2m — 1 and 2m — 3 are considered here as
neighboring, and therefore they assume only one vari-
ant of the connection (by an «upper» arc), although if
we consider the diagram Ga,,(1,2,2) in general, this
vertices can be joined by two different arcs. Thus, one
must also take into account perfect matchings, in which
the vertices 2m — 1 and 2m — 3 are joined by a «lower»
arc (see Fig. 7(b)). The number of such matchings is
obviously U, —2.

U (15)
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Table 1
The number of perfect matchings of multigraphs Gn.(a,b,c)
Tabaumna 1
Yucno coéeputennblx napocoiemanuii myremuzpaga G (a,b,c)

m Gm(2,1,1) Gm(2,1,2) Gm(2,1,0)
1 2 2 2
2 7 9 5
3 37 44 30
4 266 303 229
5 2431 2697 2165
6 27007 29438 24576
7 353522 380529 326515
8 5329837 5683359 4976315
9 90960751 96290588 85630914
10 1733584106 1824544857 1642623355
11 36496226977 38229811083 34762642871
12 841146804577 877643031554 804650577600
13 21065166341402 21906313145979 20224019536825
14 569600638022431 590665804363833 548535471681029
15 16539483668991901 17109084307014332 15969883030969470
16 513293594376771362 529833078045763263 496754110707779461
17 16955228098102446847 17468521692479218209 16441934503725675485
18 593946277027962411007 610901505126064857854 576991048929859964160
19 21992967478132711654106  22586913755160674065113  21399021201104749243099
20 858319677924203716921141 880312645402336428575247 836326710446071005267035

Table 2

The number of perfect matchings of multigraphs G, (a,b,c)
Tabauma 2
Qucno coseputennbLx napocoiemanuii mynsvmuzpagpa G, (a,b,c)

m Gm(1,2,2) Gm(1,2,1) Gm(1,2,0)
1 1 1 1
2 7 6 )
3 71 64 57
4 1001 930 859
5 18089 17088 16087
6 398959 380870 362781
7 10391023 9992064 9593105
8 312129649 301738626 291347603
9 10622799089 10310669440 9998539791

10 403978495031 393355695942 382732896853

11 16977719590391 16573741095360 16169762600329

12 781379079653017 764401360062626 747423640472235

13 39085931702241241 38304552622588224 37523173542935207

14 2111421691000680031 2072335759298438790 2033249827596197549

15 122501544009741683039 120390122318741003008 118278700627740322977

16 7597207150294985028449 7474705606285243345410 7352204062275501662371

17 501538173463478753560673 493940966313183768532224 486343759162888783503775

18 35115269349593807734275559 34613731176130328980714886 34112193002666850227154213

19 2599031470043405251089952039 2563916200693811443355676480 2528800931344217635621400921

20 202759569932735203392750534601  200160538462691798141660582562 197561506992648392890570630523

11
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The same is true for perfect matchings, in which
the vertex 2m is joined with the vertex 2m — 2 by a
«lower» arc. Thus, the number of perfect matchings, in
which vertices 2m and 2m — 2 are joined by an arc,
equals 2(uy,—1 + Upm—2). Continuing to reason in a
similar way and summing over all possible variants of
arcs incident to the vertex 2m, we obtain

U, + Um—1 = (4m - 2)'U/m,—l‘l'

+ (4m — 6)um—2 + -+ + 10us + 6.

On the other hand, applying the given formula to w,, 1,
we arrive at the equality:

Um—1 + Um—2 = (4m - 6)um72+

+ (4m — 10)up—3 + - - - + 10uz + 6.

Substituting this expression into the previous one, we
finally obtain

Um = (4m_2)um71 +Uum—2, ur =1, up =1. (16)

2.5. The chord diagram G, (1,2,1)
Let us consider the chord diagram G,,(1,2,1).
Neighboring vertices are joined in it by one chord, and

any other pair of vertices is joined by two chords (see
Fig. 8).

4 .-~ 1 4 .-~ "~ 1
«————»
/ \ / A\
/ \ / \
i \ ! \
1 1
\ \
\ ! \ !
\ // \ //
\, N\
o\—c
3 ~ - -
4 -7 -
7/
/
1
[
|
\
\
N\
3 >~ - ~
4 -7~ RN

.
3 ~~___-

Fig. 8. The chord diagram G2(1,2,1) and its perfect
matchings.

Puc. 8. Xopgosasa guarpamma G2(1,2,1) u ee coBepimen-
HBIEe IapOCOUETaHUS.

Let v,,, denote the number of perfect matchings
of Gy, (1,2,1). From (5) we get

U = HE(Tom(1,2,1)) =

—1m E(m+k
_sz ((m—k)!)'

(17)
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By Proposition 2

(2m)!

Vvem!

Taking v; = 1 and using (17) for consecutive m > 2,
we get the sequence A336114 from [7]. This sequence
is also presented in the second column of Table 2.

It is easy to see that sequences (u,,) and (v.,)
are connected by the following relation:

Um,

— Um—1. (18)

Indeed, the diagram G, (1, 2, 2) differs from G,,, (1,2, 1)
only by one edge joining the vertices 1 and 2m.
Hence, u,, is greater than v,,, by the number of perfect
matchings of G, (1, 2, 2), in which the vertices 1 and 2m
are joined by an edge, i.e., by u,,_1. From equalities
(16) and (18), one can derive the following recurrence
relations for terms v,;,:

Um = Um

Umt1 = (Am+3)vy, —(Am—T)vp—1—Vm—2, m > 4.

and

+ (2m + 1)vp—1
2m —1 ’
2.6. The arc diagram G, (1,2,0)

Let us consider the arc diagram G,,(1,2,0).
Neighboring vertices are joined in it by one arc, the
vertices 1 and 2m are not adjacent if m > 2, and all
other pairs of vertices are joined by two arcs (see Fig.
9). Let w,, denote the number of perfect matchings of
Gnn(1,2,0). From (5) we get

Wy, = HE(T2,,(1,2,0)) =
m (_l)mfkfl |:(m_|_k= )

=2 ! (m —k)!

k=0

2
8Mm-v,

Um+1 = m > 3.

(=3m+k)|.

(19)

Putting w1 = 1 and using (19) for consecutive m > 2,
we get the sequence A336286 from [7]. This sequence
is also represented in the third column of Table 2. By
Proposition 2

(2m)!

Vem!

It is not hard to see that sequences (u,,)

and (w,,) are linked to each other by the following
relationship:

W, ~

- 2um,717 m Z 2. (20)

Indeed, the diagram G, (1, 2, 2) differs from G,,, (1, 2, 0)
by two arcs joining the vertices 1 and 2m. Hence, u,,
is greater than w,, by twice the number of perfect
matchings of G,,(1,2,2), in which the vertices 1 and
2m are joined by an arc, i.e., by 2u,,,_1. From equalities
(16) and (20), we can derive the following recurrence
relations for w,,, with m > 4:

Wm = Um

Wint1 = (4m + Dwy, — (8m — 13) Wy —1 — 2Wey—2,
and with m > 3:
(32m? — 12m + 2)w,, + (8m + Vw1

Wm41 =

&qm — 7
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1 2 3 4 1 2 3 4
1 775 o 7377 4 177727 737774
Fig. 9. The arc diagram G>(1,2,0) and its perfect

matchings.

Puc. 9. lyrosas guarpamma G2(1,2,0) u ee coBepImeH-
HbIE TaPOCOYETAHMUS.

3. Conclusion

In this paper, we have considered the method
for the explicit calculation of the hafnian of symmetric
three-parameter Toeplitz matrices in polynomial time. In
addition, in the case of non-negative integer parameters,
this method allows us to calculate numbers of perfect
matchings of various multigraphs represented in the form
of arc and chord diagrams. Thus, we produce a certain
class of integer sequences. Some sequences from this
class have long been described in OEIS. But the method
under consideration allows us to look at these sequences
from the point of view of graph theory.
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AnHoranusa

B mammoit craThe ommchIiBaeTCsA IIEPexXon OT Helipoce-
TEBOW apXUTEKTYPHI K OOLIKHOBEHHBIM AudhepeHIT-
aJbHBLIM ypaBHeHuUAM u 3amaue Komwu. Paccmatpu-
BaeTCs CpaBHEHME IBYX HEHMPOCETeBBIX APXUTEKTYp:
kJsgaccuueckass RNN u ODE-RNN, B KOTOpOit HCIOJIb-
3YIOTCSI HeliPOHHBIE O0BIKHOBEHHEIE AU PepeHnuaib-
Hble ypaBHeHHuA. B pabore mpeiaraerca HOBasi apXu-
rekTypa p-ODE-RNN, nmosBosAoIas fo0UThCA Kade-
ctBa, comocrtaBumoro ¢ ODE-RNN, #o mpu aToM 00y-
yaeTcd 3HAUMUTEJbHO ObicTpee. Kpome Toro, paccmar-
pUBaeTCs BBIBOJ, IPEIJIOKEHHON apXUTEKTYPhI C TOU-
KU 3PEHUs TEOPUU CAYUaMHBIX IIPOIECCOB.

Karouesnie ciosa:

00bLKHOBeHHbLe OUupPepeHyuanvible YpaBHEHUS, Hell-
POHHble cemu, CAYHAUHbLE NPOUECCHL, BEPOSMHOCHL-
Hble pacnpedeseHus

Abstract

This paper describes the transition from neural net-
work architecture to ordinary differential equations
and initial value problem. Two neural network ar-
chitectures are compared: classical RNN and ODE-
RNN, which uses neural ordinary differential equa-
tions. The paper proposes a new architecture of
p-ODE-RNN, which allows you to achieve a qual-
ity comparable to ODE-RNN, but is trained much
faster. Furthermore, the derivation of the proposed
architecture in terms of random process theory is
discussed.

Keywords:

ordinary differential equations, neural networks,
stochastic processes, probability distributions

BBepneHue

ExegHeBHO B COBpPEMEHHOM Mupe MNosiBNAeTcs
OFPOMHOE KONNYECTBO HOBbIX AaHHbIX, KOTOPbIE reHepu-
pYylOTCS B pa3nnyHbIX 06nacTsax 4enoBe4veckon geaTenb-
HOCTM: OT CENbCKOro X039MCTBa OO CEPBUCOB MO 3aka-
3y Takcu. Takne o6bEMBI MHPOPMaLIMM NO3BOMSOT NpK-
MEHSATb HOBbIE NOAXOAbI K MOCTPOEHNIO Moaenew, obpa-
B0oTKe 1 aHannTUKe Ha OCHOBE NOMYyYeHHbIX AaHHbIX. 1o-
MWMO KacCU4ECKMX anropuTMOB MaLLMHHOIO 0By4eHus,
KOTOpble He Bcerga MOryT Mpeanoxutb Heobxogumoe
KayeCTBO peLleHMs BbILLEONUCaHHbIX 3agad, CTouT OT-
MeTUTb Napagurmy rnybokoro obyyeHus (deep learning),
MOCKOSbKY MOZENU, MOCTPOEHHbIE B €€ pamKax, No3Bo-
NS0T pelwaTtb MHOrne BocTpeboBaHHbIe U paHee Hedo-
CTYyNHble 3agauyn.

CraHgapTHas METOAONOMMS peLleHns HOBbIX 3a-
[ad B pas3nunyHbIX 0b6nacTax MatemaTukv npeanonara-
€T CBeeHne HOBOW 3aayun K CTapour v nocnegyrouiee
paccMoTpeHue B paMKax paHee Mofly4YeHHOro anropuT-
Ma peLLeHnst U3BeCTHON 3agayn. B cBaA3n ¢ 3Tum ocobhIi
WHTEpec NPeACTaBNAT pa3nnyHble NOAXOAbl PaCCMOT-
peHus metofoB rnybokoro obyvyeHus B pamkax paHee
XOPOLLO U3yYeHHbIX 0bnacten matematuki. Paccmatpu-
Baembll B paboTe HOBbLIV Krnacc Takux mopenen (Hen-
pOHHble 0BbLIKHOBEHHbIE AndddpepeHLmnanbHble ypaBHe-
Hua (HOOY)) nossonseT ucnomnb3oBaTb BCE BO3MOXHO-
CTU M rMBKOCTb napagurmbl rnybokoro obyyexus [1],
onMpascb Ha JOCTaTOMHO U3YYEeHHY Teoputo 0BbIKHO-
BEHHbIX AnddepeHumanbHbIX YpaBHEHUN.

Hanbonee n3BecTHOM HEMPOCETEBON apXUTEK-
TYpOW, €CTEeCTBEHHO TpaHcopMupyloLenca K Hen-
poHHOMY AuddepeHumansHOMY YpaBHEHUIO, ABNAETCS
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ResNet [2]. OTn npeobpaszoBanus n popmanmsaums HO-
Y onucaHbl B cTatbe [3], KOTOpas cTana Havanom pas-
BUTMS YKa3aHHOM TeMaTuku B coobLuecTBe uccnegosa-
Tenew n aHanMTUKOB AaHHbIX. B aTon e paboTte ncnonbs-
3yeTcs MeTop, NO3BOMALNA YMEHBLUWTL 3aTpaThbl one-
patuMBHOM namaTn gns obyyenma HOLY. OanbHenwee
pasBuTue naemn o NpuMeHeHun rmbkoctn guddepeHum-
anbHbIX ypaBHeHWU B pamkax HOLlY peannsoBaHo B MO-
nenn ODE-RNN, koTopas nossonsiet paboTtatb ¢ gaH-
HbIMW, MOSTYYEHHbIMU Yepe3 pasHble NMPOMEXYTKU Bpe-
MEHMU, N onucaHo B paborte [5].

[anee, ons BEKTOPHbIX BENUYUH ByOeT ncnorb-
30BaTbCA XUPHbIA WPKAT, AN CKanapHbIX — 0ObIYHbIN,
€CIny He OroBopeHo MHoro. Hanpumep: h; — BekTop, a t
— ckansp.

1. HeipoHHble 0GbLIKHOBEHHbIe
anddepeHumanbHble ypaBHeHusi (Neural ODE)

1.1. Momuesauyus

BonbwuHcTBO Mopgenen rnybokoro obyyeHus
npeacTaBnsaT COOON KOMMNO3ULIMM CROXHBIX Nocneno-
BaTenbHbIX (PYHKUMOHanbHbLIX Npeobpa3oBaHU CKpbl-
TOro coctosiHuA h; (ONs HEMPOHHOM CETU — 3TO CKPbITHIN
CNON C HOMepPOM t), Kaxkaas U3 KOTOPbIX NO3BONSAET Npu-
6nn3unTb Nobyto pyHKumMio 13 LP (Npu BbINOMHEHUM NPO-
CTbIX YCNOBUI Ha OYHKLMIO aKTUBaLMK Y YNCIIO CKPbITbIX
cnoés) [1].

OnpepeneHue 1.1

HewnpoHHas ceTb — BblMUCAUTENbHBLIN rpad), B KOTOPOM:
Kaxgas BepLUMHa C BbIXOASLLEN U3 Hee Ayron — 3To unu
TEH30p, UN1 MaTpuua, UM BEKTOP, UNn ckansp; Kaxaas
BEpLUMHA C BXOAALMM B Heé pebpom — pyHKUUS, 3aBU-
cALLas OT BepLUWH, AYrM KOTOPbIX BXOAAT B HEE; Kaxaas
ayra ykasbiBaeT (OYHKLMOHAaIbHYO 3aBUCUMOCTb.

Mony4aeTcsa, YTO MOXHO NPeACcTaBUTb Crnenyto-
LLINIA CKPbITLIA CNOW B CETU Yepe3 HEKOTOPYH OYHKLNIO

ht+1 == F(ht)
ApxutekTypa ocTaToyHOW HelnpoHHon ceTn (ResNet),

npeanoxeHHast B [2], NO3BONSET NPeACTaBUTbL CKPbITOE
COCTOSIHVE B TaKOM BUAE:

ht+1 :ht+f(htat70)a (1)

roe O — napameTpbl HelipoceTn f. MOXHO 3amMeTUThb, 4TO
ecnu nepenucars (1) B Buge:

hii1— hy

————— = f(hy,t,0),

t+1)—t J(he,t,6)
TO MONyYEeHHOE BbIpaXeHne SABMSEeTCs AUCKpeTusauu-
en Jnnepa ansa 06bIKHOBEHHOTO AnddepeHumnansHoro
ypaBHEHUS:

dh(t)

MonyyeHHoe BbipaXkeHVe SABMNSETCS HEWPOHHbLIM
06bIKHOBEHHBLIM _ AndydepeHUManbHbIM _ yYpaBHEHNEM
(HOLOY) [3]. Takum obpasom, yBenuumBasi YMcrno cro-
€B B CETW U yMeHbLLasi LWar AMCKPETU3aLMUN, MOXHO Mo-
nyuutb dyHkumio h(t), koTopas onpegensietca (2) 6e3
NPUBSI3KM K KOHKPETHOW apXMTEKTYpe HEMPOHHOW CETU.

t € [to,t1].
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1.2. 3adayva Kowu dns HOLY

Nerko 3ametuTb, uto h(ty) = hg — BXOA HeW-
poOHHoW ceTu, a h(t1) = hy — e€ BbIxoa Ha NocnegHem
cnoe. Vimes HOQY (2) u HauanbHoe ycnoswe h(tg)
hg, nonyyaem 3agauy Kowwwu:

%ff) = f(h(t),t,0), teto,ti],
h(to) = ho.

O6y4eHne nony4yeHHON MoOAenu 3akniyaeTcs B MUHU-
MU3aumum auddepeHumpyemon dyHkumumu notepb L(-):

~
~

L(h(t1)) =L h(t0)+/f(h(t),t, 0) dt

~ L(ODESoIve(to, t1, h(to), 9, f)),

rae ODESolve(-) — unicneHHbI MeTo peLleHnst 0Bblk-
HOBEHHOTO ANdepeHLManb-HOTO ypaBHEHMS.

2. CpaBHeHMe peKypPpPEHTHON HEMPOHHOW ceTn
M Npo3BoaHoun oT Hee apxutekTypbl ODE-RNN

2.1. RNN

PaccmoTpvM cHavana craHgapTHylO Mogenb
pekyppeHTHoM HenpoHHou cetn (RNN), koTopas Ha Bxog,

nonyyaet Habop AaHHbIX { (x4, , ;) }, v kaxpoe eé ckpbl-
Toe cocTosiHue h;, onuceiBaeTca dopmynoin (puc. 1):

hi =g(hi—1,x,).

Wcnonbays B Bae gyHKUMM akTMBaLmmM runepbo-
NUYECKUI TaHTeHE, NOMNOXUM g:

g(hifl, ZDti) = th(WthIti + bzh+

+ Whnhi—1 +bpp), (3)

rae W, Wi, — cooTBeTCTBYIOLIME MaTpPULbl BECOB, a
b;n, bpy — COOTBETCTBYIOLNE BEKTOPbI CMELLEHUS.

MoXHO 3amMeTuTb, YTO B NPOMEXYTKE BpPEMEHU
[ti—1,1;] CKpBITOE COCTOSIHWE CETU OCTAETCS KOHCTaHT-
HbeiM. [aHHas apxutekTypa addekTuBHa Ans Habno-
OEHWIA, KOTOpble NOJyYEHbl YepPE3 PaBHbIE MPOMEXYTKU
BPEMEHM.

hin— g [—h,;
Ly,
Puc. 1. DBioK peKyppeHTHON HeWpPOHHON ceTu
(RNNCell).

Fig. 1. RNNCell.

Hepegnko B peanbHbIx 3agadvax NpoOMeXyTK1 Bpe-
MEHU Mexay HabnoaeHUsMU OTNMYalTCs, U UMEHHO
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3TO pasnuyne HeceT nornesHyo MHdopmaumuio ansa oby-
YeHua mogenu. Hanprvmep: MeguumnHcKkmMe gaHHble, Npo-
MEXYTKU BPEMEHM NOMYyYEHNS KOTOPbIX MOTYT OTNnYaTh-
€S 3HAYUTENBLHO U NPU 3TOM MOTYT HECTU MHOrO Mones-
Hol nHdpopmaumm. CtaHgapTHasa apxutektypa RNN He
YUUTbIBAET 3Ty OCOOEHHOCTD.

B pgaHHOM mogenu Takke mcnonb3yercda HOLOY:
g — HelpoHHasi CeTb, KOTOpasi NnapamMeTpusyeT AMHaMu-
Ky pasBuUTUS CKPbITOW NepemMeHHon BO BpemMeHu. Jler-
KO 3aMeTuTb, YTO NoryyYeHHas apxmMTekTypa no3sBonseT
y4ecTb MHTEPBarbl MOMYYEHNs1 OAHHbIX, @ TaKKe — Ha-
XOOUTb CKPbITOE COCTOSIHME MexAy NPOMEXyTKamu no-
fly4eHuns AaHHbIX, MOCKOMbKY TPaeKToOpUs COCTOSIHUS He
SIBMSIETCS KOHCTAHTHOW (BCNeacTBUe Toro, 4To b — pe-
weHne HOLY), kak B cnyyae ¢ knaccuyeckort RNN. OtoT
noaxo4 No3BofseT yBenuumTb obobLiaroLyo cnocob-
HOCTb MOZENW, HO MpWU 3TOM AN KaXA4oro wara obyye-
HMA TpebyeTca HamHOro 6onblue Kak BpeMeHHbIX, Tak 1
BbIYMCIUTENbHbLIX 3aTpaT, NOCKOSbKY Ha KaXaou utepa-
Lummn oby4veHus pewaetca HOAY.

2.2. ODE-RNN

Paccmotpym pacwmpeHnue [5] npegbigylien ap-
XUTEKTYPbl MPU MOMOLLM HENPOHHBIX OOLIKHOBEHHbIX
anddepeHumanbHbix ypaBHeHM. CpaBHUM pas3nnyms
apXuUTEKTYp Ha NpuMepe anropuTMoB 0BYyYEHNS Kaxxaowm
n3 ceten.

Anroputm 1 O6y4eHne ODE-RNN. EaMHCTBEHHOE OT-
nuyve, BbIOENEHHOE PaMKOW, OT CTaHOapTHOW peKyp-
pPEHTHON ceTn — NpefobpaboTka CKPbITOrO COCTOSHUS.

Bxoa: HabniogeHus n npoMexyTku BpeMeHW, B KOTO-

pble oHu nonyyeHbl { (¢, ,t;) }i=1. N

ho=0

ana:i=12 ... N:
] h, = ODESolve((t;_1,t:), hi_1,0,9) \
ODESolve — uncneHHbi metog pewlerns OL1Y.
h; = RNNCeII(, x;) > RNNCell — pekyppeHT-
HbI BNOK, aHaNOrMYHbIN puc. 1.

>

ana:=1..N:
0; = OutputNN(h;) > OutputNN — nonHocesa3Has
HempoceTb

Bobixoa: {0;}i=1.n;hN

—— O6y4alowas Bbibopka n
-=-- TecToBas Bblbopka §

3000 -

2000 -

IMOEX

1500 -

1000 -

2008 2012 2016 2020

Nata

Puc. 2. Ilena saxkpoiTusa nHgexca MOCKOBCKOH OGUPIKU C
ceHTs6psa 1997 r. mo mapt 2020 r.

Fig. 2. The closing price of the Moscow Exchange in-
dex from September 1997 to March 2020.
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2.3. CpasHeHue RNN u ODE-RNN

[anee Hwke BO Bcex akcnepumeHTax 6yayT uc-
nonb3oBaTbCs ABa Habopa AaHHbLIX: MOMECHAYHbIE AaH-
Hble MO UeHaM 3akpbiTnsi uHaekca MockoBcKon Bupxu
(IMOEX, https://moex.com/ru/index/IMOEX/archive/) n
cpegHemecsavHaa Temnepartypa B . Mockse (Kaggle,
https://www.kaggle.com/berkeleyearth/climate-change-
earth-surface-temperature-data (puc. 2—4).

25" —— O6yvarouian BbIGOpKa !

--- Tectosas sei6opka

Cpearemecsas Temnepatypa

2000 2004 2008

Nata

Puc. 3. Cpeguemecaunasa Temneparypa ('C) B r. Mockse
¢ aaBapa 1990 r. mo asryct 2013 r.

Fig. 3. The average monthly temperature (‘C) in
Moscow from January 1990 to August 2013.

—— PeanbHas LeHa 3aKkpbITUs

3000 -y MpeackasaHHas LeHa 3akpbiTus RNN (R2 = 0.73 Ha 100 3noxe)

-+ MpenckasaHHas LueHa 3akpbiTst ODE-RNN (R? = 0.89 Ha 100 rioxe)
2800 -

2600 -

2400 -

IMOEX

2200 -

2000 -

1800 -

1600 -

2019-01  2019-07  2020-01

2018-07

2018-01
Data

2016-01  2016-07  2017-01  2017-07

Puc. 4. Ilena 3axkpwiTus mHAeKca MOCKOBCKOII OGUPIKU
(TecToBas BHIOGODKA).

Fig. 4. The closing price of the Moscow Exchange in-
dex (test data).

Ons  obyyatowen BbIGOPKM MCMOMb30BANOCh
80% mwHabnogeHuit, a AOns TECTOBOM — oOcTasLUMe-
ca 20%. Ons kaxgon Moaenu npuMeHsnacb ofHa u
Ta xe 6asoBas apxutektypa RNN. Bce akcnepumen-
Tbl OblNM peanu3oBaHbl C UCMOMNbL30BaHWMEM hpenm-
Bopka rnybokoro ob6ydeHus PyTorch n 6ubnuoteku
(PyTorch Implementation of Differentiable ODE Solvers,
https://github.com/rtgichen/torchdiffeq) uncnexHoro pe-
wenua HOAY. B kayectBe hyHKUMM g u3 anroputma
1 ucnonb3oBanacb MOMHOCBA3HAas HENPOHHas CeTb C
OZHUM CroeM.
OnpeaenexHue 2.1
KoacbcrumeHTom fetepmuHanmm, unu R?, 6ynem Hasbl-
BaTb R2 = 1 — 5S,.¢5/SStot, 1A Y — BEKTOP peasnbHbIX
3HaYeHUNn, Y — BEKTOP, NpefckasaHHbIX 3HaYeHUNn, § =

n

n n
% Z Yi, SStot = Z (yl _g)2! SSTE:S = E (yi - yz)z
i=1 i=1 i=1
CpasHum mogenn RNN 1 ODE-RNN no rpadu-
KaMm, npeacTaBneHHbIM Huxe (pyc. 5). MoxHO 3aMeTuTb,
yto ODE-RNN ny4ywe npmnbnuxaeT pearnbHble faHHbIE
LeH 3akpbiTnsa nHagekca IMOEX.

AnanornyHo, ODE-RNN niyyiwie npubnmkaet pe-
anbHble JaHHble Temnepatypbl B I. Mockse, yem RNN.
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CpenHemecsuHas TemnepaTypa

—— PeanbHas TemnepaTypa
_ --- TpeackasaxHas Temnepatypa RNN (R = 0.78 Ha 100 3rioxe)
-+ MpeackasaHHas TemnepaTypa ODE-RNN (R? = 0.90 Ha 100 3noxe)

2013-04 201307

2013-01

2012-07  2012-10

Nata

Puc. 5. Cpegnemecsunaa Temmeparypa ('C) B r. Mockse
(TecToBasa BbIOOPKA). [IJIA HATIAAHOCTA ITOKA3aH IEePUOLT
¢ ampesa 2011 r. mo aBryct 2013 .

Fig. 5. The average monthly temperature (‘C) in
Moscow (test sample). For clarity, the period from

April 2011 to August 2013 is shown.

OnpepeneHune 2.2

Onoxa (epoch) — ogHa nonHas (Becb obyyatrowwmin Habop
OaHHbIX) UTepauus oby4yeHns Moaenu.

Ta6auna 1. Cpenmee BpeMs, 3aTpaueHHOe Ha O0ydYeHUe
Ha 1 smoxy (meHsb! 3akpruiTud uHgekca IMOEX)

Table 1. Average time spent on training for 1 epoch
(closing price of IMOEX index)

RNN ODE-RNN
0.12 cek. 1.86 cek.

Ta6auna 2. CpenHee BpeMs, 3aTpauyeHHOe Ha O0ydeHUe
Ha 1 smoxy (cpegHeMecsuHasa TeMmieparypa B I'. MocKBe)
Table 2. Average time spent on training for 1 epoch
(average monthly temperature (‘C) in Moscow)

RNN ODE-RNN
0.18 cek. 2.64 cek.

PaccMoTpuM 3HauyeHne R? Ha kaxzoii arnoxe no
puc. 6. CToUT OTMETUTL, YTO KpMBas R? gna mogenu
ODE-RNN kpyTo pacTtét go 20 anoxu, a ganee BbIXoauT
Ha nnaro.

Mogenb
Bpewms

Mogenb
Bpewms

R2

/ --- RNN
v -++ ODE-RNN
](30

3noxa

Puc. 6. R?> moneneit RNN u ODE-RNN (TecToBasi BBI-
O0opka, 1eHbl 3aKkpbiTusa uaAekca IMOEX).

Fig. 6. R? of RNN and ODE-RNN (test data, closing
price of IMOEX index).

Ha puc. 6 MOXHO 3amMeTUTb, YTO PasHOCTb MeXAay
sHauyeHnem R? ana ODE-RNN 1 RNN nocteneHHo yBse-
nnuunsaetcs ao 20 snoxu, a ganee ODE-RNN oby4yaetcs
y>Xe He Tak ObICTpO, 1 pa3pblB coKkpallaeTcs. Takum o6-
pasom, k 100 anoxe R? y ODE-RNN 6onblue Ha 0.16, a
BpeMsi 00yyeHnst 6onblue Ha 174 cek. CToOUT Takxke OT-
METUTb, YTO 3HauYeHust R2 = (.72 ODE-RNN pocTuraet
k 20 anoxe, a RNN — k 98, n 3aTpaymBaeT npu aTOM Ha
25.44 cek. bonbLue.
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R2

7 --= RNN
=+ ODE-RNN

60 100
3noxa

Puc. 7. R?> mogneneit RNN u ODE-RNN (TecToBasi BBI-
6opka, cpegnemecaunasa remueparypa ('C) B r. Mockse).

Fig. 7. R? of RNN and ODE-RNN (test data, average
monthly temperature ("C) in Moscow).

Ha puc. 7 MOXXHO 3aMeTUTb, YTO Pa3HOCTb Mexay
3HaueHnem R2 anst ODE-RNN 1 RNN nocTeneHHo co-
KpaljaeTcs npy OOBONbHO GOnbLUOW NepBoOHAYanbHON
pasHuLe. Takum o6pasom, k 100 anoxe R? y ODE-RNN
bonble Ha 0.12, a Bpems 0byyeHusi — Ha 246 cek. CTo-
WUT TaKKe OTMETUTb, YTo 3HadeHust RZ = (.71 ODE-RNN
pocturaert K 6 anoxe, a RNN — k 48, n 3atpaymBaet npu
3TOM Ha 7.2 cek. 6onblLue.

3. p-ODE-RNN

3.1. Teopemuyeckasi Yacmb

Ons TOro, 4tOObl YMEHbLWMUTL BbIMUCIUTENMb-
Hble 3aTpaTbl Kaxaom uTepauum obyyeHus, npeg-
noxmm Hosyto apxutektypy p-ODE-RNN, ana «ko-
TOpOW CKpbITOe cocTosiHe h; Oygetr sBnSTbCSA
CNnyyYyanHOW BENUYUHOW, MpPUHMMAIOLLE 3HavYeHus
RNNCell(ODESolve((t;_1,t;),hi—1,0,g),x;) c Bepo-
aTHocTbio p 1 RNNCell(h;_1, x;) c BeposiTHOCTbIO 1 — p.

Mcnonb3yst nony4yeHHoe BEPOSITHOCTHOE pac-
LUMPEHME CKPLITOrO cocTosiHUst hy;, nonyvyaem cxemy
BepHynnun, B KOTOPOK «ycrnexoM» ByaeT cumTaTbes npe-
nobpabotka h;_1.

Ces3b ¢ 2eomempuyeckum pacripedesieHuem.
MycTb v — cnyyariHas BenuuMHa paBHas HoOMepy nep-
BOro «ycnexa» (o6palleHus K YACNIEHHOMY MeToay pe-
wenua HOOY ana npenobpaboTkn CKPbITOTO COCTOSI-
Hus h;_1). Toraa v ~ Geom1(p) W, cnegoBaTensHo,
Plv=k)=(1-pklp k=12...

Cessb ¢ OuHOMuarnbHbIM  pacrpedeneHuem.
MycTb v — KONMYECTBO «YCNEXOB» B 1 UCMIbITAHNsSX Bep-
HYNMM, OMUCAaHHbIX BbIWE, C BEPOSITHOCTBLIO ycrnexa p,
Torga o ~ Bin(n,p) n P(a = k) = Ckp¥(1 — p)n—F.

Ces3b ¢ nyaccoHosckum pacripedeneHuem. Bos-
HMKaeT BOMPOC: Kak BblOpaTb 3HayeHWe napametpa p
Onsa nonyyeHus Havnydwen obobuwiatowen cnocobHo-
CTU MOZENM NPV MUHMMAIbHBIX BPEMEHHbBIX U BbIYMUCN-
TenbHbIX 3aTpaTax?

MpepnoxeHune 3.1

Paccmotpum p p(t) KaK dyHKLWMIO, 3aBUCSILLYIO OT

BPEMEHMU, NPUYEM BbIGEPEM €€ Tak, YTOObI tli)m p(t) =
oo

0, nockornbKy, UCXoas U3 puc. 6, 7, Ha NepBbIX arnoxax
ODE-RNN o6y4aetcst 6bicTpee yem RNN. MycTb p(t) =
1/t.

Wcnonbayss 31O MpeanoXeHue, nonyvaem yao-
BNETBOPEHME BCEX YCNOBU TeopeMbl MyaccoHa 1.
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Teopema 1 ([NyaccoHa)
Myctbt — comp(t) — 0Tak, utotp(t) — A > 0. Toroa
Ans no6oro k > 0 BEpOATHOCTb MOMY4UTb & YCEXOB B ¢
VCMbITaHUSIX CXeMbl BEPHYNIIN C BEPOSITHOCTLIO yenexa
p(t) cTpemunTcs k Benuumte e~ \F /1.

Takum o6pa3om, nosyyaem, 4To

= limtlzlz)\.

t—oo

lim ¢p(¢)

t—o0

Ckpbimoe cocmosiHue h; kak crydaliHbil npo-
uecc. HetpyoHo 3ameTuTb, YTO Tenepb MOXHO pac-
cmatpueatb {h;(w),i = 0,1...N} kak cnyyaiHbilit
npouecc. Takum o6pa3om, OaHHbIN )akT MO3BOSNSET
ncnonb3oBaTb BeCb annapar Teopuu CryYamrHbIX Mpo-
LIECCOB B paMKaX CKPbITOro COCTOSIHUSI B apXMTEKType
p-ODE-RNN.

OnpepeneHue 3.1

CnyuyaitHbiii npouecc {h;(w),t = 0,1... N} Ha3sbiBa-
eTca uHTerpupyembiM [6], ecnn E|h;| < oo ans Bcex
t € [0, N].

Teopema 2

CnyyainHbiit npouecc {h;(w), i
WHTErpUpyEMbIM.

0,1...N} sienserca

Lokazamenbcmeo. [NycTb a —BEKTOP TaKoW e pasmep-
HOCTW, KaK U h;, COCTOALLMIA TONbKO U3 eauHuu. Pacnu-
LLeM nepBbI abCOMOTHBIN MOMEHT Yepes chopmyny (3):
Elh;| = plth(Winz; + bin+
+WthDESO|Ve((tZ‘,1, ti), hifl, 0, f), ﬂ?z) + bhh)|+
+(1 — p)|th(Wihxi +b;n + Whrhi—1 + bhh)‘ <
<pa+(1—pla<1<oo.

B nocnepHem HepaBeHCTBe GbiNo UCMONB30BAHO COOT-
HoweHue |th(x)| < 1. O

3.2. MMpakmu4eckasi yacmb

B aTom pasgene GyaeT ucnonb3osaThcs napa-
metp p = p(t) = 1/t.

—— PeanbHas LeHa 3aKpbITUs
--- TpenckasaHHas LieHa 3akpbiTus RNN (R2 = 0.73 Ha 100 3noxe)
-+ MpenckasaHHas LeHa 3akpbiTst ODE-RNN (R? = 0.89 Ha 100 3rioxe)

2800 -
—-— MpeackasaHHas LeHa 3akpbiTus p-ODE-RNN (R? = 0.83 Ha 100 snoxe)

3000 -

2600 -

% 2400 -
o
=

2200 -
2000 -
1800 -

1600 -

2018-01 201807  2019-01  2019-07  2020-01

Nata

201607  2017-01  2017-07

2016-01

Puc. 8. Ilena saxkpwiTusi uHAeKca MOCKOBCKOI OGUPIKU
(TecToBas BHIGODKA).
Fig. 8. Closing price of IMOEX index (test data).

Ha puc. 8 npeacraBneHo cpaBHeHue KadecTBa
pasnnyHbliX anroputMoB. MOXHO 3aMeTUTb, YTO Kpu-
Basi, creHepupoBaHHasa p-ODE-RNN, HaxoguTtca mexay
ODE-RNN u RNN.

AHanNorM4yHoO, MOXHO 3aMeTUTb Ha puC. 9, YTO Kpu-
Basi, creHepupoBaHHasa p-ODE-RNN, B cnyyae gpyroro
JaraceTa MMeeT Cxoxee nosedeHune.

18

CpenHemecsuHas TemnepaTypa

5. —— PeanbHas TemnepaTypa
--- TpeackasanHas TemnepaTypa RNN (R? = 0.78 Ha 100 3noxe)

-+ MpepckasaHHas TemnepaTypa ODE-RNN (R? = 0.90 Ha 100 3nioxe)
— - TpenckasaHHas TemnepaTypa p-ODE-RNN (R? = 0.87 Ha 100 anoxe)

2013-04 201307

2013-01

2012-07  2012-10

Nata

201104 201107  2011-10  2012-01  2012-04

Puc. 9. Cpegnemecsunasa Temmeparypa ('C) B r. Mockse
(TecToBasa BbIOOPKA). [IJIA HATIAAHOCTY ITOKA3aH IEePUOLT
¢ ampesa 2011 r. mo aBryct 2013 .

Fig. 9. The average monthly temperature (‘C) in
Moscow (test data). For clarity, the period from April
2011 to August 2013 is shown.

--- RNN
++ ODE-RNN
—-— p-ODE-RNN

80 100
3noxa

Puc. 10. R? mogeneit RNN, ODE-RNN, p-ODE-RNN
(uensl 3akpoiTus ungaexkca IMOEX, TecrtoBas BBIOCOPKA).

Fig. 10. R? of RNN, ODE-RNN, p-ODE-RNN (closing
price of IMOEX index, test data).

Ha puc. 10 p-ODE-RNN 6bicTpee Bcex mogenen
pocturaet ypoeHs R? = 0.77 v panee obyyaetcs co
ckopocTbto, conoctaBsmmor ¢ ODE-RNN.

Ha puc. 11 kpusas R? ans p-ODE-RNN HaxoauT-
ca mexay RNN n ODE-RNN Ha npoTsbkeHun Bcero ooy-
YeHusl.

R2

’ --- RNN
/ ++++ ODE-RNN
—-— p-ODE-RNN

60 80 100
3noxa

Puc. 11. R? mogmemeit RNN, ODE-RNN, p-ODE-RNN
(cpenuemecaunasa Temueparypa (‘'C) B r. Mockse, TecTo-
Basd BBIOODKA).

Fig. 11. R? of RNN, ODE-RNN, p-ODE-RNN (average
monthly temperature ('C) in Moscow, test data).

OnpepeneHue 3.2

NFE (number of function evaluations) — konn4yecTBo BblI-
YMCNeHWn yHKUMKM f (HEMPOHHOM CETU) MPY YNCTIEHHOM
peweHun HOAOY.

KonnyectBo BblMUCAEHUA HEWPOHHOW CETU MNpu
yncneHHom pewenun HOY conoctaBMMo ANS KaXXaoro
Habopa AaHHbIx 1 npu atom anga p-ODE-RNN oHo 3Ha-
UNTENbHO MeHbLLEe, NOCKONbKy p(t) BbIGPaHO OOHUM U
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TeM e 1 paBHoO 1 /t. DTOT paKT CUNMBHO CHUXAET BPEMS
06y4eHusa p-ODE-RNN.

=+ ODE-RNN
500000~ —.~ p.ODE-RNN

400000 -
300000 -
=

200000 -

100000 -

Puc. 12. Kymynarusuoe sHauerue NFE gma ODE-RNN
u p-ODE-RNN (uensb! 3akpbiTus nagexca IMOEX).
Fig. 12. Cumulative NFE value of ODE-RNN and

p-ODE-RNN (closing price of IMOEX index).

=+ ODE-RNN
500000- —= P-ODE-RNN

400000 -
1y 300000 -
s
=

200000 -

100000 -

0-

0 20 40 60 80 100

3noxa

Puc. 13. Kymynarusuoe sHauerre NFE gma ODE-RNN
u p-ODE-RNN (cpenuemecaunas temmneparypa ('C) B
r. Mockse).

Fig. 13. Cumulative NFE value of ODE-RNN and
p-ODE-RNN (average monthly temperature (‘C) in
Moscow).

KonnyectBo BbIMUCAEHUA HEWPOHHOW CETU MNpu
yncneHHom pewenun HOY conoctaBMMo ANS KaXXaoro
Habopa AaHHbIX, 1 npu atom ansa p-ODE-RNN oHo 3Ha-
UNTENbHO MeHbLLE, NOCKONbKy p(t) BbIGPAHO OOHUM U
TeM e U1 paBHo 1/t. DTOT paKT CUNMBHO CHUXAET BPEMS
06y4eHusa p-ODE-RNN.

Ta6auna 3. CpenHee BpeMs, 3aTpauyeHHOe Ha O0ydYeHUE
Ha 1 smoxy (1eubl 3akpeuiTud nugexca IMOEX)

Table 3. Average time spent on training for 1 epoch
(closing price of IMOEX index)

RNN ODE-RNN | p-ODE-RNN
0.12 cek. 1.86 cek. 0.20 cek.

Takum 0bpa3om, Ha AaHHbIX LieH 3aKpbITUS WH-
pekca IMOEX k 100 anoxe R? y p-ODE-RNN meHbLue
Ha 0.06 (puc. 8), yem y ODE-RNN, a Bpemsa oby4eHus
MeHbLue Ha 166 cek. Monyyaetcs, 4to p-ODE-RNN nos-
BonsieT nonyyaTe conoctasumyto ¢ ODE-RNN obobua-
IOLLlYIO CMOCOBHOCTb, NPW 3TOM 3aTpavnBasi 3HauUUTENb-
HO MeHblLLee BpeMmsi.

Mopenb
Bpems
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Tab6smna 4. CpexHee BpeMd, 3aTpadueHHOe Ha o00yde-
Hue Ha 1 smoxy (cpegHemecsunas temmeparypa ('C) B
r. Mockse)

Table 4. Average time spent on training for 1 epoch
(average monthly temperature ("C) in Moscow)

RNN
0.18 cek.

ODE-RNN
2.64 cek.

Mopenb
Bpems

p-ODE-RNN
0.28 cek.

Ecnu e ncnonb3oBaTh HAabop AaHHbIX O cpen-
Hemecs4yHon Temnepatype B . Mockse, T0 k 100 ano-
xe R? y p-ODE-RNN meHblie Ha 0.03 (puc. 9), yem
y ODE-RNN, a Bpemsi 00y4yeHusi MeHblue Ha 236 cek.
AHanorvnyHo npegpiayLiemy Habopy AaHHbIX B 3TOM CIy-
Yyae obobuiatoLan cnocobHOCTb, Nonyvyaemas npu no-
moLm p-ODE-RNN, conoctaBuma ¢ ODE-RNN npu 3Ha-
YMTENbHO MEHbLUMX BPEMEHHbIX 3aTpaTtax.

M3 BbILIEONUCAHHBIX CPaBHEHUIN CnegyeT, 4To
HewnpoceTeBad apxuTekTtypa p-ODE-RNN nossonsiert no-
nyyatb cxoxee ¢ ODE-RNN u nydwe, yem y RNN, ka-
4YecTBO, 3aTpadmBas Npy 3TOM 3HAYUTENbHO MEHbLUME
BpeMeHHble pecypchbl, Hexenn ODE-RNN.
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POTENTIALS ALLOWING INTEGRATION OF
THE PERTURBED TWO-BODY PROBLEM IN
REGULAR COORDINATES

Syktyvkar
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AnbHoranusa

Wsyuaercsa 3amauva pasmesieHusA II€PEeMEHHBIX B HEKO-
TOPBIX CHCTeMaX KOOpAMHAT, IIOJIYYEHHBIX C IIOMO-
mpio L-npeobpasoBauuii. [[aHBI TOTEHIIUAJBI, IO-
IMycKarolliue pasjiejieHue PeryJsapHbIX IepeMeHHbIX B
BO3MYIIIEHHOM 3ajaue ABYX TeJs. IloTeHIIuaasl comep-
JKaT IPOMBBOJIbHBIE TIanKkue GyHKIuu. PaccmoTpeHn
OpuMep IOTeHIINajJa, HNPUBOAAIINIA K MTOCTPOEHUIO
ABHOTO pelIeHUusA 3aJaud B DJJIUONTUUYECKUX (PYHK-
ouax. BBI}.'[eJIeHBI cIydyanu OTrPaHMYEHHOI'0 M Heorpa-
HUYEeHHOI'O IBUXXEeHNA. HpI/IBeIIeHbI pe3yabTaThbl YnC-
JIEHHBIX 3KCIIEpDUMEHTOB.

KaroueBsie caoBa:
803myuieHHas 3adava 08yx men, L-mampuuywt, unme-
zpupyemocmno, dAAUNMULeCKUE QYHKYUU

Abstract

The problem of separation of variables in some coor-
dinate systems obtained with the use of L-transfor-
mations is studied. Potentials are shown that allow
separation of regular variables in a perturbed two-
body problem. The potential contains two arbitrary
smooth functions. An example of a potential is con-
sidered allowing explicit solution of the problem in
terms of elliptic functions. The cases of bounded
and unbounded motion are shown. The results of
numerical experiments are given.

Keywords:

perturbed two-body problem, L-matrices, integrabil-
ity, elliptic functions

Introduction

The integrable cases of motion equations have
great practical value. Their significance is determined by
the fact that with the help of their solutions one can an-
alyze the motion. In a number of cases integrable prob-
lems are used to construct intermediate orbits [1,2]. One
of non-trivial examples of integrated systems is the par-
ticle motion in a Newtonian field with additional constant
acceleration vector. This had been investigated earlier
by a number of authors [3-5] and applied to analysis of
space flights with constant jet acceleration. In 1970, this
problem was studied using regular coordinates obtained
from the KS-matrix [6]. In contrast to [6], in [7] integra-
tion of the same problem was performed in regular coor-
dinates obtained with the use of L-transformations.

In the present work we consider a problem of con-
structing potentials allowing integration of the equations
of motion. The idea of our approach consists in the fol-
lowing. First, a new dynamic system is constructed, hav-
ing more degrees of freedom than the original one. To
do this, an L-transformation is applied. The theory of
L-matrices and their applications is given in [8,9]. Us-
ing new coordinates, a general potential is selected, al-
lowing separation of variables in the Hamilton - Jacobi
equation. After this, an inverse transform to original co-
ordinates is performed, using explicit formulas. As a ba-
sis for selecting general potential with the required inte-
grability property, a well known Stackel theorem is used
[10]. This theorem gives necessary and sufficient condi-
tions for separation of variables for orthogonal Hamilton
systems, i.e. systems whose Hamiltonian contains only
squares of generalized momentums.

Note that separation of variables depends on a
choice of a coordinate system. We consider here three
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kinds of coordinate systems: regular, bipolar and spheri-
cal. The last two systems are introduced in regular coor-
dinates. Canonical equations in regular coordinates are
constructed using arbitrary L-transformations from the
initial canonical motion equations of the perturbed two-
body problem. The new equations have also orthogonal
form and are invariant with respect to L-similarity trans-
forms. In the nonperturbed case these equations do not
have singularity at the attracting center. Due to invari-
ance with respect to some perturbing potentials allow-
ing integrability, one can introduce two additional angular
parameters.

As a result of this approach the general solution of
original system is represented in parametric form, where
fictitious time plays the role of parameter, while the phys-
ical time depends on this fictitious time and initial data.
This sort of integrability is sometimes called 'Sundman
integrability’ [11].

As an example of integrable case of the perturbed
two-body problem the special kind of potential is given.
In this example the explicit solution of the problem in
terms of elliptic functions is expressed, and the criterion
of bounded motion is formulated.

Notation. Everywhere below vectors are re-
garded as column vectors, and are given in bold letters.
The sign T placed over the vector or matrix symbol de-
notes transposition. A quantity evaluated at the initial
moment of physical or fictitious time is denoted by zero

superscript: f(0) = f°.
1. The separation of variables

Let us consider the Hamiltonian function of the
perturbed two-body problem

1
H=H(xy)=glyP =% +v.
(1)

where x = (x1,22,23)7 is the position vector of the
point of mass m with respect to the point of mass my;
y = (y1,y2,y3)7 is the generalized impulses (y; =
z;, 1 = 1,2,3); v is the gravitational constant; V'
V' (x) is the perturbed potential.

For construction of the equations of motion in reg-
ular coordinates we will need the L-transformation z =
L(q)q generated by the L-matrix of the fourth order that
has the following properties:

L(a)L"(q) = L"(q)L(q) = [a*’E Vq<eR', (2)

n= ’7(m+m0)7 r= |X‘a

(L(a)p): = (L(p)a)i;, i=1,...,p, 3)
(L(a)p)i = —(L(p)q)i, i=p+1,....,4 (4)
Vq,p € R

Here E is the unitary matrix. The conditions (2) — (4) si-
multaneously hold only for p = 1 or p = 3. The quantity
p is the rank of L-transformation. The following theorem
can be proved [8, 9].

Theorem 1

An arbitrary L-matrix generating L-transformation of
rank three, has the form

21

q;KleL
q’ KoKy
L = , 5
(q) qTK3K4 ( )
a’ K4
where orthogonal skew-symmetric matrices
Ky, K5, K3, K, are equal to either
K, = a;d + azV + a3V, i=1,2,3, )
K4 = alX + Cl2y + agz,
or
K;=a1,X +a)Y +a3i 2, i=1,2,3,

Ky =a1ld + a2V + asWV. 7
The ftriplet of vectors e; (ali,agi,agi)T, )
1,2,3, forms an orthonormal basis in R3, and e =
(a1,as, ag)T is an arbitrary unitary vector.

Conversely, the arbitrary four skew-symmetric
matrices in the form (6) or (7) define the L-matrix by

the formula (5).
In the formulae (6) and (7) there are the so-called
basic skew-symmetric orthogonal matrices

0-10 0 0 0-10
1 00 0 0 0 01
U=10o 00-1]> Y=11 0 00"
0 01 0 0-1 00
00 0—1 00—-1 0
00 -1 0 00 0 —1
W=101 0 0] ¥={10 0 0]
10 0 0 01 0 0
0-1 00 0 00 —1
1 0 00 0 01 0
Y=10 0 01] Z2={0o-10 o0
0 0-10 1 00 0

The matrices K; are called generators of the L-matrix. If
K4, K5, K3, K, are calculated by the formulae (6) then
L(q) is called the L-matrix of the first type, otherwise the
L-matrix of the second type.

We transfer from variables t, x;, y; to the new
variables 7, g;, p; by the formulae

dt = rdr,
{ X = A({l)q, @
= —==A , ,peR?
Y= 9jqP (@)p;, 49, p

where the matrix A(q) is found from (5) by rejection of
the fourth line:

a' K1K,y
Aq) = | q' KK,y
a’ K3K,
Consider the equations of motion in new variables
qi, Di
dq; oK dp; oK
M 9 B 9™ 5 _0.1,2,3,4 (9)
dr  Op; dr 0q;

with the Hamiltonian
1
K= 2Ipl* +polal® + lal*Ve(a),
Ve(q) = V(x(q)).

(10)
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In this system the first equation with 5 = 0 corresponds
to transformation of time: dqo = |q|?dr. The variable
Ppo is conjugate to ggp and has a constant value.

If

x(0) =x°, y(0)=y° (1)
are initial conditions for the variables of the system with
the Hamiltonian (1), then, as it is proved in [12, 13], with
the initial values defined by formulae

{ q0(0) =0, x" = A(q”)q",
po(0) = —H(x",y%), p®=2AT(q")y",

the solution of (9) becomes, under the transformation (8),
a solution of the system with the Hamiltonian7§1 satisfy-
ing the initial conditions (11). The function q* K4p pre-
serves a constant value along solutions of (9), and with
the initial conditions from (12), this value is zero [13].
Hence, the equality q” K p 0 is the first integral
of this system. The variable ¢y coincides with physical
time ¢.

Note that the systems with Hamiltonian (1) and
(10) have different orders. The choice of initial values by
the formulae (12) means that there is a special construc-
tion of the system (9) for each trajectory of the system
with Hamiltonian (1).

Let’s pick up the form of potential V', admitting di-
vision of variables. For this purpose we shall take ad-
vantage of the theorem proved by Stackel [10].
Theorem 2
The system with Hamiltonian

1
H = ZC’L q1,---,4qn (2]9@2 +‘/Z(q1))7

(12)

admits separation of variables in the Hamilton - Jacobi
equation if and only if there is a nonspecial matrix ¢ of
order n which elements ¢,; depend only on g;, such as

dc = (1,0,...,0)7, (13)
where ¢ = (c1,¢a,...,c,)7.
In this case the integrals of motion will be
t— B _Z/@lz 4di dCh
V fz Qz
d (14)
—Bs = Z/%’q’ i s=2,...n,
i=1 a0 V fv Qz
f’L(q’L)7 ’L‘:1,...77’L,

where f;(q;) = 2(a101:(qi)+- - -+ an@ni(q:)—Vi(a:));
a;, Bi (i =1,...,n)is constant. As ¢ a simple root of
the function f;(g;) is taken.

Consider again the separation of variables in reg-
ular coordinates ¢;. The Hamiltonian looks like (10). In
this case we have

1
61202203264217

lal*(po + Ve(a

»Mr—l
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The solution of system (13) will be, for example, the ma-
trix

OO
|

O == O

——_0 O

—_—o oo

The potential is defined up to a constant. As pg is a con-
stant, we obtain

(Vi(q1) + Va(gz)+
+ V3(gs) + Va(qa))

1
Ve(q) = lqP

(19)

Let's find expression for the potential V,(q) in
original coordinates x. We notice that variables z; and r
are quadratic forms of the variables q1, g2, g3, q4. Using
the L-similarity transformation it is possible to choose an
L-matrix such as a linear combination Bix1 + Boxg +
Bsxg that will be equal to the sum of squares of ¢; with
some coefficients. Note that for any L-matrix we have
r = |q|?. As V.(q) is to be of the form (15), the required
potential in z-coordinates will be the function of the form

1
Vi(x) = ;(AT + Bix1 + Bowy + Bzxs).  (16)

Let’s specify a choice of L-matrix with the required
property. Introduce the notation

B=\/B{+B;+ B3, b

Suppose that the L-matrix is of the first type. That
is, K1, Ko, K3 are calculated by the formula (6); for sim-
plicity we assume that Ky, = —). Then

B;

B Y

i=1,2,3.

Ar + B(byx1 + baxe + bgxs) =
= Ar — Bq® [(blall + baaia + bzaiz)U+
+ (brag1 + baaga + bzags)V+
+ (brazy + baags + b3a33)W] Ya.

Choose the parameters a;; of L-matrix in such a way
that the following equalities hold:

{

Geometrically, the solution to this system means that
the vector i; (a11,a12,a13)" coincides with b =
(bl,bg,bg)T, and the vectors i2 = (a21,a22,a23)T,
i3 = (as1,as32,a33)” are orthogonal to b. Moreover,
it follows from the structure of the L-matrix that vectors
iy, ig, and iz form a frame. It is evident that the system
(17) has infinite number of solutions. We write its general
solution. For the first vector we have

iy = (b1, b, b3)"

biai1 + baai2 + bzais
biraz1 + baaog + bzass
birasi + baasa + bzass

(17)

L,
0,
0



MaBectua Komn HayuHoro ueHTpa YpO PAH. Ne 6(52). Cepus «®Pusnko-matematudeckue Haykm». CboikTbiBkap, 2021

For iy and i3 we assume, in the case b% + b% # 0, that

1
g = ————— <b2 cos a + bibg sina, —by cos a+
Vb3 + b3
T
+ bobg sin o, —(b3 + b3) sin a) )
1
iz = ——— (—bg sin a + b1b3 cos a, by sin a+
/b3 + b3

T
+ babs cos o, —(b3 4 b3) cos a)

If b7 + b3 = 0, then b = (0,0,b3)7, b3 = £1. There-
fore, we can take the following vectors as the general
solution of the system (17):

T

i1 =(0,0,b5)", iy = <cosa, sin a, O) ,
T
iz = b3 (— sin «, cos 0) .

The quantity @ € [0, 27| plays the role of an arbitrary
parameter of the general solution.

After choosing the parameters a;;, the matrix
A(q) is determined uniquely. The solution of (17) gives

Velq) = |Ol|2(Alql2 Bq"UYq) =
1

= e+ Bl

+ (A+ B)g3+
(A—B)q3).

Hamiltonian in g-coordinates corresponding to this po-
tential becomes

+(A—B)g +

4
1
K= ZZ( P} + 4pog; +4qu1))

=1

where D1 = Dy = A+ B, D3 = D, = A— B. The
canonical system of the equations falls into four subsys-
tems

dg;
dr

_ 1 dpi
—4pz, dr

_2(p0+Dl)qm 1= 1727374 (18)

These systems are equivalent to four harmonious oscil-
lators. Integrals of motion are obtained either from (14),
or directly from solving (18). Thus, separation of vari-
ables for potential (16) is carried out.

For regular g-coordinates, we introduce a new
coordinate system. To preserve the canonical form of
equations of motion, we use the canonical transforma-
tion with generating function

U = p11/Q1 cos Qa + p2y/Q1 sin Qo+
+ p3v/Q3 cos Qu + par/Q3 sin Q4.

23

We obtain
ov
q = o = vV Q1 cos Qs,
ov .
G2 =7 = V/Q1sin Qy,
P2
ov
g3 = @7 = QS CcOos Q47
P3
ov .
qa = (:)7 = QS San4a
% <19>
P = TQ1 = 2\/@(191 cos Q2 + p2 sin Q2),
ov .
P, = T% — \/@(—pl sin Q2 + p2 cos Q2),
ov 1
Py=_— = !
T80 T 2y, Peos @it pasinQu),
ov .
P, = @ = \/@(—pg sin Q4 4 p4 cos Qy).

The coordinates )1, Q2, Q¥3, 4, obtained from (19),
will be called bipolar. From the last four equations we

find p1, p2, p3, Pa:

p1=2P1\/Q1cos Q2 — \ﬁ sin Q2,
p2 = 2P1\/Q15in Q2 + —= cos Q2,
F
(20)
p3 = 2P34/Q3cos Q4 — \ﬁ sin Q4,
Py
ps = 2P3+/Q3sin Q4 + —— cos Q4.
V@3
In the new variables the Hamiltonian K becomes
— 1 P2 P?
K=< (1QiP2 + 2 +4QsPF + )+
8 @ Q1 @aly Qs
+po(Q1+Q3) + (Q1+Q3)V,

where function V is expressed in terms of Q);.

Similar to the above, consider separation of vari-
ables in bipolar coordinates. In the notations of theorem
2 we now have

1 1
= Q1, 027@7 =Qs, C4*TQ3-
As a solution to (13) one can take the matrix
L 00
7
——= 1 0 0
2
o=| 4 . L, 21)
R ?3
0 0 —=5 1
403

For the potential V' admitting separation of variables, we
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Va(Q2)+
V4(Q4)>~

1
Q1V1(Q1
o a; (@@ + 45
— 1
+QsV +—
Q3V3(Q3) 10,
In g-coordinates we obtain the form
Va(arctan &)
A(q? + ¢3)
V 4(arctan 3‘3*))
Alg3 +a5) /

Passing to x-coordinates, we use the concrete L-trans-
formation

1 _
V.= qF ((qf+Q§)V1(qf+qg)+

+ (g3 +a1)Vs(d3 +a3) +

T1 = 2q194 + 2q243,
T2 = —2q1q3 + 2q2q4, (22)
r3= ¢ +q¢—q3—qj,

which follows from (5), (6) with K1 = V, Ky = W,

K3 = U, K4 = —). Taking into account that for any
L-matrix the equality 7 = ¢% + g3 + 3 + g3 holds, we
obtain

1
= G + @ = < (r+axs3).

2 2
The general solution of the first equation is

/r—x [r—x
C05¢9 q4 = & 51nw7

v € [0, 27).

qg‘“]i: (7"—313’3),

Then
21 8in Y — x9 cos Y T1Co8Y + T siny
\/i\/’l"—l’g ’ \/ﬁx/T—ng '

In a similar way we may introduce a parameter, using the
second equation,

7"+ T3
=1/ cosr, g2 =

Y1 € [0 27T

q1 = q2 =

2 sin

As is well known [12], with L-transformation for a point
in R? at a distance r from the origin, there corresponds
a point of some circle of radius /7 in R*. The vari-
ables ¢; contain an arbitrary parameter 1 (or v1), giving
parametrization of the given circle. In the original coor-
dinates x; this parameter disappears. Note that

q2 = tan wla

d_ tan .
q1 3

We therefore assume functions V5, V, to be constant.
Then we arrive at a potential of the form

% [Gl((T +23)/2) + Ga((r — 333)/2)} , (23)

where (G, G2 are arbitrary smooth functions. The
Hamiltonian in bipolar coordinates for this potential takes

V(x) =

24

the form
_ P2 G P2
K:Ql(—1+po+ 16(2?1))+4221 -+
G2(Q3) 1 Pf
+Q< + po + O ) 4@374

In view of the solution (21) for f; from the theorem 2 we
have

(a1 ax oy G1(Q1)
f1(Q1) 2<Q1 00, PTg >,
f2(Q2) = 2a,
(a3 oy G2(Q3)
(@) =2(gt —qgs — 10— )
J1(Q1) = 20y4.

Then integrals of motion are obtained by formulas (14).
Let's consider one more case of separation of
variables. Introduce the spherical coordinates in ¢-co-

ordinates
@1 = /Q1 cos Q2 cos Qu,
g2 = \/Q15in Q2 cos Qu,
g3 = /Q1 cos Q3 sin Qu,
qq = \/@sin Q3 sin Qy4.

We supplement the transformation (24) to obtain a
canonical transformation of impulses

P1 = 2/ Q1 cos Q2 cos Qu P —

sin Qo cos Q2 sin Q4

" V@rcos Qs var
Py = 2\ﬁsin Q2 cos QaPr+
cos Qo bln Q2 sin Q4
\ﬁ cosQy V@1 v (25)
p3 = 2/Q1 cos Q3 sin Qu Py -
_ sin Q3 cos @3 cos Q4 p
VQ1sin Q4 vor
Dy = 2\/7$in Q3sin Qu P+
cos Q3 sin Q3 cos Q4 p
\ﬁ SinQy VQ1 v
Then in new variables the Hamiltonian will be
— 1 P2 P2 P?
K= §<4Q1P12+Q1 con Q4+Q1 Si;’Q Q4+Q—41)+
+ poQ1+ Q1 V.
In the notations of Stackel theorem we have
1
c1=0Q1, c2= ma
B 1 1
@ 4Q; sin® Q4 “= rQl
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In this case the solution of (13) will be the matrix

1
o 00 0
01 7cos21Q
¢ = 001 ——1 ! (26)
) sin? Q4
02 00 -1

The potential V, admitting separation of variables, can
be written as

_ 1 _ 1 _
= — \% 4+ —V +
o (V@) + 5 V2(@2)
1 1
ok )
4Q1 Sil’l2 Q (Q3) Q (Q4)
In view of relations
Qw%%h=ﬁ+ﬁzrz%,
@ﬂ¥@:ﬁ+ﬁ=r;m,
Q1 = |Q|2 =
2 2 1—
tan® Q4 = q:;’ - q‘é = 1‘3/7",
qi + 43 1+axzs/r
@2 = arctan q—Q, (Y3 = arctan 4
q1 q3

following from (22), (24), and the remarks above, we ob-
tain the required form of potential in x-coordinates

1 2A
Vo = e+ 2
3 (27)
26D
r— I3 r 2 r /]’

where GG1, G5 are arbitrary smooth functions and A, B
arbitrary constants.

Now assume that a Hamiltonian (1) with the po-
tential (27) is given. Applying L-transformation (22), we
write the new Hamiltonian in g-coordinates as

1
K= §|P\2 + polal® + G1(la)*)+

A B N
Gi+a G+a
1 21 02 o2 g2
+| ‘2G2<q1 (J2|q|2Q3 q4>.

Fulfilling canonical transformation (24), (25), we have

Gl(@l))+

4Q1 Cos2 Qa4 ( + 4A)

18+

+ 4G(cos 2@4))

:Q1<7+ +

(1 3
4Q] sin Q4 2
(

2

TN

25

Taking into consideration matrix (26), we then obtain

fi(@Q1) = (% + 4%2 —Ppo — Glcé?l)),
f2(Q2) = 2(a2 —4A), [f3(Q3) = 2(a3z — 4B),
(65) a3
f4(Q4) = 2(_ cos2Qq  sin®Qq

— ay — 4Go(cos 2Q4)).

The integrals of motion follow from (14).

Note that using an arbitrary L-transformations al-
lows one to introduce two parameters into the poten-
tials obtained. Tthese two parameters are determined
by some constant unit vector b. For example, instead of
(27) one can write

1 24
Vo = Z[Grn + gt
2B 1 bTx
+ r—bTx +;G2( r ﬂ

2. Integration of the system of equations
in a special case

In this section we perform straightforward integra-
tion of a system with potential of the form (23) having
additional parameters. Namely, consider the potential

—%(Gl((r +bTx)/2)4+
+Ga((r = bTx)/2)),

V =V(x)

(28)

where GG, Go are some smooth functions, and b =
(b1, ba, b3)T an arbitrary unit vector. Note that the vec-
tor b provides two parameters in explicit form. Having
in mind only theoretical investigation (integrability prob-
lem), one can take b to be the ort along the z{-axis. On
the other hand, from the more practical point of view, in-
troducing vector b gives us additional degree of freedom
necessary for applied problems of celestial mechanics.
In such problems, the axes are usually connected with
some special directions (equinox or zenith). Therefore
the presence of the vector b in potential (28) allows one
to turn the coordinate system at one’s will.

As G1, G2, one can take, for example, functions
of the form

1 1
“(r+bTx)*, Z(r-bTx)* k=12,...
T r
We consider a finite linear combination
1 N
| — (A b7x)* + By (r —bT k). 29
7“;;1 k(r+b1x)" 4 By(r—b'x)" ). (29)

Here Ay, B;, are constants. Such a potential was con-
sidered in [16]. This case leads in general to hyperelliptic
integrals.

For an interested reader there is a problem: find a
real perturbing potential which can be approximated by
functions of the form (29). Note that the combination

B b2 4

B T \2 _ T
4 4 —(r—b"'x)*=—-Bb"x

r
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gives potential corresponding to a constant force. Appli-
cations of such potential were considered in [3-5].
The canonical equations of motion have the form

dri _
dt _ylv
dy; % x;

+ Ga((r — bTx) /2))+ (30)

+ %(G’l((r +bTx)/2)(% 1)+
+ Gy(r = bTx)/2) (2~ b)),

where i = 1, 2, 3 and the sign prime indicates the deriva-
tive.

This system is the same as the equation of the
perturbed two-body problem

LN Ny O sy /9)—
x+r3x—2T(G1((r+b x)/2)

— Gh((r—bTx) /2))b+
i

53 (GH((r+BTx)/2)+

+ G5((r — bTx)/2)>x—
_ Tig (Gi(r+b™x)/2)+
+ Ga((r — bTx) /2))x.

From this one can see that the perturbation is de-
fined by two forces. The first force is collinear to the fixed
vector b, and its module varies in dependence on vector
xX. The second force is the central one.

We are going to show that the system (30) is in-
tegrable in regular variables found by L-transformations.
Transformation (8) contains an arbitrary L-matrix. A spe-
cial choice of this matrix allows one to separate the vari-
ables in the case of an arbitrary constant unitary vec-
tor b.

Let us consider the term in (10) containing V.(q).
In the new variables this becomes

|a*Ve(a) = =G ((|al*+
+qF (1 Ky 4 b2 Ko + b3 K3)K4q)/2)—
*GQ((|q|2 — qT(b1K1 + b2K2 + bgKg)K4q)/2).

We assume that the L-matrix has the first type and
Ky =-Y. Then

a|*Ve(a) = —G1((la]* — C)/2)—
- Ga((la® +C)/2), (31)
where
C=q" [(blan + boayo + bzaz)U+
+ (biag1 + baaga + bzags)V+
+ (bras1 + baass + b3a33)W] Vaq.

26

Let’s select parameters of L-matrixes a;; from a system
(17). Then

—q1
—q2
q3
qa

Substituting the found value C' in (31), we obtain

a?Ve(a) = —G1(qf + a3) — G2(g3 + d3).

It follows that the Hamiltonian (10) is represented in the
form of the sum

C=q'uyq=q" —qi — ¢ + 43 + 43

K=K+ ICQ,
where
1
Ky = g(p? +p3) +po(di +a3) — Gilal +a3),
1
Ko = =(p3 +p3) +p0(a3 + a3) — Ga(q5 + d3).-

8

As the value of pg is constant, the system (9) splits into
two independent subsystems

dqi 8/C1 dpi 8IC1 B

dr Op; = dr 0q; ' ! T (32)
dqi 8ICZ dpi 8/C2

dr  0Op; dr 0q; ' 3 (33)

We integrate the system (32) again. In the bipo-
lar coordinates Hamiltonian /C;, and accordingly the sys-
tem, have the form

— 1 P2

K1 = §(4Q1P12 + ai) +po@1 — G1(Q1),
@, A P

dr dr 404 (34)
dP; 1, P2 ,

>l _ _-p 22

dr ) 1 + SQ% Po + Gl(Ql)a

dPs

—= =0.

dr

Since the Hamiltonian 1C; does not explicitly de-
pend on 7 and ()2, the system (34) has two integrals,

1 5  P3 _E
§Q1P1 + 80, +poQ1 — G1(Q1) = s (35)

P2 =C1.

Here, F/; and c; are the constants of integration. Taking
these integrals into account, the equation for P; may be
written in the following form

o

& B G1(Q)
dr — 4Q3? '

SQI + Gl (Ql) - Ql

Eliminating d7 from equations for P;, ()1 and integrating
the resulting equation, we find
!

P =
ETeN

(I)l(Ql)v 61 ::tlv

where
®1(Q1) = —c3 4+ E1Q1 + c2Q7 +8Q1G1(Q1)
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and cs is integration constant defined by The formulae of inverse transformation

& E; G1(QY)

T T

Q1 =¢t+¢, tanQy =2,

QB = q% + qia tan Q4 q3 )
Due to nonnegativity of ()1, from the first equation of the _qip1 + qap2

co = 4(P})?

system (34) it follows that P= 2qZ+ ¢2) Py = —qp1 + qipe,
51 = sign Q). Py = (123%)33—'—7(]4]9)4, Py = —qup3 + q3pa
Substituting the derived P; to the first equation of (34)
we find allow to define initial values of the variables ); and P;
@1 0 (1=1,2,3,4).
T+ c3 = 201 71. (36) The values of integration constants c1, co, c3, ¢4,
Vv @1(Q1) and E; are determined by the initial values of (01, Q)2,

Py, P,. These five constant values are connected with
Using the continuity principle, the sign before the integral ~ each other by the integral (35). In the same way, the
(36) cannot change when ®1(Q1) is non-zero. There-  constant values cs, cg, c7, cg, and I3 are connected by
fore, the function 7(Q1) in this case behaves monotoni-  the integral (37) and are defined by initial values of @3,

cally. Inverting the integral (36), we obtain Q; asafunc-  Q4, P3, and P;. From pg = —H (x%,y") we also find
tion of 7; we substitute this function in the second equa-  relation E; + E5 = 8u. One has to add the above rela-
tion of the system (34). Then we get tions for co and cg to these connections. Besides, as the

-
C1 dr case we have

Q2 = +ecy, cq= Q5.
Ql( ) .
q (=Y)p = —@p1 + ¢1p2 + qap3 — q3ps = 0.

Here c3 and c4 are the integration constants. Thus, the

bilinear relation q” K4p = 0 is the integral of (9), in our

values Q1, 2, P; are represented as functions of 7. If ~ Therefore the equality P> = Py, or equivalently ¢; = cs,

®4 (@) is a polynomial, the integral (36) is, in general,  also holds.

hyperelliptic. _ . o Applying further the first four formulas (19) and
The mtegrahqn of the system (33) is done simi-  (20), we find ¢;, p; (i = 1,2, 3,4) as functions of 7. Fi-
larly. As a result we find nally, integrating the two remaining equations of (9), we
. obtain pg = —H (x",y) and physical time expressed
cs dr 0 through 7,
Q4 = + cs, g = Q )
4 Qg (7’) 4
2
) . tIQ0=/|q dT + co = t1 + 2, (39)
P3 = 25 V®2(Q3), 02 =signQy, Py=cs,
where where
P3(Q3) = —c2 + F2Q3 + c6Q3 + 8Q3G2(Q3). . .
Here cg and FE5 are the integration constants defined by o . .
the equalities b= [ Qur)dr, ta= [ Qs(r)dr, ¢ =0.
0 0
cg = 4(P0)2 Cg o @ _ GQ(Q%)
3 Q%2 Q9 QY Thus, the system (9) is completely integrated and we
can, at least locally, find a required trajectory. Here it
Ey P4 is necessary to note, that if perturbing potentials G, G2
] 7Q3 3T 3o, 803 +poQs — Ga(Q3)- B7) 4, (30) are analytic, then, as it is known from a course

. . _ . of the differential equations, the solution of the problem
The function Q3(7) is found by a reversion of the integral  will also be analytic. Let us suppose that the local in-

Q3

dQs determined function. In this case we can conclude, by
T4+ cr =200 | —. (38)  uniqueness of analytic continuation, that this inversion
vV P2(Q3) gives not only local, but also global solution of the prob-

version of integrals (36), (38) appeared to be a globally

lem (30). This is the case when functions G, G5 are
Thus, the values D3, (4, and P; are also determined as  polynomials of degree two or three. In this case (36) and
functions of the variable 7. The lower limits £ and n in  (38) are the elliptic integrals, for which inversion we have
integrals (36) and (38) are chosen according to the loca-  the well developed technique of elliptic functions at our
tion of ()1 and @3 with respect to the roots of functions  disposal; thus, we have found the solution of (30) in ex-

@4 (Q1) and P2(Q3), respectively. plicit form.
27
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3. Inversion of the integral in elliptic case

In this section we consider one case of functions
G1 and G, which reduces to elliptic integrals. Other
cases have been studied in [7, 14,16, 17]. Let us take
the functions G1 and G

A 1 T T \2
G = W+A1(r+b x)+Az(r+b" x)°, (40)
Go= —=L L B (r—bTx)+ Ba(r—b"x)?, (41
2—m+ 1(r x)+Ba(r—b'x)°, (41)

where A_1, Ay, Ay, B_1, B1, and Bs are the parame-
ters of the potential. Then for the functions ®;(Q1) and
$,(Q3) in (36) and (38) we have the expressions

®1(Q1) =1 + E1Q1 + c2Q7 + 324207,

2(Q3) = C5 + E2Q3 + c6Q3 + 32B2Q3.

Here /C\l = —C% + 4A,1, Cy = 16A1 — 8p0, /0\5
—C% +4B_1, c¢ = 16 B1 — 8pg.

Firstly, let us note that the variables )1 and Q3
are non-negative by definition, and that from integrals
(36) and (38) it follows that the ranges of these variables
are determined by the inequalities

®1(Q1) >0, P2(Q3) =0

Let us reverse the integral (36). The number of roots
of the polynomial ®; and their positions depend on the
value of Ay. With A; = 0 the degree of ®4(Q1) equals
totwo. The integral (36) is found in elementary functions,
so this case is not considered here. We distinguish two
cases: Ay < 0, A3 > 0. Let's note the roots of &1 (Q)
as &1, &9, &€3. The cases under consideration will be se-
quentially numbered by parameter ¢ 4.

I. Assume that Ay < 0. In this case ®1(—o0) >
0, ®1(4+00) < 0. The value ®1(0) = ¢; may be both
positive and negative. For actual motion there should
be at least one positive root. The qualitatively different
cases of the graph of ®;(Q1) are shown in Fig. 1 and
2. In the case of three real roots (Fig. 2), the axis of
ordinates goes between &1, & if €1 < 0, and left with
respect to &1 or between &, £3if¢; > 0.

(42)

A

Fig. 1. The graph of ®:(Q1). The case A> < 0.
Puc. 1. I'padpux ®1(Q1). Cayuait As < 0.

The case 74 = 1. Suppose that ®; has one real
root &1, and that QY € (0,&;) (Fig. 1). Let's write the
integral (36) in the form

1 dz
2\/—2A2§ VG —2)Z2tbz4c)

T+ c3 =

28

where the square trinomial 22 + bz + ¢ has no real roots
and is positive for all z, and

b=E& 4+ ——, c=bé + (¢>0). (43)

FEq
32A ’ 324,
Apply the substitution

1 —cosp

Z:&_al—l—cosgp’

=1/& + b6 +c

in the integral and put the notations
St Q1

1
=51
a 179 +

ll = 2\/ _QQAQ.

§1+b/2
a

p1 = 2arctan

)

| 51 fz &3 Q1

Fig. 2. The graph of ®:(Q1). The case A> < 0.
Puc. 2. I'padpux ®1(Q1). Cayuait A; < 0.

Then we derive

d¢ (44)

5 \/1—kisin?p

Putting here 7 = 0, we find an integration constant cs:

o}

sign Plo/
3 = — ’
h 5 \/1—kfsin®¢p

/ 0
©Y = 2arctan G- Q

Check that k3 < 1. As 22 + bz + ¢ has no real
roots, we have b2 — 4¢ < 0. Therefore,

dp

+b/2’ 1

(§1+ ) <4 bE +e=a? ;»(51

Hence, |k1| < 1. Reversing the integral (44) derived
above, we come to the function
2a

Q=&+a- 1+ en(ly(1 +¢3); k1)

It is easy to see that for Q1 € (0,&;) the denominator
cn(u) + 1 # 0. Calculating the derivative of ()1, we get
01 = —signsn (1 (7 + ¢3); k1). For the variable Q)2 we
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find

o 1T
Q2= 4(&1 + a)Jr

du
1+ nq en(u; k)

acy

PNGCErD

l l1(7+c3)

llcg

du

1+ nq en(u; kq)
0

+Q9,

2a

=1 )
n1 +§1—a

Note that
n% 9 c

n% —1 ST 40,51
Therefore for calculating the integral of (1 +
n1 cn(u; k1))~ we apply the formula (341.03) [15]

> 0.

u

/ du _
1 +nen(usk)

0

1 n?
1-—n? {H(u, n? 1’k) —ngl},
n®#1, (45)
with
1 n?—1
91l =3\ e
Y k? + k2n? sn(u; k) + vVn? — 1dn(u; k)
n

)

VE? + k2n?sn(u; k) — vn? — Tdn(u; k)
K?=1-k.

Here we note the elliptic integral of the third kind

as .
dv
1I k)= | ——m—————.
(u,m; k) /l—nsnz(v;k‘)
0
For t1 we have
) ly(T+c3)
a U
t = (&4 +a)T— — "
! (51 a)T ll [ / 1+cn(u; kl)
0
llcg
_f__a
1+cn(u;ky) |
0

The integral of (1 + cn(u; k1))~ is calculated by the
formula (341.53) [15]

u

/

0

dv
1+ en(v; k)

dn(u; k) sn(u; k)
1+ cen(u; k)

=u—F(u)+ , (46)

where E(u) = E(p; k) is incomplete elliptic integral of
the second kind (o = am u).

29

The case i4 = 2. Suppose that ®1(Q) has

three real roots 0 < &1 < & < &3, and QY € (0,&4).
Let's write (36) as

5 7 dz
2\/—2142Q1 V(€ —2) (& —2)(& — 2)

T+ c3 =

Making the substitution ¢ = arcsin /(&1 — 2) /(&2 — 2)
and reversing the resulting integral, we find

(&2 —&1)

@1 =& en?(ly (1 + ¢3); k1)’
where
b= |28 G 6,
& —&
@9
sign P / dp

C3 = I )
Loy /1= k#sin®o

¢ = arcsin b= Qg.

52 - Q1

Now we calculate §;. We differentiate ()1 and use the
formula of double argument for elliptic sine. We have

Q' :211(53—52)cn_3(u; k1)(=1) sn(u; ky)dn(u; ki) =

= (fg—fg)cn_4(u; kl)(l—k%snél(u; k1))sn(2u; k1),

where the notation u l1(T + ¢3) is introduced for

brevity. Therefore,
51 = sign Q) = —signsn (211 (7 + c3); k).
Now we find Q)5

_ar  al&-&) L
Q2 a 462 4[15152 [H(ll(T + 63)) ni; kl)
i + = &

For the value of physical time, corresponding to the vari-
able @1, we have

l1(T+c3)

&1 — &

I [/ cn2du
0

llcg

B / du
cn?
0

ty = &7+

]

where the integral of cn 2 (u; k1) is calculated by the for-
mula (313.02) [15]

(u; k1) (u; k1)

u

/ dvv 1
en2(vik) 1 — k2
0

((1 — k*)u—
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The case i4 3. The polynomial ®1(Q1)
has three real roots & < & < &, and QY €
(max{0, &2}, &3). Let us write (36) as

+ 51 dz
T+ C3 = .
2v/ =24, : V(= &)z - &)(& - 2)
3
The reduction of this integral to the standard

form (44) is carried out by the substitution ¢

arcsin /(&3 — 2)/(&3 — &). The result of reversion
can be presented in the form

Q1 =&+ (& — &)sn® (I (7 + ¢3); k1),
where the following notations are used

= 22 = A6 &),
&—&6
@)
. signPlo/ dp
3 = - )
b 0 1 — k?sin?

0 __ . /53 - Q(l)
p1 = arcsin 753 — 52 .

For 01 we find 6; = —signsn (21 (7 + ¢3); k1). Substi-
tute Q1 in the formulae for Q5 and ¢1. We find

Q2 = 4161153 [H(h(T +c3),m13 k1) —
— (lyc3,m1; k1)} + Q9
I (+es)
t1 =87+ &2 l_1 s [ n?(u; ky)du—
0
lics
- / sn? (u; kl)du].
0

The integral of squared elliptic sine is calculated by the
formula [15]

u

/snz(v; k)dv =

0

1
(= E(w).

Il. Assume further that Ay > 0. Now we have
®i(—o00) < 0, P1(4+00) > 0, and ®1(0) = ¢;. The
qualitatively different cases of the graph ®;(Q;) are
shown in Fig. 3 and 4.

The case i4 = 4. The polynomial ®;(Q1) has
one real root &1 and, accordingly, Q1(0) > max{0, & }.
The graph of &1 (Q1) in this case is shown in Fig. 3. Let
us write the integral (36) as

1 dz
2v/245 : ViE—)Z2 bz +¢)

T+ c3 =

30

where the square trinomial 22 + bz + ¢ > 0 for all z
The coefficients b and c are found by the formulae (43).

Applying the substitution
=\/& + b1 +c¢

and reversing the resulting integral, we come to the func-
tion

1 —cosp

Z:&%_al—i—cosgo7

2a
=& —a+ ,
=t -a L+ en(ly (74 c3); k1)
where
1 b/2
k‘%:*(l—w), 11:2\/20,142.
a

_ 81gn /
0

1—k251n )

0 _
©Y = 2arctan 1/ M
a

As above, one can show that k:% < 1. The re-
sulting function @1 () is unbounded, as it has an infinite
number of poles on real straight line, which are found by
the formula

_4m+2
=

K(kl) —c3, mEed

/& Q:

Fig. 3. The graph ®:(Q1). Case A2 > 0.
Puc. 3. I'padux @1(Q1). Cayuait A > 0.

| 51 fz /& Ql

Fig. 4. The graph ®;(Q:). Case A2 > 0.
Puc. 4. I'padux @1(Q1). Cayuait A > 0.
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Further we find that §; = signsn (I1(7 4+ ¢3); k1).  Reversing (47) and using the inverse substitution, we

For variable ()2 we have find the required function
Qp= 7 Q1 =&+ (& — &) (L (T + ¢3)1 k1),
. L
4(§1 —a) where
l1(T+c3) o9
__ % l _duw sign P dyp
201 (62 — a2 1+ nicen(u; k €3 = )
16 ) 0 en(uif1) h 5 1— k2 sin? ¢
lic
S N TR 0 Q-&
1+ nq en(u; kq) z ] = arcsin .
) 2a One can show that §; = signsn (211 (7 + ¢3); k1). For
ny = & +a Q2 we find
c
Note that Q2 = o 15 [H(h(T +c3),m1;5 k1) —
181
ni R :_(51—G)2<0<k2 0 13
n? —1 n? —1 da&; Lt *H(llci%;nl;kl)} +Q3, n1= 1*?1.

Therefore for calculating the integral of the function (1+  For the first summand of physical time ¢ in (39) we have
n1cn(u; k1)) ! the formula (45) is to be applied with

1 —n?2 [k2 + k?n? sn(u; k) - T+£2_51
N=N\ 222 arctanl 1—n2 dn(u;k) |’ e h

E?=1-k%
If &, = 0then n; = —1, and for calculating Q)2 the for-

sn? (u; ky )du—

[11(7+C3)

0

llcg

- / sn? (u; kl)du].

mula (46) should be used. For ¢; we have 0
Let us consider the case iy = 6. Suppose
I (74¢3) ; QY € (max{0, &3}, 00). The integral (36) has the form
2a U
t, = —a)T +— —_—
1=&—a) I / 1+ cn(u; k) dz
0 T+ c3 = .

51 71
224, 2 ViE=&)(z—&)(z— &)

1163
du
1+ cn(u;ky) | Using the substitution ¢ = arcsin \/(z — &3)/(z — &)
0 we transform this integral to the standard form (47). The
Suppose that ®; has three real roots &, < & <  resulting reversion of the integral in this case is the fol-
£3. The graph of the function ®;(Q;) in this case is  lowing
given in Fig. 4. This case also splits into two subcases: Q1 =6+ §3 — &2
& < Q(l) <& and&s < Q(l) CH2(Z1(’T + C3);k‘1)7
The case iy = 5. Suppose that Q) €  \here
(max{0, &1}, &2). We write (36) as

o k=225 = A — ),
rtes = o / dz §&—&
2v245 ) /(e — &)z — &2)(z — &) 8
& _ sign P dyp
We apply the substitution ¢ = arcsin \/(z — &1) /(&2 — &1) “TT /

1220w
to this integral and use the notations 0 1= kysin®e
0
& — & 0_ Q7 — &3
ki — I = +/2A _ ] (7 = arcsin .
e Q-
Now the function ()1 (7) has an infinite number of poles
of the second order, hence it is unbounded. The poles

Then our integral has the standard form

1 are found by the formula
61 ng
T+e3 =+ | —F/—m—m—m—- (47) 2m +1
h 1 — k2sin2 T = K(k1) —c3, mel.
0 1 12 ll

31
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Further we find the values 1, 2, t1
01 = signsn (211 (7 + ¢3); k1),

cat | c1(§ —&3)
= AT L A2 TS T (74 eq), nas k) —
@ 46> 411283 [(1( 31k
- H(llc37n1; kl)j| + Qg> ny = gza
5 § li(T+c3) p
3 — &2 u
t = L
1 =87 + A [ / onZ(a )
0
lics
du
en?(u;ky) |

0

Aninversion of the integral (38) is fulfilled in a sim-
ilar way. This integral and the function ®, differ only
by notations from the integral (36) and the function ®;.
Therefore, after some evident renaming, we find the ex-
pressions for (J3, Q4, and t2. We number these cases
sequentially by the parameter : 5. Then we have:

ip=1 < By<0,m,necC,0<QS<m
(Q3 is bounded).
ig=2 & By<0,0<Q)<n <n<n3
(Q3 is bounded).
ip=3 & By<0,m<m<Q§<ns
(Q3 is bounded).
ip=4 & By>0,m,m3€C,m <
(Q3 is unbounded).
ip=5 < By>0,m<Q)<m<n
(Q3 is bounded).
ip=6 & By>0,m <1m<n3<Qf

(Q3 is unbounded).

The study above yield the following theorem.
Theorem 3
The motion of the particle is bounded if and only if at the
initial moment both variables (01 and ()3 are restricted
on the right by the roots of the polynomials ®; and ®-,
correspondingly.

Now we give a definition of retaining potential, in-
troduced in [14].

Definition 1

A potential is named as retaining, if for arbitrary initial
conditions the motion of a particle in a perturbed field
corresponding to this potential is bounded.

Thus, potential (28), where GG, GG are defined by
the formulae (40), (41) for As < 0 and By < 0, is re-
taining. Generally, the formulae (36), (38) are not ellip-
tic integrals, and we cannot present a solution in explicit
form. Nevertheless, the above-stated qualitative result
remains true [16].

32

4. Numerical examples and analysis of motions

In the examples below we consider the motion of
a particle in perturbed gravitational field of a planet with
spherical density distribution, which gravitational param-
eter is taken to be 1 = 398601.3 km®/s%. The perturb-
ing force is defined by the potential (28), with G; and
(4 calculated by the formulae (40) and (41). For con-
venience (to have no fractions), a dimensionless direc-

tion vector b for the constant force is used. While doing
calculations, this direction vector is assumed to be nor-
malized. The dimensions of parameters A_; and B_;
are [km*/s?], A; and B, are [km?/s?], A; and B are
[km/s?]. Calculations and construction of orbits were
performed using the Maple system with 32 digits. In each
example, for convenience of its analysis, the values of
circular and parabolic velocities v¢;r, Vpar Of Keplerian
motion are given. The perturbations under consideration
are great, they are non-typical for the Earth’s satellites.
For this reason, we do not give Keplerian elements of os-
culating orbits for the corresponding initial values. The
initial position of a particle is marked by a point on the
corresponding figure.

Example 1. Initial values of coordinates and ve-
locities of a particle:

x1 = 8200 km, xo = 0km,
To = 8.6 km/s,

(Veir ~ 6.26 km/s,

x3 = 6000 km,
3'71 = .’tg =0 km/s,
Upar ~ 8.86 km/s).

In an unperturbed case these values define an elliptic
motion.
Parameters of potential are as follows:

A_; =0.004km*/s% A} =0.06 km?/s?,
Ay =02-10""km/s?, B_; = 0.0001 km*/s?,
By = 0.008 km?/s?, By = —0.3-10"% km/s?.

Coordinates of direction vector are b = (-1,2,1)T. In
the case under consideration the roots of polynomials 1
and ®, are

&1~ 1478, &5 ~ 115346,
Y~4631 = Q)€ (&,&),
n2 ~ 1707, n3 ~ 31031,

Q3 ~ 5529 = Qf € (n2,m3).

Therefore, the motion is bounded. This is the case
ia=05,1 = 3.

The coordinates and velocities have been calcu-
lated during a time range, corresponding to two revolu-
tions of the particle around the attracting centre without
perturbations, that is 7 € [0, 2T], where T is calculated
by the formula

2 1%

hi x0T
Here hj is the Keplerian energy. Let's remind that L-

transformation doubles the angles at the origin of coor-
dinates.

B |X0|2

T= =
m k 5

(48)
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50030
% 100000 100000

Fig. 5. The case ia = 5, ip = 3.
Puc. 5. Cayuaii 14 = 5, ip = 3.

Note that in this example the potential is not
retaining. Nevertheless, the motion appears to be
bounded. The trajectory of the particle is shown in Fig. 5.

Example 2. Initial values of coordinates and ve-
locities of a particle:

21 = 8200 km,
To = 9.9km/s, 1 =223 =0km/s,
(Veir = 6.26 km/s,  vpq, = 8.86 km/s).

In unperturbed case the motion belongs to hyperbolic

type.
Parameters of potential are as follows:

A_; =0.004km*/s%, A =0.006 km?/s?%,
Ay = —0.2-10""km/s*, B_; = 0.0001 km*/s?,
B1 =0.008 km?/s?, By = —0.3-10"" km/s.

As A, and B- are negative we have a retaining poten-

tial. Coordinates of direction vector are b = (1,2,-1)T.
The roots of polynomials:

€0~ 2126, &5 A 122192633,

QY ~5529 = Q€ (&28),
12 & 1699, 13 ~ 81506371,

Q3 ~ 4631 = QS € (n2,m3).

Therefore, the motion is bounded. This is the case
14 = 3,1 = 3. The integration is carried out during the
time range corresponding approximately to t = 1759.74
days. The particle trajectory is shown in Fig. 6.

g = 0km, x3 = 6000 km,

Fig. 6. The case i4 = 3, ip = 3.
Puc. 6. Cnyuaii iqa = 3, ip = 3.

Example 3. Initial values of coordinates and ve-
locities of a particle are as follows:

x1 = 6000 km, xo =0km, x3= —8000km,
To = 7.9km/s, 1 =ax3=0km/s,
(Veir = 6.31 km/s,  vpqr ~ 8.93 km/s).

In an unperturbed case these values define an elliptic
motion.
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Parameters of a potential are as follows:
A_; =0.04km*/s%, Ay =0.03 km?/s?,
Ay =—0.2-10"°km/s?* B_;=0.1-10"*km*/s?,
By = —0.0003 km?/s?, By =0.3-10"* km/s?.

Here the potential is not retaining. Coordinates of direc-

tion vector are b = (1,1,1)”". The roots of polynomials
are as follows:

& =~ 2686, &3 =~ 20699,
Q(l) ~ 4423 = Q? € (52,53),
m= 32567 2,73 € Ca

QS ~ 5577 = QI >mn.

Therefore, the motion is unbounded. This is the
casetiyq = 3,ig = 4.

The integration is carried during the time range
corresponding approximately to ¢ = 3.23 days. The par-
ticle trajectory is shown in fig. 7.

Fig. 7. The case i = 3, ip = 4.
Puc. 7. Cnyuaii iqa = 3, ip = 4.

In the case of unbounded motion, to define the in-
tegration interval firstly one has to find the nearest pole
of Q1(7) and/or Q3(7) in the direction of ascending 7.
Suppose this nearest pole is at 7 = 7y. Then we choose
a small positive value ¢ and divide the segment [0, 71 —¢]
into N equal subsegments. The value N is to be se-
lected from practical reasons. The orbit should be visu-
ally a smooth curve. In our examples the value N = 100
was used. After that, the calculations by the formulae
derived above are carried out in equidistant nodes.

The following example demonstrates an applica-
tion of our formulae for testing a numerical integration
method. The original system of motion equations (30) is
considered. The Runge-Kutta-Fehlberg method of the
eighth order with automatic choice of integration step
is tested. The step is chosen by a method of the sev-
enth order. The corresponding pair of programs, imple-
mented in FORTRAN, is below noted as REK F'8(7). In-
tegration of equations (30) was performed by RK F'8(7)
with relative local error of the method ¢ = 10~!3, and
all calculations were carried out with double precision
(real*8). The gravity parameter and the units of mea-
surement are the same as above. A hypothetical parti-
cle is considered, repeatedly encountering the attracting
centre. The trajectory obtained by explicit formulae is
taken to be standard (reference). Its coordinates have
been obtained using Maple with 32 digits (in FORTRAN
this corresponds to quadruple precision (real*16)).

Example 4. Initial values of coordinates and ve-
locities of a particle are as follows:

21 = 7000 km, z2 =0km, 3= 6000km,
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Table 1
Estimation of the precision of numerical integration
Tabauia 1
Oq,emca mo4HoCcMu 1YUCl1eHH020 UHmezpupoeaHua
n t(day) O0H x 1072 4z x 10712 x5 x 10712 3 x 1072 §r x 1012
1 .3382444 1 0.2 1 1 04
10 4.9080991 2 6 12 213 10
50 24.1940313 41 729 104 1667 108
100 48.4322508 53 4399798 523748 95154 330606
500 242.7821163 294 77898 31418 151259 77206
1000 485.2955201 556 554500 332688 1067003 330900
where HO is the value at the initial moment, H at an
H . C C
By = 7.0kmls, @ = @5 = 0 kmis, arbitrary moment; z¢, r© are the values found by exact

(Veir = 6.58 km/s,  vpqr = 9.30 km/s).

In an unperturbed case we have an elliptic motion.
Parameters of retaining potential are as follows:

A1 =01km*/s? A} = —0.02km?/s?,

Ay = —0.2-10"%km/s?>, B_; = —0.004 km*/s?,
By = —0.001 km?/s?, By = —0.001 km/s?.
Coordinates of direction vector are b = (-1,-3,1)T.
The roots of polynomials ®; and ®, are as follows:

€9~ T64, &3~ 58639,

Q) ~ 4459 = QY € (&,%),
ne &~ 504, mn3 ~ 7209,

QY ~ 4761 = QY € (n2,m3).

Therefore, the motion is bounded. The case 74
i = 3.

The calculations were carried out during the
time ranges corresponding to 1, 10, 50, 100, 500, and
1000 revolutions of the particle around attracting centre
without perturbations. The trajectory of the particle for
three revolutions is shown in Fig. 8.

3,

® 25800 *

Fig. 8. The case i4 = 3, ip = 3. The motion is bounded.
Puc. 8. Cayuaii i4 = 3, ip = 3. [[BUKeHUe OTPaHUUEHO.

Table 1 contains the values, near the end of the
integration interval, of the relative error for the energy
constant § H, the coordinates of particle position vector
x;, and its absolute value r

|H® — H|
[H|

e
SH = P k| I

||

e

or

)
r
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formulae. In the second column the intervals of physical
time ¢ (in days) are given, for which numerical integration
of system (30) was carried out.

From these data we can see that if the integration
interval increases, the relative errors of H and x3 do not
decrease. For coordinates x1, x2, and absolute value r,
with n = 100, these errors increase, then they diminish,
and then increase again.

The numerical examples show efficiency of the
formulae we obtained. Besides, the theorem 3 allows
to determine, given the initial position and velocity of a
particle, whether its motion is bounded or unbounded.

Conclusion

In this paper we consider three sorts of
coordinates (regular g-coordinates, bipolar coordinates,
spherical coordinates). For each of the systems, the
forms of potentials admitting complete separation of
variables are given. Thus, the original equations for
such potentials allow integration “in the sense of
Sundman”. In a similar way one can build, for regular
g-coordinates, other coordinate systems for which
Hamiltonian has orthogonal form, and with the use of
Stackel theorem build potentials allowing the above-
mentioned integrability.

Application of these potentials is a separate and
independent problem. These potentials are of practical
importance, which approximate some real forces.

The author is grateful to professor A.Zhubr for
useful comments and discussions.
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AunHoranusa

JdunHamMuKa OTKPBHITOM KBAHTOBOI CUCTEMBI IPUBOIUT
K IeKOTrepeHIINH, UTO COIIPOBOKAAETCA IIpeIeIbHBIMU
nepexogamu B anrebpe Jlu Haba0gaeMbBIX 1 IIOSBJIE-
HUIO0 abeneBbIX momaare6p. Bo3aMoKHO IIOCTABUTHL U
0o0paTHYIO 3aauy — II0 3aJaHHOM KOHTPAKIIUK ajreo-
pel JIu HaliTM TUHAMUKY OTKPBITOM KBAaHTOBON CH-
cTeMbl, 3aJlaBaeMoii ypaBHeHueMm Jlumnpbiama. B pa-
00Te MpeAJIoKeHbl IPUMEPHI HAXO0XKISHNA YPABHEHU A
JIuaabaama M0 M3BECTHBIM KOHTPAKIIUAM ajreopsl
su(3)

KuaroueBsie cioBa:
OMKpbLMbLe KEAHMOBbLe CUCMeMblL, aaze0pa Haoa00a-
eMblX, KOHMpaxyuu anzeop Jlu

Abstract

The dynamics of an open quantum system leads to
decoherence, which is accompanied by limiting tran-
sitions in the Lie algebra of observables and appear-
ance of abelian subalgebras. It is possible to set an
inverse problem as well — by a given Lie algebra con-
traction to find the dynamics of an open quantum
system given by the Lindblad equation. The paper
proposes examples of finding the Lindblad equation
by the known contractions of algebra su(3).
Keywords:

open quantum systems, algebra of observables, con-
tractions of Lie algebras

BBepneHue

[MepBon dyHOameHTanbHOW u3nyecKkon Teopu-
€1, XOpPOLLIO onuchiBatoLLie 6OMbLLION Kpyr ABNEHUI, Obl-
na knaccuyeckasa mexaHuka. KBaHToBas MexaHuka 3Ha-
YNTENBHO paclumpuna aTtoT Kpyr. OgHum M3 cnocobos
OnMCaHusi KBaHTOBOIO MUpa SIBNSETCA MaTpuLa NnoTHO-
ctn. Ee anemeHTam ygobHO COMOCTaBNSATbL HEKOTOPYHD
MHOrOMepHyto curypy. Hanpumep, ¢ nomowbio coe-
pbl Bnoxa MOXHO onucbiBaTb COCTOAHUA KybuTa. To-
raa Kraccmyeckuii Mymp Gyget coOOTBETCTBOBaTbL OTPE3KY
BAOMNb OCK 2 BHYTpU cdepbl Brioxa mexay ee nontocamu
UNW gnaroHanbHbIM 311IeMEeHTaM MaTpuLibl NAOTHOCTH, a
KBAHTOBbIA — BCEM OCTanbHOW YacTu BHYTpW 3TOW cde-
pbl. XapakTepHbIMU OCOBEHHOCTSIMU KBaHTOBOW TEOPUMA
SABMAIOTCA BO3MOXHOCTb Cyneprno3unumm pasHbiX COCTOSA-
HWI, KOTOpasi ONUCBLIBAETCS HegMaroHanbHbIMU 3fIEMEH-
TamMu MaTtpuubl MAOTHOCTW, U MPUHLMN HeonpeaeneH-
HOCTM, CBSA3aHHbIA C HEKOMMYTATUBHOCTbLIO Habniogae-
MbIX.

B cmsuke 6onee obwan HoBasi Teopusa Bcerga
JOMmkHa cogepxatb B cebe ctapyto B KayecTBe mnpe-
aenbHoro cnyyasi. llomMMo npegena, Korga MoCTOsH-
Has lMnaHka cTpemMuTCa K HYM, CYLWeCTBYHT U Apy-
rme npegernbHble Nepexodbl, CBA3bIBalOLWMe MatemaTu-
YecKuin annapaTt KBaHTOBOM U KITACCUYECKON MEXaHMKM,
KOTopble MOryT OblTb ONUCAHbI C MOMOLLbIO KOHTPAKLMIA
anre6p Jn.

[Ona 3amMKHYTOM cCUCTEMbl 3BOMOLMS MaTpuLbl
NMOTHOCTU B LUPEAMHIEPOBCKOM MpeacTaBneHny onpe-
nensietcsa ypaBHeHneM (oH HelimaHa unu KBaHTOBbIM
ypaBHeHuveM Jlnysunns [1-5]

KOTOpOE COXpaHAEeT BCe KBAHTOBbIE CBOWCTBa CuUCTe-
Mbl, B TOM Ynucne cynepno3numio n HEKOMMYTaTUBHOCTb.
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L(t) yacTo Ha3blBatoT cyneponepatopom Jnysunns. Ec-
N1 ramunbToHaH H He 3aBUCUT OT BpEMEHW, TO pelLle-
HWe ypaBHeHus (1) MoXeT 6bITb 3anncaHo B BUAE

p(t) = U1)p(0)UT(t) = Aep(0) = e“*p(0),

rme U(t) = e~ wHt A, = eFt,

Ecnun nepeHectn 3aBUCMMOCTL OT BPEMEHW MaT-
pyiLibl NIOTHOCTU K HAabMgaeMbIM, TO NOAYYUM SUHAMU-
Ky Habnogaembix B npeacTtasneHun lenseHbepra

)

i

A(t) -

[H, A(t)] = LHB)A(t), 3)

A(t) = UT(#)A(0)U(t) = A*(t)A(0)
= £ A(0). (@)

YHutapHas asontoums (3), (4) He meHseT Tun anrebpbl
Jln HabnogaeMbix.

B cnyyae crnaboro B3avMOOENCTBUS C OKpYyxe-
HMEM OMHaMMKa OTKPbITbIX KBAHTOBLIX CUCTEM C XOpPO-
LUel TOYHOCTbIO MOXET ObITb NpecTaBneHa ypaBHEHU-
em Jlnngbnaga [3-5]

. 1
p= 723 [0, H1+> "k <Vka,j -3 {V):_Vk,P}> =
k

= L({)p(t), ()

B KOTOPOM K MpaBomn 4actu ypaBHeHus (1), onucbiBato-
LLIero yHUTapHy YacTb AMHaMUKK, obaBnseTcsa cnara-
emMoe, on1cbiBaKLlee anccunaTuBHyto Yyacte. Oneparto-
pbl V. 06bl4HO Ha3bIBalOT onepatopamu JluHabnana, £
B 9TOM Cllyvae HasblBatloT cyneponepatopom JinHabna-
Aa, 7y — CKOpPOCTM penakcauun Ans pasnumyHbIX BUOoB
3aTyxaHus OTKPbITOM KBaHTOBOW CUCTEMBI.

PewweHne ypaBHeHus (5) gna cyneponepatopa
NuHaGnana L, He 3aBUCALLIETO OT BPEMEHW, MOXET ObITb
npe4cTaBneHo B BUAe, aHanormnyHom (2)

p(t) = Ap(0) = *p(0). (6)

B3anmopgenicTBme ¢ OKpyxeHnem obbI4HO NpUBO-
OWT K NoTepe KBaHTOBbIX CBOWCTB, M CUCTEMA Ha4YnHaEeT
NPOSIBNATL KNAcCM4ecKoe noBeaeHne. 3TO BIeYeT 3aHy-
neHne HeamaroHanbHbIX 3NIEMEHTOB MaTpuLbl NAOTHO-
CTU N oTpaxaeTcsa Ha anrebpe Habniogaemblx, B KOTO-
poli MOryT NOSIBUTBCA AOMNOMHUTENbHbIE abenesbl Noa-
anrebpbl.

O6pasHo roBops, Hanpumep, AnNs ABYXYypOBHe-
BOW cucTeMbl ypaBHeHue (1) TONbKO BpallaeT Havanb-
HOe COCTOsiHME M He Npubnuxaert ero k ocu z (knaccu-
YecKoMy MUpY), a ypaBHeHue (5) MOXET B acCUMNTOTU-
Ke NpnbnuanTb Ha4YarnbHOe KBAaHTOBOE COCTOSIHME K OCU
Z W cgenaTtb ero krnaccmyeckum. Takum obpasom guHa-
MUKa, 3agaBaemMas ypaBHeHnuamu JinHgbnaga (5), (6),
CXKMMaeT KBaHTOBbI Mup (wap brnoxa) oo knaccude-
CKOro (oTpe3ok Ha ocu z). KoHTpakuusa rpynn (anrebp)
JIn npepcrtaBnset cobow noxoxee cxaTue B NPOCTPaH-
CTBE CTPYKTYPHBIX KOHCTaHT rpynmbl, NpMBoasLlee K 06-
HYNeHuo KoMMyTaTopoB. Bce aTo HAaBOAMT Ha MbICNb O
BO3MOXXHOCTM ONucatb nepexoibl U3 KBaHTOBOro Mupa B
Knaccuyeckmin npu B3aMMOLENCTBMM C OKPYXEHUEM Ha
A3bIKe KOHTPAKLUIA.
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B kaptuHe lenseHGepra ans Habniogaembix A
ypaBHeHue JInHabnaga nmeer Bupg,

1

A:
h

(H, A+ 7 (V;Avk—% {V,jvk,A}) =
k

= LEDA(L), (7)

11 3aBUCKUMOCTb OT BpeMeHMW Habniogaembix A(t) MoXeT
6bITb NpeAcTaBneHa creayoLwmMM o6pasom

A(t) = Ab(A) = e£°1 A(0). 8)

Mpw 9TOM 3MEeHeHne BO BpEMEHN KOMMYTaLMOHHbIX CO-
OTHOLLEHWI Npy oTobpaxeHun (8)

[Ai, 4], = (A]) T [AF(A), Al(A)] =
=Cl(H) AL (9)

npegcraenseT cobon TunuyHoe npeobpas3oBaHne KOM-
MYTaLMOHHbIX COOTHOLLEHMWI NPU KOHTPaKUmMK rpynn (an-
redp) Jin [6-8]. B npegene t — 00, NPU HEKOTOPbIX
ycrnoBsusix, ucxogHasa anrebpa nepexoauT B HOBYHO, KO-
TOpas Ha3blBaETCA KOHTPaKLMen ncxogHon anrebps Jn
[6-8]
45, Ayl = lim [A;, 4)], = CE (o)A (10)

B cdusmke meron nonyveHus HOBbIX rpynn (an-
redp) JIn c nomoLLbio KOHTpaKLUMiA AaBHO n3BecTeH [6—8].
[Npw aTom B HOBOW anrebpe nosinsTcA abenesbl Noa-
anrebpbl, YTO Kak pa3 U MOXET MCMonb30BaTbCA AN
OnucaHnst NOTEPU CUCTEMOMN KBAHTOBbIX CBOWCTB. JTO
yKasblBaeT Ha Hanu4yme CBA3W Mexay AUCCUMnaTvBHBIMU
npoueccaMmy B OTKPbITbIX KBAHTOBbIX CUCTEMAX W KOH-
Tpakuusamu rpynn (anrebp) Iln, koTopas aHanuanpyetcs
B pabotax [9—11]. B Tpymax [12—14] npuBogaTca npu-
Mepbl KOHTpaKLmii anrebpbl su(2) B KBAHTOBLIX KaHanax
KybuTa, a B [15, 16] nccnenoBaHbl NpegenbHble NEPEXo-
Abl B anre6pe su(3) ANs TpexypoBHEBLIX CUCTEM. Bbico-
KO3HepreTuyeckne npeaenbl CTaH4apTHOW MOAEnn uc-
cnegoBanuch B [17] npy NpeanonoXeHnm, YTo Kanmobpo-
BOYHas rpynna npu BbICOKUX TeMnepaTypax (3Heprusx)
CTaHOBUTCS MPOLLE N MOXET ObITb MOSy4YeHa C MOMOLLIbIO
KOHTpakuumm, napameTp KOTopor 06paTHO NponopunoHa-
neH Temnepatype BceneHnHon.

B paborte [18] npeanoxeHbl HEKOTOPLIE BO3MOX-
Hble KOHTpaKUu1 yHUTapHo anrebpbl su(3). B aaHHOM
CTaTbe Mbl MOKaXEM, KaK Ka)KOoW KOHTpakuum n3 [18]
MOXXHO COMOCTaBUTb ypaBHeHue JinHabnapaa.

1. Kontpakuumn UHeHo-BurHepa anre6p Jin

HanoMHum onpegeneHne KoHTpakumn WHeHto-
Burnepa. Paccmotpum anrebpy Jln g n BelgenvMm B Hel
noganrebpy gg. OctanbHble reHepaTopbl 06pasyoT noa-
MHOXeCTBO ¢;. KOMMyTauUMOHHbIE COOTHOLLEHNS obLLe-
ro Buga cxeMaTMyHO MOXHO NPeacTaBnTb Tak

(90, 90) = 90, [90,91] = 90 + g1,

[91,91] = 90 + 1. (11)

YMHOXWM BCe reHepaTtopbl U3 g1 Ha . Torga kKommyTa-
LNOHHbIE COOTHOLIEHUS (11) M3MEHATCS Tak

(90, 90)c = g0, [90,91]e = €90 + g1,
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91,91]e = e2g0 +eg1.

B npepene ¢ — 0 6yaem nmeTb HoByto anrebpy Jln ¢
HOBbIMWM KOMMYTaLUNOHHBLIMWU COOTHOLLEHUSMU

(90, 90)0 € g0, [90.91)0o € 91, [91,91]0 =0. (12)

Takum o6pa3om, knaccnuKkaL Mo BO3IMOXHBIX KOHTPaK-
uni NHeHto-BurHepa ana anrebpbl ¢ MOXHO CBA3aTb
C BO3MOXHbIMW BblIOOpaMu MHBapuaHTHOM noganredpbl
go-

B pa6Gote [18] nccnegoBanuch obwme guaro-
HarnbHble Npeobpa3oBaHuns reHepaTopos anre6pbl su(3)
B 6asuce matpuu lenn-MaHHa Bnaa

N =T\, (13)
rme A = (A, A2, ..., Ag)t, \; — maTpuubl Fenn-ManHa,
T, — onaroHanbHas maTpuua, y KOTopoW Ha AuaroHanm
CTOST NapameTpsbl ;. [1py onpegeneHHbIX YCrnoBusaX Ha
napameTphbl £; BO3HUKAIOT T€ UIN UHbIE NpeaerbHbIE Nne-
pexopbl (koHTpakuumn) anre6pel In su(3). B cnyyae koH-
Tpakumi UHeHwo-BurHepa Ha guaroHanu OygoyT CTosiTb
nmb6o 1, nnbo . Konnmyectso eanHUL, paBHO pa3MepHo-
cTu noganredpsbl gp, @ KONMMYECTBO NApPaMeTPoB € — pas-
MEpPHOCTH g1 .

[anee mbl npuBegem npuMepbl, Kak 3agaHHbIM
oTobpaxeHnsam (13) MOXHO COMOCTaBUTbL YypaBHEHUE
Jinnpbnaga, pelleHns KOTOpbIX Bblpaxanucb 6bl 0TO6-
paxeHvem (13). Bce npumepbl ByayT cBA3aHbl C Tpex-
YpPOBHEBbIMU crCTeMamu 1 anrebpoii su(3). Habnoga-
eMble U3 MHOXECTBa g NPV 3TOM TEPSAIOT CBOWN KBaHTO-
Bble CBOWCTBa, obpa3ys abenesy noganrebpy. Habnio-
AaeMble u3 noganrebpbl gg YCTONYMBBLI MO OTHOLLEHMWIO
K BHELLUHEMY BO30ENCTBUIO.

Kak yxxe oTmevanochb Bblle, TUMbl KOHTPaKuui
(13) moryT BbITb CBA3aHbI C TEM UNN MHBIM BbIGOPOM MO-
nanrebpbl gg 1 ee pasmepHocTbio. Ecnn pasmepHocTb
go paBHa 0, TO BCe €; = £ — 3TO NPUBOAUT K KOHTPaK-
umm su(3) no abenesow anrebpbl. AToMy criyyaio Gyaet
COOTBETCTBOBATb 3BOJOLIMSA MATPULLbI NIIOTHOCTM TPEX-
YPOBHEBOW CUCTEMBI (KYyTpUTa) 0O CMELLAHHON C paBHbI-
MW BEPOSATHOCTSIMU BCEX TPEX COCTOSIHWMM (LBeTa KBap-
KOB, 3Ha4YeHUs CMuHa, HaceneHHOCTEN YPOBHEW 1 T.4.).
Hanpumep, B pabotax [19, 20] 6bina npeanoxeHa WH-
TepecHas rmnotesa, YTo KOH(panHMEHT KBapKOB MOXeT
ObITb ONMCaH Kak OeKorepeHLus LIBETOBOrO COCTOSIHUS
YacTuUbl B CMeLUaHHOe KBaHTOBOE COCTOSIHNE C paBHbI-
MW BEPOATHOCTSIMM ONSA Pa3HbIX LIBETOB

(14)

Cnegyiollenn BO3MOXHOCTbIO SBMSETCS BblIOOp
oAHomepHoi noganrebpbl go M3 su(3). Tol KOHTpaK-
unm ByaeT cooTBETCTBOBATL 3BOMOLMNS MaTpULbl NIOT-
HOCTM K CTauMOHApPHOMY COCTOSIHUIO, KoTopoe byaet
npvHagnexaTtb 3Tol noganrebpe. Hanpumep, ecnu ata
ogHoMepHasi noganrebpa npuHagnexuT noganredpe
KapTaHa 1 cuctema npu B3aMMoaeNCTBUMN C OKPYXKEHU-
€M CTPEMUTCS K TEPMOANHAMUYECKOMY PaBHOBECUIO, TO

pll(OO) 0 0
lim p(t) = 0 p2z(c0) 0 , (15)
t—o0 0 0 p33(oo)
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roe onsa rmdbcoBCKOro COCTOSHUSA

Z

pii(0)

E; — sHeprus i-ro ypoBHs, 1" — Temnepartypa.

MoxHo BbIGpaTb 0OfHOMEpPHY noganrebpy B BY-
Oe nNuHenHon kombuHaumu reHepaTtopoB noganredpbl
KapTaHa u ocTanbHbIX reHepaTopoB. JTomy OyaeT co-
OTBETCTBOBATb AMHAMMKA MaTPULIbl MOTHOCTU K COCTO-
SHWUIO, MPU KOTOPOM COXPaHSeTCs KOrepeHTHoCTb. Ha-
npumep, NPy BKIKOYEHUN BHELLHErO MNossl, KOTOpoe B ra-
MUIBTOHMAHE B3aUMOAENCTBUS MPOMNOPLUOHANBHO re-
HepaTopy A4, OQHOMepHasi noganrebpa 6ymet npen-
CTaBnATb NNHEWHYID KOMOMHAUMIO reHepaTopoB A4 U
[A4, As], M maTpuua nnoTHoCTH ByOeT CTPEMUTLECS K

p11(0) 0 p13(0)
thm p(t) = 0 p22(00) 0 17)
e p31(00) 0 p33(00)

TpeTbs BO3MOXHOCTb — BbIAENNTb B KAYeCTBE gg
OBymepHyto noganrebpy KaprtaHa. Otomy GyayT cooT-
BETCTBOBATb, Hanpumep, KoHTpakumm Kann-KnenHa [8,
17], onvceiBaroLLme nepexog, oT su(3) k Gonee npocToi
cummeTpun B KX paHHen BceneHHomn unv npegenbHble
nepexogpl B anrebpe HabnogaemMbix Npyu nonepeyvHomn
pernakcauun n gekorepeHuun B TPEXYPOBHEBLIX CUCTE-
max. MaTtpuua nnoTHocTM B 3TOM cryvyae byget cTpe-
MUTbCS K (15), 1 pii(00) = p;i(0).

ELle ogHa BO3MOXHOCTb — B35iTb TPEXMEPHYHO MO-
panrebpy so(3) unu su(2), kak go. Hanpumep, ons cny-
yast so(3) aTo ByaeT onucbIBaTb COXpaHEHUE KOrepeHT-
HOCTM

1/3  —iaz(0) —ias(0)
lim p(t) = | ia2(0) 1/3 —ia7(0) |. (18)
bmroo ias(0)  iaz(0) 1/3

Ha BO3MOXHOCTb KOHTpakuuu k anrebpe su(2) wnm
50(3) C coOxpaHeHWEM KOTEPEHTHOCTM U COOTBETCTBYHO-
LLLYtO 3TOWN KOHTPaKLMM CNIMHOBYHO AIMHAMUKY yKasan A A.
KapabaHoB. OH e npegnoxun ewe ogHy UHTEPECHYIO
KOHTpakumto oT anrebpbl su(2"") k so(2m) ans uenod-
KM CNUHOB (KyOUTOB), B KOTOPOW MaNOpPaHOBCKWM CMu-
HOp, YCTOWYMBEBIV K AeKorepeHumu, cBs3aH ¢ noganreb-
poit so(2m) [21].

2. Mpumepsbl

Co6cTBeHHbIE 3HaYeHus [; cyneponepatopa Jlu-
yeunns £ (L) copepkaT WHPOPMALMIO O CKOPOCTSIX
penakcauuu, npoLeccax Auccunaumm u aekorepeHumm
W, criefoBaTenbHO, OMpeaensoT KioveBble uanye-
CKue CBOMCTBa cucTembl [22].

Ecnu I; — coBCTBEHHbIE 3HaueHust LF, To cooTseT-

CTBylOLLME COBCTBEHHbIE 3HAYEHWSA OTOBPAXKEHNS A% =

# .
et£” paBHbl \; = elit n nexat BHYTpY €AMHNYHOTO Kpyra

KomnnekcHomn nnockocth, |A;| < 1, Tak kak Rel; < 0.
OT0 KBaHTOBbLIN aHanor TeopeMbl PpobeHunyca-leppo-
Ha. CobcTBeHHbIE 3HaYeHus [; = (0 cooTBETCTBYIOT COB-
CTBEHHbIM COCTOSIHVAM, NPUHAANEXalMM UHBapPUaHT-

Hoi mopanrepe go, Af(go) = go.
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MokaxkeM Tenepb, kak MOXHO Mo 3ag4aHHOMY npe-
obpa3oBaHMi0 KOHTpakuun (13) NocTpouTb ypaBHEHUE
JInnpgbnaga (5) ona maTtpyubl NNOTHOCTM Unu (7) ANs Ha-
ontogaemMsblx.

Myctb e = e 7, v > 0. Torna A; = T.. Cob-
CTBEHHble 3HaueHust L paBHbI HyMIO NSt reHepaTopoB
A; 13 nopganrebpbl gy ¥ paBHbl — -y ONS reHepaTopoB
A; € g1. Torga B 6asnce Habnogaembix \;, KOTOpble B
3ToM cnyyae 6yayT coBCTBEHHbIMM BekTopamu anst LF
ypaBHeHua JluHabnaga (7) ona HabnwogaemMbiX BbIrms-
OSAT 04eHb NPOCTO

A =0,
)\i _'Y)\z,

Ham ocTtanock Tonbko HanTu ramunsToHnaHd H n
onepatopsl JIuHa6napa Vi, 4tobbl NnpeacTaButb ypas-
HeHua (19) B Buae (7). Jlanee Mbl NpMBEAEM HECKONBKO
YacCTHbIX NPMMEPOB PeLLeHWsl 3TON 3a4aun.

Mpumep 1 [10]. PaccmoTpum anrebpy su(3) v ee
KoHTpakuuio NHeHo-BurHepa, B koTopon B KayecTse g
BbiGepeM 4-mepHyto noganredpy go = u(1l) + su(2) ¢
6asncoM n3 A3, g, Ag, A7, @ reHepaTopamm 13 g sBMs-
toTca MaTpuubl Frenn-ManHa A1, A2, A4, A5. MNpeobpaso-
BaHWe KoHTpakummn 1,

)\ieg()? (19)

>\i € g1.

a1 0 0
T.9 =go+eg1 = ( 0 a2 ass >+
0 O,;g ass
( 0 a2 ais )
+e| ajy 0 O . (20)
ajs 0 0

OT0 yacTHbIM cnyyan koHTpakuuin Kanu-KnernHa (npwm-
mep 1 u3 [18]) n cnyyas nonepeyvHolr penakcaumu.

MpuBegem 4acTHoe pelleHue, Korga raMmunbTo-
HMaH n onepartopbl JlnHaGNaga npuHagnexar nopan-
rebpe KapTaHa su(3) — amaroHanbHbIM GeccrnefoBbiM
mMaTtpuuamM Unm NMHenHon KoMGuHaumm A3 n Ag. B aTom
crnyyae raMurnbTOHMaH MOXHO NMOMOXUTb PABHBIM HYIHO,
a V B3aTb B BUae

2 0 0
V:ﬁ<0 —1 0). 1)
3\0o 0 -1

YpaBHeHue Jlnnabnaga anst MaTpubl NOTHOCTK

: 1
p=" (VpV+ -3V p}> =

0 pi2 pi3
=—y( p2 0 0 (22)
p31 O 0
n ero peweHune
p(t) = Aip(0) = e“'p(0) =
p11(0) e "p1a(0) e " p13(0)
= | e "p21(0)  p22(0) p23(0) (23)
e p31(0)  p32(0) p33(0)

Kak pa3 COOTBETCTBYIOT npeobpasosaHutio 1. (20). B
acumnToTMKe Ha BonbluMX BpeMeHax MaTtpuua nrnoTHO-
CTU coxmeTcs Ao obnactu go = u(1) + su(2), kotopas
OyOeT yCTOMYMBOM K BO3OENCTBUIO OKPYXKEHMS.
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HecnoxHo ybeouTbes, 4To ypaBHeHus (19) ons
Habntogaembix MOryT ObiTb 3anuMcaHbl B BUAE ypaBHe-
HuI Jlnngbnapa

A=l =~ (V+Av - % {vtv, A}> . (24)

Takasi AMHaMUKa COXpaHSIET YaCTUYHYIO KOTePEHTHOCTb
(BO3MOXHOCTb Cyneprno3nLumn MeXay BTOPbIM U TPETbUM
ypoBHsAMK). IHTepec npencTtaBnsieT 6onee obLimMn Bbl-
6op ramunsToHMaHa v onepatopos JinHabnaga us gg.

Mpumep 2 [11]. PaccmoTpum anrebpy su(3) u
Bblibepem B kavecTBe g nopanrebpy KaprtaHa als +
BAs € go. OTO yacTHbIA cnyyan koHTpakumin Ka-
nn-KnenHa v YacTHbIN BapuaHT NOMHOW AeKorepeHunn
(nonepeyHo penakcauuu), Korga CKOpPOCTU penakca-
UM ~y; paBHbl. B g; Tenepb BXOAAT Bce reHeparo-
pbl, OTBEYaloLIMe 3a KBAHTOBble OCOBEHHOCTU cucTe-
Mbl U HeMaroHarnbHble 3NeMeHTbl MaTpuLbl NAOTHOCTU
— (A1, A2, Mg, A5, A6, A7) € g1. MpeobpasoBaHue KoH-
Tpakuum T, B 9TOM crny4yae paBHO

ail 0 0
ngzgo+€91:< 0 azx 0 )—I—
0 0 ass
0 a2 a3
+ € ( a’{z 0 as3 ) . (25)
ayz a3 0

[amuneroHnaH mn onepartopbl JinHabnaga npwu-
Hapnexar noganrebpe KapraHa su(3). Bosbmem H =
0, TaK KaK OH He BNUSIET CyLLEeCTBEHHbIM 0Bpa3oM Ha Au-
HaMKKy, a B KayecTBe onepaTtopoB JlnHabnaga Bbibe-
pem

Vi=—(0a 0], %=V a=e¥.
V3\o0 0 o

YpaBHeHue Jlunabnana ons matpulbl MNOTHOCTK

2
p=-7>

1
<Vkpvk+ - Q{V]:_Vkvp}‘) =

k=1
0 pi2 pi13
=—v| p2r 0 po3 (26)
p3s1 ps2 O
NPUBOOMT K PELLEHUIO
p(t) = A¢p(0) = e*'p(0) =
p11(0) e p1a(0) e p13(0)
=1 e p2(0)  p2(0) e pa3(0) |,
e p31(0) e p32(0)  p33(0)
KOTOpOE Ha GOMbLUNX BpeMeHax CTPEMUTCS K
p11(0) 0 0
lim p= 0 p22(0) 0 , (27)
e 0 0 ps3(0)

YTO OMMWCHIBAET MOSHYIO AEKOrepeHUMIo CUCTEMBI.
YpaBHeHue Jlungbnaga (7)

2
, 1
—riA— + _ = +
A=r A_7k§:1 (Vk AV = 3 {Vi Vk,A}> (28)
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Ans Habnogaembix \; Take npumet sug (19).

WTak, no 3agaHHON ogHOMapamMeTpUYeCcKOn KOH-
Tpakuun UHeHo-BurHepa B onpegeneHHom 6asnce no
npeobpasoBaHuio (13) MOXHO cpady HanucaTb ypaBHe-
Hua (19), a 3aTemM uckaTb UX NpeacTaBneHne B BuUAe
ypaBHeHui Nlnnabnaga (7). BaxkHyto ponb B COXpaHeHnn
KOrepeHTHbIX CBOMCTB NpW 3TOM MOXET uUrpatb onpeae-
NEHHbIN BbIBOP ramunbsTOHMaHa. YpaBHeHus JlnHgbna-
Aa MOXXHO HaxoamMTb AN 0606LLEeHHbIX KOHTpaKLnin NHe-
Ht0-BurHepa (B aToM criyyae ckopocTu penakcauun oy-
OyT UMeTb BUA Y, = k7, @ napaMeTpbl KOHTpaKLuii
e = €F = e *), MHoronapameTpUUECKMUX KOHTpaK-
uni (oHM ByayT CBA3aHbI C pa3HbIMU CKPOCTAMU penak-
cauum g, € = e*W), rpagynpoBaHHbIX KOHTPaKLUMI 1
T.0.

Asmopsl sbipaxkatom briazodapHocmb A.A. Kapa-
baHosy 3a rnrodomeopHbIie 06CYKOEHUS.
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Aunnoramusa

PaccmoTpena TpexypoBHEBasg KBAHTOBas CHCTEMA C
cummerpueit anre6per JIu su(3) (xyrpur). Iloryuge-
HA 9BOJIIOIUA KYTPUTA IPU B3aUMOAEHCTBUU C OKPY-
JKaromeit cpegoii. Mdyuena momepeuHas pesakcalus
KyTpuTa (3a cUeT JUaroHaJbHBIX OIepaTopoB JInum6-
Jajma), TpUBOAAIIAA K OOHyJIeHUI0 (C OZUHAKOBOI
CKOPOCTBIO MJIs BEIeCTBEHHON M MHUMOU dYacTeii)
HeINaroHAJbHBIX JJIEMEHTOB MATPUIILI ILJIOTHOCTH.
IlonyueHa quHaMUKa KYTPUTA IIPU HAJIUUUU KaK I0-
MePevHo, TaK 1 IPOJOJHLHOM pejlaKkcalu, T.e. Korma
omepaTopsl JIuHAOIama HeaAuaroHaJbHEI 1 B CHCTEME
MMEIOTCA IIepexoibl MeKJy BCeMH YPOBHAMU SHEP-
runu. IToxkasamo, uTo mobaBJieHNEe IPOAOJLHON pesak-
canuy KYTPHUTa, IIOMUMO O0pallleH:us B HOJb HeIua-
TOHAJBHBIX JJIEMEHTOB, 3aTparuBaeT TaK:Ke U [aua-
FOHAJIbHBLIE DJIEMEHTHI €ro MATPHUIBI ILIOTHOCTH. B
pesyJbTaTe OUCCUMAIINK KBAaHTOBas CHCTEMAa C Teue-
HUeM BpeMeHU CTaHOBUTCS HEKOTepeHTHOU. B obGomx
cayJyasix MepBOHAYAJIbHO HEKOMMYTHUPYIOII[ME KBaH-
TOBBIEe HAOJII0JaeMble B ITPOIeCCe 9BOJIIOIUHU IPUodpe-
TAlOT CBOMCTBA KOMMYTHUPYIOIIUX KJIACCUYECKUX Ha-
0JII0IaeMBbIX, UTO AJITe0panyecKy IPOSBIAETCA B KOH-
Tpakuuu anre6psr su(3).

KiaroueBsie cioBa:
duccunamueénbvle K6AHMOBbLE CUCTEMbL, Al2edpa Ha-
onrdaemvlx, KYympum, KOHMpPaxKyuu anzebp Ju

Abstract

The evolution of a three-level quantum system in-
teracting with the environment with the symmetry
of the Lie algebra su(3) (qutrit) is considered. The
evolution of qutrit is obtained when interacting with
the environment. The transverse relaxation of the
qutrit (due to the diagonal Lindblad operators) has
been studied, leading to zero (with the same speed
for the real and imaginary parts) off-diagonal ele-
ments of the density matrix. The dynamics of qutrit
is obtained in the presence of both transverse and
longitudinal relaxation, i.e. when the Lindblad op-
erators are off-diagonal and there are transitions in
the system between all energy levels. It is shown
that the addition of the longitudinal relaxation of
the qutrit in addition to the conversion of the off-
diagonal elements to zero, also affects the diagonal
elements of its density matrix. As a result of dissi-
pation, the quantum system becomes incoherent over
time. In both cases, initially non-commuting quan-
tum observables in the process of evolution acquire
the properties of commuting classical observables,
which algebraically manifests itself in the contrac-
tion of the algebra su(3).

Keywords:
dissipative quantum systems, algebra of observables,
qutrit, contractions of Lie algebras

BBepeHune

MNoa onncaHnem puanveckon cuctemMbl NOHNMa-
eTCcsa MOCTPOeHNe ee matemartudeckoro obpasa, Bbipa-
XEHHOoro yepes Habrniogaemble cuctemsl. B knaccuye-
ckon om3smke Habrogaemble CUCTEMbI — 3TO BELLECTBEH-
Hble 6eckoHe4yHo anddepeHunpyemble PYHKLUN KOOp-
AvHAaT 1 UMNYNbCOoB, obpasylolie KOMMYTaTUBHYIO arn-
rebpy BeLUEeCTBEHHbIX rMagknx pyHKUMIN Ha ha3oBOM
npoctpaHcTee [1]. B kBaHTOBOW (hbm3unke Habnogaemon
COMNOCTaBnAETCHA NMMHENHbIN onepaTtop, a cama cuctema
onucbIBaeTcs, BOoOLLE roBopsi, HEKOMMYTaATMBHOW ar-
rebpon onepatopoB B NIMHEWHOM MnpocTpaHcTee [1, 2].
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[nsa cBaA3n NMHENHbIX ONepaTopoB C 3KCNepuMeHTarnb-
HbIMW [AaHHBbIMW, KOTOpble SIBMSIOTCS BELLECTBEHHbLIMU
yucnamu, CAyXuWT maTtpuua nnotHoctTu p, Trp 1,
OnucbIBaloLLas COCTOSIHME KBaHTOBOMEXaHWYECKOW CU-
cteMbl. CpeaHee 3HaveHue Habniogaemonn A usmue-
CKOW CMUCTEMbl, HaxodsLLenca B COCTOSHWUU p, JaeTcd
BblpaxeHnem < A >= Tr(Ap).

[nHamMmrka 3aMKHYTOM KBaHTOBOW CUCTEMbI Onpe-
JensieTcs yHMTapHbIM OnepaTopoM 3BOMOLMM, MO3TOMY
ee anrebpa Habnogaemblx He U3MEHSIETCS B npouecce
3BOMIOUUKN cucTeMbl. [lpyras kapTuHa MMeeT MecTo ans
OTKPbITbIX KBAHTOBbIX CUCTEM, B3aMMOLENCTBYIOLLMX C
oKpy>KaroLLen cpegon. SBOMLMSA TakuxX CUCTEM YXKe He
OMNUCLIBAETCA B TEPMMHAX YHUTAPHOW ramuUIIbTOHOBOM
OnHaMukn 1, cnepgoBaTenbHo, anrebpa Habniogaembix
MOXET U3MEHATLCS B Xo4e ee aponouun. MameHeHne
BO BPEMEHMW MaTpULbl NITOTHOCTM B 06LLEM Clnydae onu-
cbiBaeTcd npeobpasosaHuem Kpayca

p(t) 0) = Bi(t)p(0)
k

> B (OBt =1

k

B (1),

(1

Mpu manom BpemMeHU B3anMOOENCTBUS C OKpYKe-
HMEeM MOXHO npeHebpeyb acpdekTamy namaTn (MapKoB-
ckoe NpubnuxeHne) n Toraa aBosIoLMI0 CUCTEMbI MOXHO
onucaTtb ypaBHeHueM JlnHabnaga [3-5]

-]

1
+ Z% (VkPV;j —3 {V;jvkap}) .
k

I'IepBoe cnaraemoe B ﬂpaBOVI 4YacTn ypaBHEHUA OoTBe-
vYaer yHVITapHOVI 4Yact OMHaMUKN CUCTEMbI, TeHepupy-

€MOl raMmunsToHnaHoM H, KOTophbldi B 06LwemM crnydyae
BKIOYAET raMWUSIbTOHNAH CUCTEMbI, @ TaKKe COAEPXMUT
[OMNONHUTENbHbIE Craraemble, OTHOCALLMECS K B3aUMO-
OencTBuI0 C OKpyXeHnem. BTtopoe cnaraemoe onuvchbl-
BaeT AMCCUNATMBHYI YacTb AuHaMukn. Onepatopbl Vy,
00bIYHO Ha3sbiBalOT onepatopamu JlnHabnaga, a HeoT-
puLaTenbHble yi UIParT Pofb CKOPOCTEN penakcauum
AN pasnuyHbIX BUOOB 3aTyXaHWUs OTKPbITOM KBAHTOBOW
CUCTEMBI.

IunccmnatrBHble NPOLECCHl B OTKPbITbIX KBAHTO-
BbIX CUCTEMAxX MOryT NPUBOAUTb K OBHYNEHUI0 HEKOTO-
pbIX KOMMYTaTOPOB anrebpbl Habrgaemblx, YTO MHTEP-
NPeTMpyeTca Kak YacTU4YHas NoTepsi CUCTEMOWN KBAHTO-
BblX CBONCTB, T.€. YaCTUYHOMY Nnepexony OT KBaHTOBOIo
noeefdeHus K kraccmyeckomy. [NogsnstoLmecs npym aTom
KOMMYTUMpYIoLLMEe Habopbl HabnaaeMbIX MHTEPNPETU-
PYHOTCS KaK Krnaccuveckue nepeMeHHble, BO3HUKarLWwme
B pesynerate guccunaumu.

B kaptuHe lenseHGepra ans Habnogaembix A
ypaBHeHue Jlnnabnaga nmeer Bug,

)

L1
A=—
h

1
+Z% (v,jAvk -3 {V,:“Vk,A}) = Cf
k

[H,A] +

(4). )
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OBontoumns anrebpbl AgUHaMUYeckux nepeMeHHbix A(t)
TOrga MeeT Buf,

A(t) = AL(A) = £ A(0), (4)

a U3MeHeHue BO BpeMeHM KOMMYTaLMOHHbLIX COOTHOLLIE-
HWIA gaeTca hopmyrnon

£\ t
= (At) [At (A7), Ab(A; )]

[Ai, Ajl, CH(t) A,

)
KoTopas npeactaenseT cobon TuNnnYHoe npeobpasoBa-
HMEe KOMMYTaLUMOHHbBIX COOTHOLLEHUIA MexXay reHeparo-
pamu npu KoHTpakummn rpynn (anreébp) Jln [6-8]. Takum
00pa3om, UMeeTCsl eCTECTBEHHAs CBSA3b MeXAy AMCCU-
NaTMBHBIMU NPOLIECCaMU B OTKPbITbIX KBAHTOBbIX CUCTE-
Max U KoHTpakuuamu rpynn (anrebp) Jln, kotopas aHa-
nuaupyetcs B Tpyadax [9—11]. B pabotax [12,13] nogpob-
HO u3yyeHa CBSA3b KBAHTOBbIX KaHamnoB KybuTa C KOH-
TpakumamMu anre6pbl su(2).

B paHHOM cTtaTbe Mbl Npopormkaem uaydvats Jln-
anrebpavyecknii NoaxoA K WCCNEAoOBaHWMIO OTKPbITbIX
KBAHTOBbIX CUCTEM TEMEPb HA NPUMeEpPE KyTpuUTa — Tpex-
YpOBHEBOW cucTeMbl C anrebpoit cummetpum su(3).
TpexypoBHEBbIE CUCTEMbI NOABATCA BO MHOMMX 0bna-
ctax. Hanpumep, 4Yactuua cnvHa 1 B MarHMTHOM nore,
HENTPUHHbIE OCLMNNAUNW, TPU BblAENEHHbIX YPOBHS B
aTome, na3epHoON CNEeKTPOCKOMUU, KBAHTOBOW 3MEKTPO-
Huke, KX, B kBaHTOBbLIX Moaensx ¢potocuHTesa [14—
17].

1. NonepeyHan penakcauusa KyTputa

MaTpvua nnoTHOCTM p KyTpuTa MOXET ObITb
npeacTaerneHa B Buae NUHENHON KOMOMHaUuN reHepa-
TopoB anre6pbl Jn u(3)

1

1 -
:7:[ ~a- =
3 +2a A
2+a3+ia a1 — tas
1 ° V3 2 1
25 aj + 1ag g—ag—i-%ag
a4 + tas ae + iay
a4 — tas
ag — a7 (6)
2_ 2
37 /38
roe & = (a1,az,...,ag) — BekTop bnoxa, X =
(A1 ..., As) — maTpuubl Menn-MaxHa Buaa
010 0 0
M= 100, x=]i 0
0 0 0 0 0
0 0 1 0 0
M=10 0 0], =00 0
1 0 0 i 0 0
0 0 0 0 0 0
=00 1], »=(00
010 0 =2 0
1 0 O 1 1 0
=0 -1 0 ), =—[01 o
0 0 0 v3\o 0 —2

—_
~
~
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B kauecTtBe 6a31CHbIX COCTOSAHMN KyTpuTa Mbl UCNOJ1b-

3yem 0603HayeHus
1
(3): #- (1) (1) »

0
0
HeyHnTapHas aBonioums KyTpuTa, NpMBogsLLas K
€ro gekorepeHTHocTn [9—12], onuckiBaeTcst npeobpaso-
BaHnem Kpayca (1) ¢ HabopoM amaroHanbHbIX MaTpuy,
BMAA

0
1
0

0
0
1

1)

-1 0 O
Bi=yp1l, Ba=.p2| 0 1 0 ],
0O 0 1
1 0 O
Bs=yps | 0 =1 0 ),
0O 0 1
1 0 O
B, = \/]74 01 0 , (9)
0 0 -1
roe
1
p1L = Z (1 + €163 + €263 + 8162) ,
1
P2 = (1 —e163 4 €963 — €1€2) ,
1
ps =7 (1 —e1e3 —e2e3 +€1€2),
1
D4 = Z(1+8153—5263—5152). (10)
OHO NPVBOANT K MaTpuLe NNOTHOCTM KyTpuTa
p=2 EwE} =
k

e1e3(ar —iaz)
% —as+ %ag
€2€3(CL6 + ZCL7>

% +as + %ag
8183(@1 +ia2)
e1€2(as + ias)

| —

e12(aq — z:a5)
52523(6162— za7)

53— %=

(11)
V398

OTa xe MaTpula NNoTHOCTU nony4vaeTcd npeo6-
pa3oBaHmnem reHepaTtopos

Ai = Tijhj, (12)

roe T;; — AnaroHanbHas maTtpuua ¢ anementamu 171 =
T5o = €163, Tyy = T55 = €182, Tge = T77 = e2e3,
T33 = Tgg = 1, KOTOpOE MMEET BUA KOHTpaKkuumn Bur-
Hepa-VHeHto [6, 8, 18]. Npu nepexoae k HoBoMy Gasmcy
CTPYKTYpHble KOHCTaHThI B anrebpe Jln npeobpasyoTca
no npasuny

(13)

B obliem cnyyae aBontouus KyTpuTa OMNUCbIBa-
eTcsl ypaBHeHueM (2), B koTopoMm cymma no k Gepet-
CA OT eQuHMUbl OO BOCbMU. B yacTHbIX cnydasx guc-
cunaumMm KyTputa MOXHO OBOMTUCH MEHbLUMM YMCIIOM

Cl5(t) = Ty Tim TjnCon-

44

cnaraembIx. Hanpumep, B cnyyae gekorepeHuun KyT-
puTa, NPUBOAALLEN K OOHYyNeHuo (C OOMHAKOBOW CKO-
POCTbIO AN BELLECTBEHHON N MHMMOW YacTeln) Hegna-
rOHarnbHbIX 3NIEMEHTOB MaTpuLbl NNOTHOCTU, €€ MOXHO
Nony4nTb Kak pelleHvne ypaBHeHus (2) ¢ onepatopamu

Ninnpbnapa
-1 0 0 1 0 O
Vi = 0O 1 0], Vo= 0 -1 ,
0 0 1 0 0 1

1 0 O
vs=| 0 1 0 (14)
0 0 -1
Y raMUSIBTOHMAHOM
H = diag(E,, Es, F3), (15)

roe E; 0603Ha4yaeT aHepruio ¢-ro ypoBHsl. [enicTButens-
HO, AMaroHanbHble 3NEMEHTbI MaTPULbl NAOTHOCTU CTa-
umoHapHbl p;; = 0, © = 1,2, 3, a HeanaroHarnbHble ane-
MEHTbI MOAYMHSIIOTCS MPOCTHIM YPaBHEHUSIM

P12 = —Qi2p12, P13 = —Q13P13,

P23 = —Qr23P23 (16)

C napameTtpamu

a2 = 2(y1 + 72) + twiz, a1z = 2(y1 +73) + iws,

23 = 2(72 + 73) + iwas, (17)

rae AedcTBUTENbHAs YacTb ;; €CTb CKOPOCTb 3aTyxa-
HWSA MHTEPMEPEHLIMN MEXOY YPOBHSIMU i W j, KoTopast
OMUCLIBAETCS SMEMEHTOM p;; MaTPULIbI MIIOTHOCTH KyT-
puTa, @ MHUMast YacTb €CTb Pa3HOCTb SHEPrUN w;; =
(E; — E;)/h. Peluenus ypaBHeHW UMeloT BAL

pr2(t) = e 2 p15(0), p13(t) = e p15(0),
p23(t) = e~ py3(0). (18)

O6o3Hauast c165 = e X120 g1gy = e 2138 gheqg
e~ 23! nonyyaem ans matpuusl nNotHocTH p(t) Bbipa-
xeHue (11).

UTo kacaeTcsi aBonouun Habniogaembix A, (t)
(oomHakoBoOW AN UX BELLLECTBEHHBIX U MHUMbIX YacTen),
TO 13 ypaBHeHus (3) nmeem

A3 =0, Ai2=—ai2A12, M5=—a13\45,

Xe.7 = —a3 )6 7. (19)

PelueHns aTnx ypaBHEHUI NMEIOT BUL,
Ass(t) = Ass, Ara(t) =e 12,
Aas(t) =e 3Ny 5, Agr(t) =e ' X7 (20)

1 MoryT GbITb NpefacTaeneHbl B Buae (12) kak npeob-
pa3oBaHusa KOHTpakuui. [Npeobpa3oBaHHbLIE reHepaTo-
pbl 06pasytoT anredpy su(3, €) C KOMMYTALMOHHBLIMU CO-
OTHOLLEHUAMM

[)\1, )\g}t = 27;5%6%)\3, [)\1, )\S]t = —Qi)\g,
A, Aale = iefAz,  [A1, As]e = —iet e,
A, A6t = ie305,  [A1, A7y = —ig3 A,
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[A1, 28]t =0,  [A2, As]r = 2i)q,

Mo, ]t = igTedde, [A2, As] = icTeahr,
Mo, Aalt = —iedha,  [Ao, A7]e = —ie3 s,
[A2, As]e = 0, [A3, Al = iAs,

A3, A5l = —iAg,  [As3, Agle = —iM7,

(A3, A7]le = ide,  [A3,As]e =
A7, Xs]e = iVBXe, [N, Aot = —ie3 s,

[Ag, A7]e = ie3,

s, A6]e = —iga\y,

[As, Agle = V34,
[\, As]y = ie2e2 <)\3 + \/§>\g) ,

Mg, Ag]e = —iv/3Xs,
[)\5, )\7]t = iE%)\Q,
[Ne; Aslt = —iV3A7,

[)\67 /\7]75 = ic&"%E% (\/g)\g — )\3) .

Mpwn €3 1 nonyyaem koHTpakuun Kanu-KnenHa [8].
KoHTpakumn anrebpel Jn su(3, £) npu npepenbHbIX ne-
pexogax t — oo (¢; — 0) nogpobHo pasobpaHbl B pa-
6ote [18]. Taknm 06pa3om, Mbl NoKasanu, 4To SBOSHOLMS
KyTpuTa Npu Hanm4mMm nonepeyvHon penakcauum npuso-
OUT K guaroHanbHOW KOHTpakuum ee anrebpbl cMMMeT-
pum su(3).

(21)

2. Nonepe4yHas n npoaosnibHaA penakcauum Kytpura

K paccmoTpeHHOW nonepeyHon penakcauumn KyT-
puTa MOXHO A06aBWTb NPOJOMBHYIO C Mepexoaamm Mex-
Oy BCceMU ypoBHSIMU. [py Hanuunm NpoaonbLHON penak-
cauun guHamuka KyTpuTa 3aTpoHET Takke U AnaroHasnb-
Hble 3NeMeHTbl ero matpuubl NnoTHocTU. OB603Ha4YMM
7Yij BEPOATHOCTb Nepexofa C j -ro ypoBHS Ha 1 - (puC.
1). Toraa B ypaBHeHuun JlnHpgbnaga k onepartopam (14)
nobaesiTces onepatopbl Vi = i) (4] (i # j)

E5 3)
B B
sl

] b
& E

Eo 12)

gl |2

Ey 1)

Puc. 1. Cxema mepexooB MeKAy YPOBHAMU KyTpHUTA.
Fig. 1. The scheme of transitions between the qutrit
levels.

010
V12_|1><2|_<0 0 0>7

0 00

0 0 0
V21:|2><1|:<1 0 0)7

0 00

45

0 0 1
Vis=D)@[={ 0 0 0 |,
0 0 0
0 0 O
Va1 =13)(1l=1 0 0 0 |,
1 00
0 0 0
Vos =12)(3|=1 0 0 1 |,
0 0 O
0 0 O
Va2 =[3)2[=| 0 0 0 |, (22)
010
N ypaBHeHue (2) B aToM cny4dae dyget umets Bug [19]
h= o]+

3
+Z%

1
(Vkpv,j -3 {V;Vk,p}) +

k=1
+> <%jpmj -3 {V;mj,p}) @)
i#]j

Bbinvwem atu ypaBHeHUA OTAEeNnbHO Anda Aua-
FOHalnbHbIX WU HeanaroHalbHbIX 3J1EMEHTOB MaTpulbl
NIOTHOCTU

pmm = Z YmnPnn — Fmpmma (24)
n

pmn = —OmnPmn, M 7é N, Omn = Opm, (25)
rae I'y, = 3, Ymn — OBLIAS WINPUHA YPOBHSI 1, (v;j =
5 (T + )42 (i + ) +iwij, Rea;j—ckopoctb pe-
nakcaumm HeguaroHanbHbIX 311IEMEHTOB MaTpuLbl MOT-
HOCTM p;;. MHUMas YacTb ov;; AN Hac He CyLeCTBEeH-
Ha 1 Mbl Byaem ee onyckatb (MnM nogpasymeBaTb, YTO
paboTaem B npeacTaBneHnn B3anMoaencTeust). IBorto-
LMs HeanaroHanbHbIX 3NIEMEHTOB Py, 1, KaK 9TO BUAHO U3
(25), He3aBucuma gpyr ot gpyra. B martpuyHon dopme
ypaBHeHus (24), (25)

(

v12p22 + 713p33 — L'1p11

p(t) = —Q12p21
—13pP31
—12pP12
Y21P11 + Y23p33 — I'2p22
— Q23032
—13P13
—Q23023 . (26)
v31p11 + Y23p22 — I'3p33

HegwnaroHanbHble anemeHTbI YAOBNETBOPAKT ypaBHe-
HUAM

Pij = —Q4ipij, 1 <J, Qji = Qj, (27)

C peLleHnaMm

pij(t) = e~ pi;(0). (28)
PelueHns ypaBHeHui (24) ona gnaroHanbHbIX 3f1EMEH-
TOB UMEIOT BUA,

p11(t) = Oy + Cre =" 4 Coe ™+t
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paa(t) = C3 + Cpe™ ¥t + Cre™*+1,

ps33(t) = Co + Cre™ " 4 Cge ™+, (29)
roe
3
1,1
— 2 _ — e -
ax =B+ VB —4D, B= Z;r, = ;Fm’
1= 1#£]

D = ~21732 + V21713 + 21723 + V12731 +
+7Y317Y32 + 23731 + V12713 + V12723 + V137325
Cs = (v21713 + 7231'1) Do,
Co = (2372 +7131'2) Do,
Ce = (['1I'2 — y12721) Do,
Cs = (v21713 +723(T'1 — a-)) D,
C1 = (23112 + M13(T'2 — a)) Dy,
C7 = ((a- = T1)(a- —T2) — y12721) D1,
Cs = (v21713 + 723(I'1 — ay)) Do,
Ca = (23712 + 713(I'2 — a4.)) D2,
Cs = ((ay —T'1)(aq —T'2) —y12721) D2.

3aecb D; — KOHCTaHThbI, 3aBUCSLLME OT HaYarbHbIX YCro-
BUN.

(30)

Takum o6pazom, 3BOMHOLUSA MATPULbl NAIOTHOCTU
KyTpuTa Npu HanMyMmn Kak nonepeyHomn, Tak n Nnpogosnb-
HOWM penakcauum ONUCbIBAETCS MaTpuLen NNoTHOCTU

Co+ Cre -t 4 Cge_a+t
e 12!y (0)
e 13! p3,(0)

e”12'p15(0)
Cs + Cye™ ¥t Cge 4!
™23 p35(0)

e~ 138 p13(0)
=25 py3(0)
Ce + C7e_a_t + Cge_a"'t

I'IpM t = oo NPONUCXOAUT penakcauuna anaroHalbHbIX
ANeMeHTOB MaTpuubl NMIOTHOCTU CO CKOPOCTAMU x4 U
AekorepeHuna HegmaroHasribHbIX 3fieMeHTOB CO CKOpO-
CTAMU O B uenom cuctema CTPEeMUTCA K NMONMHOCTbIO
OeKorepeHTHoOMy ctalMoHapHOMY COCTOAHUIO

p(t)

(31)

Co 0 0
p(o0) = ( 0 C3 0 > . (32)
0 0 GCs

Bbille Mbl paccmoTpenu 3BOMLMI0O MaTpuLbl
nnoTHocTU B KapTuHe WpeaunHrepa. B kapTuHe enseH-
Bepra oT BpeMeHu 3aBUCAT Habnwogaemble, 1 ypaBHe-
Hve JlnHabnapa B 3TOM crnyvyae npumeT Bug
1

A= [H,A]+

3
+Z%

(v,jAvk - % {v;vk,A}) +
k=1

46

1
Z + + _
: A’Yij <‘/” A‘/Z] — 5 {‘/” V;],A}> =
i#]

= LH(A). (33)

leHepatopbl A; (i = 1,2,4,5,6,7) anre6pbl su(3) sB-
nsoTcsA HabnogaeMbIMM 4nNa KyTpUTa 1 CO6CTBEHHBIMM
BekTopamu onepaTtopa L!. VX AMHaMuka onucbiBaeTcs
ypaBHEHUAMU

M2 = —a12d12, Mjs=—zdas,
X7 = —aa3de,r, (34)
C peLueHnsaMm
Ar2(t) = e 12X 5(0),  Ags(t) = e 18 Ay 5(0),
X6,7(t) = e X6 7(0). (35)

[ns reHepaTopoB nopanrebpbl KaptaHa ynobHo nepeii-
TV K HOBOMY 6a3ucy eg, e+

eo =1, ex =ax|[1)(1]+bs]2)(2] + cx|3)(3],
1
RN (Y21v32 + 131 (T2 — avt))
by = N (712731 + v32(I'1 — 1)),
1

cx =% (1 —ax) (T — ax) —y12721),  (36)

(A — HOPMUPOBOYHbIV MHOXUTENb), B KOTOPOM YpaBHe-
Hus NluHaGnaaa NnpuHMMaloT NPoOCToN BUA,

€ =0, €4 = —Qa4eqy, (37)
C peweHnamm
co(t) =1 ex(t) =e **les(0). (38)

Bocnonb3oBaBLumnch obpatHbiM K (36) npeobpasoBaHu-
€M, KOTOpoe 3anuiLiem B Buae

1) (1| = fieo + gre4+ + hie_,

2)(2] = faeq + g2e + hae_,

13) (3| = fzeo + gset + hge_,
MNoMy4YnM onucaHne ANHaMUKN Habrioaaembix A3 U Ag

A3(t) = (f1 = f2)I + (91 — 92) e_a+te+(0)+
+ (hy — hg) e *~"e_(0),
As(t) = (fi+f2—2f3)+(g1 + g2 — 2g3) e~ “+te, (0)+
+ (hy + ho — 2h3) e “~te_(0). (39)

Takum 06pas3om, npeobpasoBaHMs KOHTPaKLMK
Habntogaemblx KyTpuTa B HOBOM 6asuce npuUHMMatOT
Bua (35), (38), a 3aBucsimMe OT BpeMeHU KOMMyTauu-
OHHbIE€ COOTHOLLUEHMSA 3TUX HabnogaeMblx gatoTcsa dop-
Myramm
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A7, Aale = ie7220N5,  [Ne, Asle = e 230Ny,
s, Arle = de™ 2%, [Aa, Ar]e = de™ 24,
A1, Aol = 20 ((f1 — fa) e 212" T+
+ (g1 — g2) e Mes + (b1 — ho) e 2ofe ),
Mgy Asle =2 ((f1 — f3) e 2oustiy
+ (g1 — g3) e B0k, + (hy — hg) e A7le_ ),
e, Arle = 2i ((f2 — fa) e7>12'1+

+ (g2 — g3) e Btey + (hy — hg)e Bote_ ),

[ ]

Ao ex]y = i(ar —by)e *+ Ay,
M, ex]s = de™ ! (cx —ax) N5,
As,ex]s = ie” %! (ax — c4) Mg,
Ao, e+]s = ie” ! (cp — by) As,
A7, ex]s = ie” ! (by — 1) N,

(40)
rae BBeAEHbI 0G03HaYEHUs
Ay = a1z + 13 — a3 = Y21 + Y31 + 71 > 0,
Ag = aig + gz —a13 =712+ 732 + 72 > 0,
Az = a13 + a3 — a12 = 713 + Y23 + 73 > 0,

Ay =201 —ay, As=2a12—a_,

Ag =213 —ay, A7=2a13—a_,

AS = 20423 — 04, Ag = 20(23 —_. (41)

MapameTpbl A;, i = 1,2, 3 nonoxutenbHbl, a Ak, k =
4,...,9 MOryT npvHumaTtb MNOMOXUTENbHbIE, OTpULa-
TEMbHbIE W HyNeBble 3HAYeHWs. VIMeHHO OHUW onpefe-
NS0T NpeaenbHoe NOBEAEHNE KyTpUTa U KOMMYTaLMOH-
Hble COOTHOLLEHUS ero anredpbl CMMMETpUK B Npeaene
t — oo.

Mpn A >0, k=4,...,9, 1e. 20,5 > a4 BCe
KOMMYTaLMOHHbIE COOTHOLLEHWS obpallatoTcs B Hynb, 1
anrebpa craHosuTca abenesont. Mpn Ayg = 0, Te.
205 = oy, 1 # J, [O6aABNAKTCA TPU HEHYNEBbIX KOM-
MyTaTopa

A1, A2]oo = 2i(g1 — ga)e (1),
A1, Asloo = 2i(g1 — g3)e (1),
A6, Atloo = 2i(g2 — g3)e4 ().

Ecnu kakoi-To n3 napametpoB Ag, k= 4,...,9 otpu-
uarteneH, TO NOSBASAITCA CUHIYNSPHbIE KOMMYTaTOpbI,
YTO CBUAETENLCTBYET O pa3pyLUeHun KyTpuTa Kak dunsm-
YeCKOW CUCTEMBI.

B o063ope [20] npuBeneH npumep, roe ansa oByx-
YPOBHEBOW CUCTEMbI B ONTUYECKOM Auanas3oHe CKOpo-
CTV NONEPEYHON N NPOAOIIbHOW pernakcaunm OTHOCATCS,
Kak oguH K ABYM, U OTMEYEHO, YTO ANns noAaBnsioLiero

(42)
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BOnbLUMHCTBA ONTUYECKMX CUCTEM HabntogaeTcs cylue-
CTBEHHOE NPEBbILLIEHNE CKOPOCTM Aeda3npoBku (none-
peyYHo penakcauunmn) Hag CKOpOCTbIO perakcaumm aHep-
rmn (NPOL4ONBHON CKOPOCTbIO). B peanbHbIX cuctemax
3TO OTHOLUEHME MOXET LOCTUraTb NATU NOPSOKOB.

Takum obpas3om, B npouecce 3IBOMOLUN TPeEX-
YPOBHEBOW KBAHTOBOW CUCTEMbl C YHUTapHOW CUMMeET-
puent SU(3) npu HanMuMm B3aMMoaenCcTBUS C OKpYxka-
HoLen cpegon, NpMBOLSALLEro K guccunauun u gekore-
peHuun MaTpuubl NAOTHOCTK, NpoMcxoauT obHyneHune
KOMMYTaLMOHHbIX COOTHOLLEHWI Habnogaembix KyTpu-
Ta, YTO MaTremMaTUyeckn OoTBeYaeT KOHTpakuun anreb-
pbl CMMMETpUK cuctemMbl. dusnmyeckn Takoe noseaeHne
CBUOETENbCTBYET O YaCcTUYHOW (MNK MONHOW) noTepe
KyTPUTOM KBaHTOBbIX CBOWCTB.

Aemopel 8bipaxatom arybokyto briazodapHocmb
A.A. KapabaHogy 3a nno0omeopHble 06CyX0eHUsl.
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AnHoranusa

OTKpbITasd KBaHTOBasg [AUHAMHUKA B MapKOBCKOM
IPUGIMIKEHUN OMMCHIBAETCA OCHOBHBIM yPaBHEHUEM
JIuanonana. Juuoamuka Jluugbiamga saMKHYyTa B aJi-
re6pe JIu A = su(n), r.e. mumeer su(n) cummerpuo.
Msbr roBopuM, uTO ypaBHeHue JInHAOJIama HOmycKa-
eT PeAyKINI0 CUMMETPUU, €CJI OHO MMeeT MHBapu-
aHTHOe BeKTOpHoe moampocrpaHcTBo Ag C A ¢ Jlu-
anrebpanuecKoOH CTPYKTYpoii. Pegykiinyu cuMMeTpun
OTPAaHUYUBAIOT AUHAMUKY HA MEHBIITHE OAIIPOCTPAH-
CTBa, KOTOPBIE AOMOJHUTEIbHO ABISIOTCA ajaredpaMmu
Jlu.

B 3ameTKe ommcaHbl TPUBHUAJLHBIE PEIYKIIUHU,
OCHOBaHHBIE Ha INPUBOAUMOCTH TaMMJIBTOHUAHA WU
omeparopoB Jlmagdmaza. IlpexcraBieHbl ITpUMEPHI
HeTPUBUAJbHBIX PEeAYKIIUII B mpejaesie 6eCKOHEUHOMN
TeMIlepaTyphl U penykinuii MaiiopaHBI ¢ COXpaHEeHU-
em ueTHocTu. O6GCy:KIal0TCA IPUTOIKEHUA K OTKPBI-
TOM CIIMHOBOI AUHaAMUKE.

Karouersie cioBa:
OMKpbLMble K8AHMOBbLE CUCMeMbl, YpasHeHue JIuno-
onada, peyKyus cummempuu

Abstract

Open quantum dynamics in the Markovian approx-
imation is described by the Lindblad master equa-
tion. The Lindbladian dynamics is closed in the Lie
algebra A = su(n), i.e. it has su(n) symmetry.
We say that the Lindblad equation admits a symme-
try reduction if it has an invariant vector subspace
Ao C A with the Lie algebraic structure. Symmetry
reductions restrict dynamics to smaller subspaces
that additionally are Lie algebras.

In these notes, trivial reductions relying on
the reducibility of the Hamiltonian and Lindblad op-
erators are described. Examples of nontrivial reduc-
tions in the infinite temperature limit and the parity
preserving Majorana reductions are presented. Ap-
plications to open spin dynamics are discussed.
Keywords:
open quantum systems, Lindblad master equation,
symmetry reduction

Introduction

The open quantum dynamics in terms of the pos-
itive density operator in the Markovian approximation is
described by the Lindblad master equation [1]

p=Mp=—i[H,p|+Dp, D=> wLl(Vk),
k=1

1
LV)p=VpVT — 5 (VIVp+pViV).

Here H is the Hamiltonian, D is the dissipator built with
the traceless Lindblad operators Vi, Tr V;, = 0, and the
non-negative rates v > 0.

The density operator has trace 1 and at any time
t is written in the form

p(t) =n"'T+po(t), Trpo(t) =0, po(t)=po(t)’

where n is the dimension of the Hilbert space, I is the
unit operator, po(¢) is the traceless Hermitian operator.
The first term does not change in time. The vector space
A of all possible traceless parts generate the Lie alge-
bra (with the usual commutation of operators) that is iso-
morphic to su(n), the algebra of traceless anti-Hermitian
n X n operators. Indeed, multiplying traceless Hermitian
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operators by the complex unit, we come to traceless anti-
Hermitian operators. Thus, the Lindbladian dynamics of
Eq. (1) is closed in the Lie algebra A = su(n), i.e., it has
the su(n) symmetry.

We say that Eq. (1) admits a symmetry reduction
if it has a smaller invariant vector space Ag C A with a
Lie algebraic structure. In other words, A is a Lie al-
gebra (with the usual commutator of operators) and any
trajectory that starts in Ag remains there for any times,

[Ao, Ao] C Ao, po(0) € Ag

Obviously, Ay is a subalgebra of the total symmetry al-
gebra su(n). Symmetry reductions restrict the dynamics
into smaller invariant subspaces that additionally have a
Lie algebraic structure.

Since all initial conditions within Ay generate tra-
jectories that stay within A for all times, it is necessary
that the action of the superoperator M to the unit oper-
ator belongs to Ag and Ay is invariant under the action

of M,
MI e Ao, MAy C Ay. (2)

Eq. (2) gives the criterion for the subalgebra A to be a
symmetry reduction.

In particular, the full Krylov subspace generated
by the powers MPFT is within any symmetry reduction al-
gebra Ag. The subspace K; and so all symmetry reduc-
tions contain also the 1-dimensional subspace spanned
by the equilibrium state (perhaps not unique),

span {py} € Ao, n'MI+Mp;=0. (3)

Thus, for existence of symmetry reductions it is neces-
sary that the subspace K7 is a proper subspace of the
total algebra su(n),

dim K; < n? -1,
Kr=span{M*I, k=1,2, ...}

Indeed, the Krylov subspace K is an invariant sub-
space of Eq. (1), i.e., trajectories starting in K; remain
there all the time. In general, dim K; = n? — 1, the
Krylov subspace coincides with the total symmetry alge-
bra su(n), Eq. (1) does not have proper invariant sub-
spaces and hence does not admit symmetry reductions.

Egs. (2), (3), (4) show that the Hamiltonian and
Lindblad operators should satisfy special conditions for
Eq. (1) to have symmetry reductions. In these notes, we
discuss first trivial symmetry reductions relying on split-
ting the Hilbert space by reducibility of the Hamiltonian
and Lindblad operators. Then we present two examples
of nontrivial symmetry reductions: the reduction to the
infinite temperature limit M = 0 and the reduction by
the parity Z>-grading of the total algebra su(n) realised
as a Majorana reduction. In the first example, the sym-
metry reduction is due to a constraint to the dissipation
rates ;. The second example is valid for any dissipation
rates. The relevant applications to open spin dynamics
are pointed out and briefly discussed.

— Vi po(t) € Ao.

(4)

1. Trivial reduction

The Hamiltonian is an Hermitian operator. The
set of Lindblad operators (even in useful physical mod-
els) is typically not very large and is subdivided into a set
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of Hermitian operators and a set of Hermitian-conjugate
pairs,

V2q:‘/2Tq_1 ¢V2q71> C]:L e, My,
HZHT? V2m1+p:‘/2Tm1+p7 p:]-) ceey M.

We have then

1 =
D= _5 Z 72m1+P[V2m1+P7 [V2m1+pa H+

w7 (5)
+ Z {72q£(V2q) + ’YQq—l‘C(VQTq)} :
qg=1
In particular,
mi
MI =" (2g = Y2g-1)[Vaq: Vo (6)
g=1

Let the set of the Hermitian-conjugate pairs of
Lindblad operators Vo, V2Tq be reducible, i.e., pos-

sesses a common invariant vector subspace X C h of
the Hilbert space of a lower dimension,

Ve X CX, Vi XCX, g=1,...,m,
0<dimX =m<n.

Then the Hermitian-conjugate part of the dissipator
(given by the second term in Eq. (5)) is closed in the set
Ay of all traceless operators pg € su(n) that preserve
the reduced subspace X,

pENy — poX CX.

The set Ag is closed with respect to commutation of op-
erators and so forms a Lie algebra. This algebra is iso-
morphic to the su(n)-normalizer of the algebra su(m)
spanned by traceless operators on the reduced sub-
space X. If additionally the Hamiltonian and the Her-
mitian Lindblad operators belong to A,

VQmH—IH H e AU = N(su(m)),

then the subalgebra Ay is a symmetry reduction of
Eq. (1). Since the complementary subspace X. = h\ X,

dim X. = n—m s also invariant for V5, V;q, the same
construction is applicable to X.. Hence,

Ao = N(su(m)) = N(su(n —m))

where the subalgebra su(n—m) is spanned by traceless
operators on the complementary subspace X..

We call such symmetry reduction a ftrivial reduc-
tion, as it describes the situation where the initial Hilbert
space, being formally n-dimensional, is in fact split into
two independent subspaces of lower dimensions m, n—
m < n that are not dynamically connected. We have
(after a suitable permutation of Hilbert states)

Ao)

0 A.
0<m<n.

H, VkEA():(

dim A =m x m,
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In the special case where the Lindblad operators
are all Hermitian, Vo, = 0, ¢ = 1, ..., mq, the sym-
metry reductions are any subalgebras which normalizers
contain the operators Vo, 1, H.

2. Infinite temperature reduction
Let the unit operator annihilate the right-hand side
of Eq. (1),
MI=0 (7)

and the operators [ng,VJq] are linearly independent.
Then it follows from Eq. (6) that

(8)

Y2q = V2q-1 = Vg

As a result, according to Eq. (5),

1 &
D= _5 Z ’72m1+P[V2m1+p7 [V2m1+pa H_
p=1

ma (9)
1
=5 3" % (Vag, Vo 11 + [V,
qg=1

Vag 1) -

Let Ay be the subalgebra generated by the Hermitian-
conjugate pairs of Lindblad operators and let the Her-
mitian Lindblad operators and the Hamiltonian belong to
the normalizer of Ay,

[Vam, 10> Aol [H, Ag] € Ag +— {Vag, Vi, }. (10)

It follows then from Eq. (9) that Ag is a symmetry reduc-
tion of Eq. (1).

According to Eq. (7), the density operator p =
n~11 is anincoherent equilibrium solution to Eq. (1), fea-
turing the case where all the pure states of the system
have equal probabilities. This case corresponds to the
infinite temperature limit of both Fermi-Dirac and Bose-
Einstein statistics that in this case coincide with the cor-
responding limit of the Boltzmann distribution. For this
reason, we call the symmetry reduction given by Egs. (7),
(8), (10) an infinite temperature reduction.

As an example, consider the Markovian Lindblad
open dynamics of a single spin in a magnetic field. The
Hamiltonian contains the Zeeman splitting and the co-
herent driving parts,

H=Q8, + 5 (S4+5-).

The Lindblad operators are the usual raising and low-
ering operators characterizing the longitudinal relaxation
plus the z-operator that describes the transverse relax-
ation,

Vip=58+ =5, £1iS,, V3=25..

We assume that the initial value for the dynamics be-
longs to the spin algebra so(3) (treated as an isomorphic
copy of su(2)),

p(O) = n_ll +pzSz +p+S+ +p—S—7
(11)
[S.,S+] =£54+, [S4,5-]=28,

where n = 2541 is the dimension of the Hilbert space, s
is the spin quantum number (any half-integer or integer),
P-,+ are some constants.
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Let 1 = 2 = v, i.e., the Lindblad operators S
have the same dissipation rates. Then it can be easily
verified that we are under conditions of the infinite tem-
perature reduction described earlier in this section. For
any time ¢ the dynamics remains closed in so(3), i.e., is
reduced to a 3-dimensional dynamics of the constants

pZ,j:!
p(t) = n~ I +p2(t)S: + p+(t)S+ +p-(1)S-.

The latter is described by the well-known Bloch equa-
tions. This result is valid for any spin quantum number
s.

Let now s > 1/2 and y1 # 2. Then Eq. (7) no
longer holds and the dynamics, even starting in so(3) as
in Eq. (11), at¢ > 0 comes out of the spin algebra so(3).
Indeed, the (non-driven) thermal equilibrium state is rep-
resented now by a diagonal matrix that cannot be rep-
resented by a combination of the unit operator and the

hQS.,

operator S,
ptn = Z ' exp <— T )
= diag{p1, ..., pn} #n~ "I + BS..

As a matter of fact, higher orders S7, > 1, of the op-
erator S, occur that do not belong to so(3). This corre-
sponds to the case of finite temperatures.

It can be shown that in the presence of the coher-
ent terms in the Hamiltonian, w; # 0, and for y; # 7o,
the above spin dynamics does not admit symmetry re-
ductions: the dimension of any (non-equilibrium) trajec-
tory equals n2 — 1, the dimension of the total symmetry
algebra su(n). For w; = 0 and any 7 2 the dynamics
admits the symmetry reduction represented by the alge-
bra of traceless diagonal n x n matrices that is the Cartan
subalgebra of su(n).

3. Parity preserving reduction

The total symmetry algebra A = su(n) is a for-
mal superalgebra, i.e., it admits a Z5-grading into even
and odd subspaces respected by the commutation,

A=Ao+ A1, [A, Al C Aggjymoda)-

Here the even subspace A is a subalgebra, while the
odd subspace A (being not a subalgebra) complements
the even subalgebra to the total algebra A.

It can be assumed that the Zs-grading of su(n)
is inherited from a Z5-grading of the associative algebra
of n X n matrices. An example valid for any n is the
representation of traceless (anti-)Hermitian operators by
matrix elements p;;, 1 < [, 5 < n, that belong to even
and odd collateral diagonals,

As =span{p;; : | —j=s(mod2)}, s=0,1. (12)

The following result is a simple subsequence of
the above construction. If the Hamiltonian belongs to the
even subspace, while each Lindblad operator belongs
entirely to one of the two grading subspaces,

HGAQ, VkGAO OI‘Al,
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then the even subalgebra Ag is a symmetry reduction of
Eq. (1). We call such symmetry reduction a parity pre-
serving reduction.

For large n, the Z5-grading given by Eq. (12) may
be not unique. Below we consider an example of parity
preserving reduction based on the so-called Majorana
fermions.

The Majorana fermions form a set of 2m n xn op-

erators a;, l = 1, ..., 2m, that anti-commute with each
other and square to the unit operator,
ai =1, aa;+aja =0, [#].

Consider the even and odd parts of the Clifford alge-
bra generated by the Majorana fermions, i.e., the vector
spaces spanned by even and odd order products of the
operators ay,

2k
Agzspan{Halr, l-=1,...,2m,
r=1
kzzl,...,m},
2k—1
Alzspan{ H a., lr=1,...,2m,
r=1
kzl,...,m}.

Denote Ay, A1 the subspaces of the above sub-
spaces that contain only traceless operators. The even
subspace Ag is closed with respect to the operator com-
mutation and so forms a Lie algebra. It follows from the
anti-commutation of the Majorana fermions that the alge-
bra A contains the algebra of anti-symmetric quadratic
forms of the operators a; that is isomorphic to the alge-
bra so(2m) of (generally complex) anti-symmetric oper-
ators. Hence, Ag is an extension of so(2m) by all even
order products of a;.

The above construction suggests that the subdi-
vision A = Ag + A; is a Zs-grading of the total symme-
try algebra. Thus, if the Hamiltonian belongs to Ay and
each Lindblad operator belongs to either Ag or A1, then
the algebra Ay is a symmetry reduction of Eq. (1). In
other words, for any time ¢ the traceless part of the den-
sity operator is represented by a combination of even or-
der products of the operators a;. We call this a Majorana
reduction.

As an example, consider the system of m > 1
interacting spin-1/2 particles (for example, qubits). This
system is described by the tensor product of m 4-dimen-
sional operator spaces spanned by the set of 2 x 2 oper-
ators 1, S;, Sy, S. where 1 is the unit operator and S,

52

o = x,9, 2, are the standard spin-1/2 operators (of the
2-representation of so(3)). As each spin has two states
and the trace of the density operator equals 1, the whole
symmetry algebra is A = su(2™) of dimension 4™ — 1.

Denote Sk, Sky, Sk- the spin operators gener-
ated by the kth spin — that placed in position & of the ten-
sor product: S =1X...x1x 85, x1...x1. These
individual operators for different spins k # k' commute
and generate the algebra so(3) within their subspaces
with the same k. It can be easily verified that the set of
2m operators

a2k—1 = 2k5km H Ssza

s<k
a2k = 2ksky H Ssz> (13)
s<k
k=1,....,m,
are Majorana fermions.
Here, the Majorana chain
2m—1 m—1
H= " hla,aii1] =Y (S + DiSizSit1,2)
=1 =1

leads to the Hamiltonian of the coherently driven 1-di-
mensional Ising model (with respect to the x axis). An-
other combination

2m—1 m—1
H= Z hilar, aj41] + Z hilask—1, aok42] =
=1 k=1

m—1
> (USiz + DPSiaSis1.a + DY SiySis1y)
=1

leads to the Hamiltonian of the driven anisotropic Heisen-
berg XY 1-dimensional chain. Adding higher even order
Majorana products, we can get interacting spin systems
of higher dimensions. In all cases, choosing various
combinations of odd or even order Majorana products as
the Lindblad operators, we generate various dissipation
models.

Other physically important examples of symmetry
reductions relying on parity can be suggested.

References

1. Breuer H.P., Petruccione F. The theory of open
quantum systems. Oxford University Press,

2010. 636 p.

Cmames nocmynurna e pedakuyuro 28.10.2021.



MaBectua Komn HayuHoro ueHTpa YpO PAH. Ne 6(52). Cepus «®Pusnko-matematudeckue Haykm». CboikTbiBkap, 2021

YIOK 539.1
DO0I10.19110/1994-5655-2021-6-53-58

E.M. OBCHHK, A.A. KOPANLKOB, A.N. CAMPOHOB

YAGTHIA CO CHHOM 1/2 K ABYMSA
MACCOBbIMH NAPAMETPAMM
BO BHEWHEM KYADHOBCKOM NOAE

Mo3vipckuil zocydapcmeennblii nedazozuieckuil
yrugepcumem umenu H.I1. Illamaxuna,
2. Mo3swipyv, Beaapyco

e.ovsiyuk@mail.ru

artemkoralkov@gmail.com

safronov_mspu@mail.ru

E.M. OVSIYUK, A.D. KORAL'KOV, A.P. SAFRONOV

A SPIN 1/2 PARTICLE AND TWO MASS
PARAMETERS IN AN EXTERNAL COULOMB
FIELD

1.P. Shamyakin Mozyr State Pedagogical
University,
Mozyr, Belarus

53

AnbHoramusa

OG6001IIeHHOE PEJIATUBUCTCKOE YpaBHEeHUE I (hepMu-
OHA C JByMA MaCCOBBIMHU ITapaMeTpaMM HCCJIEZOBAHO
B CJIy4ae IPUCYTCTBUS BHEITHErO KYJOHOBCKOI'O IIO-
nda. Ilocae pasgesieHus: IepeMeHHBIX 3aJjada CBeJeHa
K cuCTeMe W3 BOChbMU PaJVaIbHBIX YPaBHEHUU Iiep-
Boro nopAgka. C yueToM AmaroHaaus3aluu omepaTropa
TIPOCTPAHCTBEHHOTO OTPaKeHUSA BLIBEIEHBI JBe He3a-
BHCUMBIE CHCTEMBI 110 YeThIipe ypaBHeHUsA. Ha 60Jb-
IIIOM PacCCTOSHUU OT IIeHTPa OHU HPUHUMAIOT BUJ
ypaBHEHUH IJA OOLIYHBIX dacTul, ¢ maccamu M m
M. B HepeJATUBUCTCKOM NPUOGINMKEHUN IOJIYUEHBI
JIBe CHUCTEMBbI 3alleIIAIOIINXCA YPaBHEHUU BTOPOTO
nopAnKa s ABYX (DYHKIIUM, OTKyAa HaWIeHBI CO-
OTBETCTBYIOIIVIEe YPAaBHEHUSA YE€TBEPTOTO MOPAAKA IJIA
OTAENBbHBIX QYHKIUHA. 1A 9TUX ypaBHEHHU IIOCTPO-
eHBI pelreHusa (QPPoOEeHMYCOBCKOTO THIA, B HUX BXO-
IAT cTemeHHbIe PAAbI ¢ 10-UIeHHBIMU PEKYPPEHTHBI-
MU COOTHOIIEHUAMU. [[Ba 13 UeThIpex pelIeHui mpu-
TOAHBI IJIA ONMMMCAHUS CBSIBAHHBLIX COCTOAHUME. B Kaue-
CTBe IpaBUJIa KBAaHTOBAHUA KCIIOJB3YETCS YCJIOBHUE,
BBIJIEJIAIOIIEE TaK Ha3bIBa€Mble TPAHCIIEHIeHTHEIE Pe-
menusi Ppoberuyca. [lonyueHb! ABe aHAIUTUUYECKUE
dopmysbl, Kaxkgas M3 KOTOPBHIX IIOX0:Ka Ha (Gopmy-
JIy IJist OGBIUHOTO CIIEKTPa aToMa BOJAOPOa, COTIACHO
Teopuu Ilaynm, oHU 3aBUCAT OT MaCCOBBIX IIapaMeT-
poB M1 u M2.

KaroueBsie cioBa:
yacmuya co cnunom 1/2, KynoHosckoe noae, Hepess-
mueucmckoe npubauicenue, peutenus Ppobenuyca

Abstract

A generalized relativistic wave equation for a
fermion with two mass parameters is studied in the
presence of an external Coulomb field. After sepa-
rating the variables, the problem is reduced to a sys-
tem of eight differential equations of the first order.
Taking into account the diagonalization of the spa-
tial reflection operator, we derive two independent
systems of four equations, referring to states of op-
posite parity. At a large distance from the center,
they take the form of two subsystems for two ordi-
nary Dirac particles in external Coulomb field, with
masses M7 and My respectively. To simplify the
problem, we perform transition to the nonrelativis-
tic description of the system. In this way, we derive
two systems of linked second order equations, refer-
ring to states with different parities, from which
the corresponding fourth order differential equa-
tions for separate functions are found. Solutions
of the Frobenius type are constructed, they involve
power series with 10-term recurrent relations. Two
of the four solutions are appropriate for describing
bound states. As a quantization rule, we apply the
known transcendency condition, in this way we ob-
tained two analytical formulas for energy spectra.
They are similar to nonrelativistic spectra for ordi-
nary spin 1/2 particle, but being governed by masses
M1 and Mz.

Keywords:
spin 1/2 particle, Coulomb field, nonrelativistic ap-
proximation, Frobenius solutions

BBepneHue

B pa6botax [1—4] 6bino npegnoXeHo pensaTUBAUCT-
CKOe ypaBHeHMe Ansi YacTuubl co cnuHoM 1/2 n aBy-
MSI MaccoBbIMM nNapameTpamu. okasaHo, 4YTo B OTCYT-
CTBWE BHELLUHUX Nofen Takoe 0606LeHHoe ypaBHEHME
ans cepMroHa pacnagaeTcs Ha ABa OObIYHbIX ypaBHe-
HUs Oupaka. B npucyTCTBUM BHELLHUX 3NEKTPOMArHUT-
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HbIX MOMen NPoMcxoguT cMelwmBaHne AByx GucnuHop-  Cuctema ypasHeHwi (1) npyuHumMaet Bug
HbIX KOMMOHEHT. BbIny NOCTPOEHbI TOYHbIE PELLEHNSs Ta-

KOro ypaBHEeHMs! B MPUCYTCTBUU OQHOPOAHOIO MarHUTHO- (z@t E) +iv30, + E@¢ — M+
ro nonsi. r
Cnctema ypaBHeHVMW Ans OByx OGuUCNMHOpOB
Uy (x), ¥o(x) B TETPAAHOM (hOpManm3Me UMEET CTPYK- +z@ 2043w, — 1 A9~3 0, = 0,
Typy
{’Ya[l(aa + Fa) - eAa] - M1+
(6]
+0A1E(2) 1 (2) — aM1E(x)Pa(x) =0, { (lat ?> + 70, + 29¢ — M>—
{7[i(0a + T'a) — eAa] — Ma—
—i 92,0 S}xp 224030, = 0
—aloX(2)}Wa(x) + bAX(2)Uq(z) =0; (1) 2| Vet gy iy =0,
'yo‘(x) — e?b)’va E(x) — —ieFagaaB(m), g:;eToB:,qeneH 3aBUCALLUI OT YrMOBbIX MEPeMEHHbIX one-
« B _ AB «
oy _ V@) (@) =7 (2)y* (z) 0 + 02 cos 6
7 (x) N 4 ’ E@¢ = i/‘ylaa —+ WQM

sin 6
Vicnonb3aylotes crieqyione napameTpe: Hanblie Gygem yunTtbiBaTb sIBHble BblpakeHUs 4ns Je-

M ThIpEX NapameTpoB:

My=— "
T (1 +cosy)/2’

9 (1 —cos~)

o] = —e
M, = Ly e0,7/2, 3M cosy(1 + cosv)
(1 —cosv)/2 " (—cosyy/12 — 3cos? v + cos? v + 2)
11 3M cos~y(1 + cos ’
“=377 (4—3\/1—|—(1/3)Sin2’y—COS"y>, i 7)
,2 sin®7y 5,2 sin®ry
11 5 2= gMcosv”Bl:_ 5M0057< ’
b=—-—(4—-34/1+(1/3)sin”y+cosy |,
2M
5 e?(1 4 cos7)
2 = —
Ay = <1 + /14 (1/3) sin? ’y) X 3M cosy(cosy — 1)
cos%/12—3cos2 +cos?y 4 2) =0
cosy — /14 (1/3)sin? 4 3M cos~y(cosy — 1) ’
cosy(1 + cos~y) ’ OTmeyaeM, YTO BbINOMHSATCH CreayLmne cooT-
HOLLEHUS Mexay napameTpamm
Ay = (1 +4/1+ (1/3)sin? 7> X ag = —f1, a1 = —f. )
5 [NoacraHoBka ANs BONMHOBOW (PYHKLMU C KBAHTO-
cosy + /14 (1/3)sin"y BbIMW YNCNAMU €, 7, M UMEET BUA
cosy(1 — cos7y) ’ fi(r)D_1
MapameTtp M ¢ pasmepHOCTbIO 06paTHOWM AMUHBI SBMS- Uy (z) = e """ fa(r)Dyq e
€TCS NPON3BOITLHBIM. r | f3(r)D_y/2|’
fa(r)Dy1/2
1. PaszgeneHune nepemMeHHbIX
|91(r)D—1/2
PaccmoTpum 0606LLEHHOE ypaBHEHWE B Kymo- Uo(z) = e et g2(r) D412
HOBCKOM rorie: 2= g3 (r) Dy o
r)D
At:_gu Ft'l":_aT'AO:_%y g4( ) +1/2
r r Mcnonbayetcs annapat D-cyHkumin BurHepa. C yyetom
e2 maTpuL, [Jupaka B CNMMHOPHOM MpeAcTaBneHun nonyya-
E(x) = Z*’Y 7, €M BOCEeMb pagmarnbHbIX YpaBHEHWIA:
npumeHsiem COKpaLI;aIOLIJ,VIe 3anv|02b 0603Ha4eHuns (6 i g)fg _ Z.ifg _ z'zf4—
alMie® = aq, alse” = ao, 251 ioy

- M —f1— —=g1 =0,
bAye? = 81, bAye? — Bs. 1fr+ 1 2 g1

54



MaBectua Komn HayuHoro ueHTpa YpO PAH. Ne 6(52). Cepus «®Pusnko-matematudeckue Haykm». CboikTbiBkap, 2021

@ .d v
*)f4 +i—fa1+ Z*f:a—
r dr

(4

el
— M fa — 61f2+7192—0
o' d .
(e + f)f1 +i—fi+ szz—
T dr
1 1o}
— Miéfs — ﬁf3 + 2193 =0,
a . .
<e+ *)fQ - Z*fz - Z*f1—
r dr
i e
— M fa+ 61f4 2194—0
o' d vV
(6 =+ *)93 Tlgp9s T gaT
r dr
ia 7
— Mag1 — 291+ BQf =0,
! . d .
<e+ f)g4+z—g4+zfgg—
r dr r
1o 1
_M292+TQ2 2 — 52f2:0
e . d v
(6 + *)91 tio-g1+ 192
r dr
i
—M293+ 29 3—ﬁ5f2—0
e . d .
(e + *)92 — 1792 — 2*91*
r dr r
1e 1
— Mags — 77294 + 62f4 =0, )

rmev =j+1/2; j=1/2,3/2,...Cuctema (3) gonyc-
KaeT HaMOXeHWe YCMNOBUM, BbITEKAKOLLMX 13 TpeboBaHus
[MaroHanmsaumu oneparopa npocTpaHCTBEHHOMN YeTHO-
cTu:

f3=10f2, fa=10df1,0==%£1,
93 =092, g4 = 0g1, 0 = £1;

)f1 +z f1 +i— f2—

1 ZO[
*M15f2*ﬁf2 1592—0
o . .
<e+ *)fz - @*fz - Z*f1—
r dr
1 Q0
M+ R g =0,
o . d .
(e + 7)91 ti-n+ 1*92—
r dr r
Xe} 7
~ Moy + 2ig, ~ D25py =0
o .d v
(6 + *)92 —1=5-g2 —1—g1—
r dr r
ixe" )
—Mg(sgl—r—;(s 1+ﬁ5f1 =0.

BmecTo f1 U fo ncnonbayeM KOMGUHaLMKU 3TMX
PYHKLNI:

f=(fe+ f1), F=i(f2— fr);
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g=1(92+91), G=1i(g2 — 91);
B pesynbraTte rnonyyaem

(G 7 rosa)r
—<e+%—5M1)f—5%G:O,
(bt
+(e+ S +0M)F 4653 =0,
(4-2-s2)e-
—(e+f—5M2)g—|—5%F: ,
(Lot
+G+ +JMQG 5&f:0(®

YnobHo paccmaTpuBaTb COCTOAHUA C pasHom YEeTHOCTbIO
no OoTAENbHOCTU:

0= +1,
d v 61 o aq
—~ 2 Y Z M it g
(dr r+r2> <€+r l)f r2G 0
d v B ar
<d’l“+7“_7">f+(6+7"+M1)F+2g_0’
d Vo Qg B2 .
(w——ﬂ>G—G+—Mﬁg+ﬂF—&
4 v a2y
dr  r r? g
+G+—+MQG—%—=,(&
6 =-1,
d b1 a 1.
<d7"__7’2>F_<€+7’+M1)f+ QG—O,
d v B o 1
<d7"+7‘+7’>f+(6+7’_M1)F_29_0’
d vV g « B2,
((ﬁ“_T+T‘2)G_(6+T+Mz>g_T2FO7
4 v_o)
dr  r r? g

+(e+%—M2)G+B2 —0. (6)

OTU OBe CUCTEMbI YpaBHEHUI CBA3aHbl (hopMarnbHbIM
npeobpasoBaHneEM

My, Ma, o1, a0, 31, B2 =
—My, =My, —ay, —a, =1, — .
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Ecnun paccmatpvBaTth 3TV ypaBHEHMSI NPU AOCTATOYHO
fonbLuKnx r, To NpeHebperasi cnaraeMbiMu, CoaepXXaLlu-
Mu 2, NpMxoamMM K OBYM HECBA3aHHbIM NogcucTeMam
YPaBHEHWI NS ABYX OObIYHbIX AMPAKOBCKUX YacTUL, C
maccamu Mq n Ms BO BHELIHEM KyINTOHOBCKOM MoJle.
OTO 03Ha4aeT, YTO AOCTATOYHO Aaneko oT ueHTpa r = 0
Oyoem HabntogaTtb ABe HeCBA3aHHble Mexay cobon ya-
CTULbI C pasnmyaoLwnuMmcs Maccamu.

2. HepensatuBucTckoe npubnuxeHune

YUTtobbl ynpocTuTb 3agady, nepengem K Hepens-
TUBUCTCKOMY npubnuxeHuio. Micxoamm m3 ypaBHEHUN
(5), (6). BBoanm nBe HepenaTUBUCTCKUE SHeprun Eq n
Es:e= M+ Eq1, e = Ms + Es; npn 3TOM ypaBHEHUS!

npumyT BNnA
6 =41,
d v [ o ar .,
(g r)Er (B )i+ e =0
d
—&T+E—%)ﬁ—@MrHﬂ+g)F—%g:Q
T T T T T
d v a9 o B2,
(g7 )G (Beh D)o 5F=0
d
—&;+5+339f@Mfuﬁ+gylﬂ%f:m
T T r T T
§=-1,

d v p « ap .,
(g )+ (e ) -6 =0
d v ﬁl [0 ay
(g - (me )P Ge=0

d
—<*—Z+O%2>G+<2M2+E2+g)g+%F:0,
dr r r r r
d
—&;+K—gag—@b+gy}—%f:&
T T T T r

PaccmoTpum cHayana ypaeHeHust npy 6 = +1.
MpeHebpexem aHeprmen B CpaBHEHUN C MACCOW NOKOS

2M1+E1—|—g%2M1 2M2+Eg—|—g%2Mg,
T T

Torgaa nonyvynm

§=+1,

d
<V+%)F+<&+a)f+%G:Q
dr r r r r
d
—<+V—ﬂﬁf—mmF—%b:0
T T

—(d—y—mﬁG+<@+Q)g—%F—Q
T r T

d
—<+V+i®g—M@G+éf:Q

BbIpa3uM 13 BTOPOro 1 YeTBEPTOro ypaBHEHUIA (DYHKLIMM
F, G v nogctaeuM B nepBoe 1 TpeTbe ypaBHeHusl. B pe-
3ynsTaTe nory4Yaem ABa ypaBHEHWs BTOPOro nopsiaka

d2f {QMla _v(v+1) N 26:(v+1)

dr? r r2 r3
ﬁ% M10152
—— 4+ — L= 1 IMFE
" Myr] +2MEq | f+
oar oMy dg va, 201
+ (7“2 7“2M2> dr + ( 73 73
Moy | aif aqaM; _ 0 @
Mor3 r Mor4 ’
d’g  [2Mia v +1) 209 +1)
dr? 7 72 73
2
az Moy B2
——= + ——— + 2M5F
i + My + 2 2} g+
B2 B2Mz )\ df vBy 20
+< 7”2+T2M1 dr+ 7“3+7'3+
MsBav  anfBa B1B2Ma
— =0. 8
Mir3 rd Mird ! (®)

OTW ypaBHEHUS CUMMETPUYHbI OTHOCWUTEMbHO 3aMeH
(yumTbiBaEM (2))

f=g9 a1 = =2, as = —p1, M1 = My;

cnepoBaTtenbHO, AOCTAaTOYHO UCCreaoBaTh ypaBHeEHUe
YeTBEPTOro nopsiaka Tonbko Ans ogHon dyHKumu. MNpu-
BeaeM 06LLyt0 CTPYKTYpY ypaBHeHun (7) u (8):

d? b1

c d c3  c4 _
+<ﬂmﬁws+ﬂ)ga

by by by
+ﬁ+ﬁ+ﬂ)ﬂ

d2 Bl B2 B3 B4
S g2t 22,23, P4
<dr2+ +7‘ +r2+r3 rd I+
Cd C3 Cy
— oy ) g=0.
+(r2dr+ 73 + r4)g
Ona cnyyas € nNpOTMBOMOMOXHOW YETHOCTbIO
(0 = —1) nony4aem ypaBHeHus
d2F 2Miae  v(—-v+1 261(—v +1
2+{1+(2)+ﬁ1(3)_
dr r r r
2 Mo
7 1001 P2
—— 4+ ——= +2ME | F
- + Mol + 1 1] +
ay  a My dG vay  2m
+<7’2 7’2M2> dr +<r3 r3 +
Mionv o181 arag
— G=0 9
Mor3 rd Mort L)
d*G 2Meae v(v—1) 4 200(v — 1)
dr? r 72 73
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2
ay Mooy o
——2 4+ =~ 1My Fs | G
R VAT 2} *
B2 BaMy\ dF vBa | 202
+< r2  r2My ) dr + 3 + r3
MaBov  agfa B1B2Mo
— — F=0. 10
Myr3 r Mir4 (10)

YpaBHeHnus (9),(10) otnnyatotca ot (7),(8) Tonbko cop-
ManbHbIMU 3aMeHaMu

f=F g=G, v=—v. (11)

MpuBenem o6LLyt0 CTPYKTYPY YPaBHEHUS YeTBEP-
TOro nopsiaka anst PyHKUUmM g:

o oy
dr3

mar® + mar? + mar +ms
P

my

r

ari

n n n n
+(no+ 2+ 2+ 2+ Dy
r r T T

)

+(]ﬂ+p—§+p—§+p—j+
T T T T

)

44 qs [} qr gs
+ gt st ettt
qor3 + qro7® + quir + Q12

2 )92&
rae P 0603HauaeT NonMHOM YeTBEPTOro NopsaKa:

P = 2B, My(M; — Ma)?*r* + 2Maa(My — My)?*r3+
+2Ms (v + 1)[(2v + 1) My + My]r?+
+2Ma(v + 1)[(—=381 + ag) Mo + M1 (B1 + az)]r+
+[B2a1 + 281 (—az + B1)| M3 —

—Ms M,y (—Oég + 87 + 2Bo01) + My Bs.

d’qg
a2

nsr® + ner? + nyr + ng
P

ps13 + per? + prr + ps
P

dg

+ dr

+

42 g3

q1
+(qo+ r +7’27"3

+

Br—

BbINONHMB NOACTAHOBKY g = e°''g

YeTblpe BO3MOXHbIX 3Ha4YeHNA Ona B:

(r), Haxogum

B = —\/—2MEy, ++/—2M, E\,
— \/=2MyE,, +v/—2MyE,. (12)

[anee BbINOMHWUM NOACTAHOBKY § = rAeC/TG(r), ans
onpegenexusi napametpa C' nony4yaem ypaBHeEHUE YeT-
seproro nopsigka C*+(2a1 o — 2 —a3)C?+(—aq Ba+
a251)2 = (; oTctoaa, yunTbiBas COOTHOLIEHME (2), no-
nyyaem

C* —4C?B2 =0=C =0,0,+28;.
Bo3moxHbI criegytoLme BapuaHThl:

I. C=+428<0,A=v+2>0;

1I. C=-281>0,A=—-v <0

(13)
(14)
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IITIV. C+0,A=—v,v+1.

Bynem cnegutb 3a cnyvasiMu, NPUrogHsLIMK A4S onuca-

HWNS CBA3aHHbIX COCTOAHWIA: T. €. | 1 IV npu nonoxuntens-

Hbix A. [anblie npuxoaMm K ypaBHEHWUIO CO CIOXHOM

CTPYKTYPOW, €ro peLleHns CTPosATCA B BUAE CTENEHHbIX
oo

(15)

psgoB G(r) = Z djr® ¢ 10-UneHHbIMI PeKyPPEHTHBI-
MIt COOTHOLIEHIAMI
Qr—9dk—9 + Qr—sdr—s + ... + Qrd, = 0.

YCroBve Nosy4YeHUsi TPaHCLEHAEHTHbIX PELIEHUI
Qro =0,= Nig(k—9) + Lo =0,k —9=n>0,
npm A =v + 2, B = —/—2M, E| vmeeT Bug

8[(=5 + v + k)\/—2E1 M; — aM;)-

(My — My)>My(—FEoMy + Ey M) E;, =0,

OTKyOa cnegyer

(16)

1 a2M1
o =— . 17
R IS (17)
Myctb B = —+/—2M>5 E>, TOrga nony4aem
1 2 M.
Ep = =2 (18)

C2[k-94 (v +2))%

Bbi6pae napametpsl A, C', cornacHo (15), v npo-
AenaB aHanorndHble BblYUCIEHUA, Nonyynm elle OBa
BbIPaXXeHUs AN CNEKTPOB:

A=v+1, B=—\/-2M E;,

1 O(2M1
Fi=- 19
ey
A=v+1, B=—+/—-2M5F>,
1 Moo
By 22 (20)

T 2k—8+ (vt 12

C TOYHOCTbIO A0 Nepeobo3HaYeHUs NapamMeTpoB UMEEM
TOSbKO AiBa pa3sHbIX CNeKTpa.

[1nsi cOCTOSAHMI C NPOTUBOMOMOXHOW YETHOCTbIO
norny4aem cnekTpbl (Mcnonb3yem opmarbHble 3aMeHb!
v+2=v,v+1=v)

A= B = IR, B = o O
A=v, B=—/—2MyE,, EQ——;m,
A= B= VAR, B = O
A=v, B=—\/—2MyEy, By — ;m

3pecb Takke € TOYHOCTLIO 0 Nepeobo3HayYeHus napa-
METPOB MMEEM [Ba pasHbIX CNEKTPa; NpU4YemM OHU COB-
nagatoT ¢ npeablayLwymMu.
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OcTaHOBMMCS Ha CTPYKTYpe HepensaTUBUCTCKUX
BOJTHOBbIX (QYHKUMI. B HepenaTuBUCTCKOM oOnuMcaHuu
nmeeM criegytoLme npnbnmxeHHble paBeHCcTBa:

(5:‘1‘17f1:f+7/F%f7f2:f77’F%f7

g=9g+iG=g, go=9—1G~g; (21)

0=-1, fi=f+iF =iF, fo=f—1F ~ —iF,
g1 =9g+iG=iG, go =g —1G ~ —iG. (22)

COOTBETCTBEHHO, HEPENSTUBUCTCKME 2-KOMMOHEHTHbIE
BOJTHOBbIE (DYHKLIMN UMEIOT BUL,

f(T)D—l/z Q(T)D—1/2
0=41, Us—yq = ;
th Yomn f(r)Dyqy2 g(r)Dy1y2|’
_ — F(T)D—1/2 . G(T)D—l/Q
e A GT YA R TG T RyA
3aknrouyeHue

O606ueHHoe ypaBHeHVe and depMmnoHa ¢ ABy-
MSI MaccoBbIMM MapameTpamMu UCCregoBaHoO B cryvyae
NPUCYTCTBMS BHELLHEro KynoHoBckoro nons. MokasaHo,
YTO BOANM OT KYFIOHOBCKOIO LIEHTPa cucTtema npeacras-
NsieTcs Kak npocTasi COBOKYMHOCTb [BYX HECBSI3aHHbIX
4YacTuL, AMPAKOBCKOrO TUMA C (PMKCUPOBaHHLIMKU pas-
HbIMKM Maccamu. OgHako Mpu PacCMOTPEHUM CUCTEMBI
BO BCEN 06nacTv uaMeHeHus paguanbHON NepeMeHHon
[B€e KOMMOHEHTbI CMOXHOM CUCTEMbI CBSi3aHbl 00bean-
HEHHON CUCTEMOW ypaBHEHW U He MOryT paccmaTpu-
BaTbCs KaK He3aBUCUMblEe. YAUBUTENbHLIM NPEACTaBNs-
eTcsl TOT paKT, YTO aHanmM3 CrOXHOW CUCTEMbl paau-
anbHbIX ypaBHEHWI BO BCel 0brnactn nsMeHeHust nepe-
MEHHOW, TEM HE MEHee, MPUBOAMNT B HEPENATUBUCTCKOM
OMNMUCaHUM K TeM XXe OBYM BblpaXKeHUsIM AN SHeprum,
Kak ecnv 6bl AB€ KOMMOHEHTbI C pa3HbIMW Maccamm bbl-
NN HE3AaBUCUMbIMW. YCTaHOBMEHME 3TOIO CNeKTpa OCHO-
BbIBAETCS Ha MCMNOMb30BaHUM YCNOBUS TpaHCLEHOEHT-
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HOCTM ANns pelueHnin dpobeHnycoBOro Tuna pesynstu-
pYIOLKMX ypaBHEHWI YeTBepToro nopsaka. MNo-smammo-
My, Bonbluero NoHMMaHWsa NoBeAeHNs YacTulbl CO Cnu-
HoM 1/2 v ABYMSl MaccoBbIMM NapaMeTpamMu MOXHO [0~
CTWYb, €CNY NOCTPOUTb pPeLLeHUs paamarnbHblX ypaBHe-
HWIA B PENATMBUCTCKOM Crlydae, He NCnonb3ys nepexoaa
K HEpenATUBUCTCKOMY NPUBNUXeHuto.

Paboma sbinonHeHa npu gpuHaHco8ol nodoep«-
ke MO Pb no dozoeopy Ne 1410/2021.
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AunHoranusa

Uccnenyerca cTpyKTypa pelleHMH THIIa ILJIOCKUX
BOJIH JJIA PEJIATUBUCTCKOI YaCTHUIIBI CO CIIMHOM 3/2,
onuchiBaeMoil 16-KOMIIOHEHTHBIM BEKTOP-OMCIIMHO-
poMm. B GeamaccoBoM ciyuae IPUMEHSIOTCS ABa IPe-
CTaBJIeHUsS YypaBHeHWs: OAHO B 06asumce Papurbi—
IIIBuHTepa; BTOPOE CTPOUTCA HA OCHOBE IIPUMEHEHU S
IOTOJHUTEIBHOTO IIPeo0pasoBaHUA U COAEPIKUT TEH-
30p JleBu—YuBura. Bo BTOpOM mpeacraBiieHUU IJIA
6e3MacCcoBOro CJaydasi OUeBUIHLEIM 00Pa30M CTPOSATCS
KaJauOpoOBOUHBIE PEIlleHus B BUAEe I'PaJrWeHTa OT IIpPO-
n3BOJbHOTO Oucnimuopa. Ilokasamo, uTo 00IIiee perre-
Hue 6e3MacCcoBOT0 yPaBHEHUSA COAEPKUT IIEeCThb JIU-
HellHO He3aBUCUMBLIX pellleHuii. B ABHOM Bume ycra-
HOBJIEHBI UeThbIpe peIleHus, KOTOpPble MOTYT OBITH
OTOKIECTBJIEHBI C KaJUOPOBOUHBLIMU U IIO9TOMY OT-
OpolileHbl KaKk Hedusmueckue. IIporeaypa ucKJIOUe-
HUSA KaJIuOpPOBOUYHBIX KOMIIOHEHT IIpOBedeHa B 000UX
IIpeAcTaBIeHUAX 0€3MacCOBOr0 YPpaBHEHU.

KaioueBsbie ciioBa:

cnun 3/2, 6a3uc Papumvi—Illgunzepa, naockue 60.-
Hbl, 6e3MaAcco8asL LACMUYA, KAAUOPOBOUHASL CUMMEN-
pusa

Abstract

The structure of plane wave solutions for a rela-
tivistic spin 3/2 particle described by a 16-compo-
nent vector-bispinor is studied. In the massless case,
two representations of the equation are used: in the
Rarita—Schwinger basis and in a special second ba-
sis in which the wave equation contains the Levi—
Civita tensor. In this second basis, the existence
of trivial solutions in the form of a gradient on ar-
bitrary bispinor becomes obvious. It is shown that
the general solution of the massless equation con-
sists of 6 linearly independent solutions. It is ex-
plicitly proved that four of them can be identified
with gauge solutions and, therefore, can be removed
as non-physical. The exclusion procedure of gauge
components is carried out in both representations of
the massless equation.

Keywords:

spin 3/2, Rarita—Schwinger basis, plane waves,
massless particle, gauge symmetry

BBepneHue

Mocne pa6ot Maynu—®upua [1, 2] n Paputbl—
LWsuHrepa [3] B hmanueckon nutepartype Bcerga npu-
CYTCTBOBar MHTEPEC K TEOPUN YacTuL C BbICLUMMMW CMK-
Hamu, B TOM 4ucne U K yactuue co crnvHom 3/2 [3—
20]. Onsa onucaHnst yacTuubl €O cnuHom 3/2 Tpebyert-
ca 16-KoMNoHeHTHaa BorHoBasa (PYHKUMS C TpaHCchop-
MaLMOHHBIMX CBOWCTBaMM BeKTOp-6ucrnnMHopa OTHOCU-
TenbHO rpynnbl JlopeHua. B nutepatype Hanbonbluee
BHUMaHWe NPUBIEKNO CyLLEeCTBOBaHWE aHOMarbHbIX pe-
LWEeHW Ans MacCBHON YacTuubl B MPUCYTCTBUW BHELL-
HWX MONen, KOTOPbIM COMOCTAaBIISAETCS CKOPOCTb YacTu-
ubl 6onbLuas, Yem ckopocTb ceeTa. OTAenNbHbIN UHTEPEC
npegcTaenseT cnyvyan 6e3MaccoBON YacTuubl CO Chu-
Hom 3/2. Kak nokasanu Maynm n ®upy [1], 3gecb cy-
LecTByeT crneynduyeckas KannbpoBoyHas CMMMETPUS,
BblpaXxaloLascs B TOM, YTO 4-rpagueHT OT Npou3BOMb-
HOW GUCNMHOPHOWM (DYHKLMKN OaeT pelueHus bGeamacco-
BOrO BOSTHOBOIO YpaBHeHuUS, T. €. B 6e3MaccoBOM criyyae
cpeav MHOXeCTBa peLLeHnn BONTHOBOIO ypaBHEHUS BCe-
roa NpUCYTCTBYHOT YeTbipe KannmbpoBOYHbIE PELLEHUS,
KOTOopble SABAAOTCA hU3nm4eckn HeHabnogaembiMu, no-
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CKOSbKY, HaNnpuMep, He AatoT BKaga B TEH30p SHEPrun-
umnynbca Yactuusl. B gaHHon paboTte Mbl npocneavm
3a cTteneHsimm cBoboabl 6e3maccoBon YacTuLbl CO Chu-
HOM 3/2 Ha OCHOBE MOCTPOEHMS B IBHOM BUAE PELUEHNI
TMNa NNoCKMUX BOJH, N HAAEM PELLEHMS, KOTOPbIE He COo-
aepxar KannmbpoBOYHbIX KOMMNOHEHT.

1. BeamaccoBas yacTuua

Cuctema ypaBHEHUI NepBoro nopsigka ans 6es-
MaccoBoW YyacTuubl B 6a3uce Paputbi—-LLBuHrepa umeet
BuAa [16]

a”

1 1
Uy, — gak’y/‘l’l - §7k3a‘1’a+

1
T (Y0 W, =0, (T, ¥ =0, (1)

3

raoe genctsyowme B 16-MepHOM NPOCTPaHCTBE BOSHO-
BOM QYHKLMM MaTpuLbl 3a4al0TCA COOTHOLLEHNEM

1 1 1
(T} =76, — 5715;‘5 —~ gwg‘” + ng“vl, )

BucnuHopHble HAeKchl y Matpuusl I'* onyckaem. Huxe
Oygem mMcnonb3oBaTb M3BECTHLIE CBOMCTBA MaTpul [On-
paka [17]:
7Y+ =29, Y. =4,
Yy =g =209 g™ — iyt (3)

B CMUHOPHOM Gasuce nmeem

1
0
Ecnu Bocnonb3oBaTbes hopMysioit Ans npousseaeHus

Tpex maTpuy [upaka, To ansa matpuy, (I'4)! moxHo no-
Ny4nTb ApYroe npeacTasneHune:

0,1,2,3 _

0
7’ =iyt = _I>, 1% = 11,

2
l l
(T = 2776} — 2™y,
CoBepLumm Hag ypaBHeHuem [1] nocnegosarenb-
Ho AaBa npeobpa3soBaHus. CHayana yMHOXMUM ero cneBa
Ha HeBprO)KLI,eHHer matpuuy C' co CTpyKTypo# C

8% + cy,v*, B pesynsTaTte nonydaem apyrie matpuupl
(F/a)l .

n-

Y5 — Do (T = 0.

(4)

’ 1 2C— 1
Fal — a(sl - l6a v anl
(I )n =0 — 57700 + —3 31
a1 W) = 0. (5)

OTctoga, Bocnornb3oBaBLLNCL DOPMYNON Ans YMHOXe-
HUA Tpex maTpuu [npaka, nony4nm

2 2c
— g,ya(sil + g,yngal 375€alk

T. €. ypaBHeHue (1) npMBOaUTCA K BUAY

('), Wi (6)

2 2c
—0YY,, + %6 v — 3 5 alkaa’yk\l/l =0

. ™
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napameTp c noka He oMKCMpPOBaH. 3aTem B ypaBHEHUM

(7) nepeiinem K HOBOII BONHOBOW PyHKLMM ¥ C MOMO-
L0 MaTpuubl S :

¥ =S¥, S9,I*S™1¥ =0,
=0 + aym™, (STHF =6 + by,
SS™ =1 = a+b+4ab=1. (8)

B pesynkrate HaxoAuMM HOBOE NMpefcTaBneHne Ans mat-
puL ypaBHEHUS!

Sm

1 [2e—1 1
(T)k, =425k {1—3—1{ ¢ (1+4a)+2a+3H+
1 1 2 [2—1 1
k sa
8% | —o+o+ o +b 1+4a)+2a+ =
+v { st3+ 3+[ g (I+da)+ a+3H+

2c—1 1
+'Ymgak |:3(1 +4k5) + 2a + §+

2c—1 1
—|—b[ ¢ (1+4a)+2a+3H—
1 2c —
—|s+b
Bl
MoTtpebyem, 4tobbl B (9) OCTanocb TOMbKO crarae-
Moe, cogepallee cumeon JleBu—Yusuta. 310 gaet Tpu

ypaBHeHUs Ha napamMeTpbl a, b, ¢ (MOMHUM 06 ycrnoBun
a+ b+ 4ab = 0):

1 5 _akn

,}/mryn

(1+4a)+2a+;” 9)

2 21 b
: 1+ 4a)b + 2ab + -
3 3 (1+4a)b+ 2a +3
% (21
i e (1+4ab+2ab+
3 3
2% — 1
63 (1+4a)+2a—|—3+

2c —

i

Wx pelweHune cnegyowiee:

1
(1+4a)b+2ab+g} = 0.

_ 1
\I/:SI/J,a:—g,b:—l,c:Z (10)
1
Co =00 + 217", Sy =05 = 3w,

(S™HE =68 — (1)

CnepoBatenbHo, ypaBHeHve Ona 6e3amaccoBoro nons
co cnnHom 3/2 B 9TOM Basuce uMeeT BU

DM T =0, —0,[in°€¥ ", T, =0.  (12)

OueBMAHO, YTO BeKTOp-GUCNIMHOP B BUAE rpagueHTa ot
npowuaBonbHoro 6ucnuHopa P (x)
—grad

Uy () = Op®(2) (13)

Bcerga byget pelwweHneM ypaBHeHust (12). 3To CBOWCTBO
MHa4ye Ha3blBalOT KanubpoBOYHON cuMmeTpuen. B uc-
XogHoM Gasuce KannbpoBOYHble peLLeHns NpeacTaBns-
t0TCA Tak:

U (2) = P — vy 9@, 1=0,1,2,3.  (14)
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YpaBHeHue (12) moxHo 3anucatb B 6e3nHaekc-
How chopme, ecnu BBECTU LLIECTb MaTpuL:

nak

et = ()l

— i7" yn0a ® pl" I =0,

= —plonl;

(15)

rae U — a10 (4 x 4)-mMaTpuua, ee nep.blit MHAEKC BUc-
MUHOPHbINA, BTOPOI — BEKTOPHbIN. pocToTa ypaBHeHus
(15) obmaHumBa, hakTM4eCckn MMeemM crneaytoLlee:

(=) {7? (2" @ u 442 @ a0 4 4% @ 00y T
+7° (" ® M[O” +12® M[12] -3 ® u[311)81@+
P (10 @ 92 A3 @ 28] _ L g 120, T4

+7° (P @ pl® At @ pl — 42 g “[23])83@} =0

(16)

Bynem uckaTtb pelueHus ypaBHeHus (16) B Buae

MMNOCKMX BOSH, OPUEHTUPOBAHHbIX BAOSMb OCU X3 (3TO HE

yMeHbLIaeT OBLHOCTM pacCMOTPEHUSI, MOCKOMbKY BCe-

raa MOXHO BblOpaTb CUCTEMY KOOPAWMHAT Tak, YTOObI
ynosnetsopuTs ycnosuio k° = (€,0,0, k)) :

[Wan] _ 6—iet6ikz6’

Fo Fr Fo Ts

s _ 19 91 92 93

o=\t W ho b (17)
do dy do d3

C yuyetom nogctaHoBku (17) ypaBHeHue (16) ynpoluaeT-
cA

—ey* (7' @ plO 42 @ plo 4 43 @ pl03h 9, B4
+57° (70 @ % 4t @ uBY — 42 @ uP¥) 0,3 = 0,

(18)
KpaTKO ero MOXHO 3anumcaTtb Tak:

—ev°By® + k75 B3® = 0. (19)

Huxe 6yaem ncnonb3oBaTb MaTpuLbl [lupaka B ClMHOP-
Hom 6asuce [16]:

0010 00 0 -1
o [0 0 01 v oo -1 o0
T={1t 000’7 = o1 0o o0
0100 10 0 0
0 0 0 i 0 0 -1 0
s (00 —i o] 5 (o 0 o0 1
T=1o =i o oY =1 0o o0 o>
i 0 0 0 0 -1 0 0

Takke noTpebyloTca BbipaXeHUst Ans WwecTn (TpaHcno-
HMPOBAaHHbIX) MaTPULL:

00 0 0 000 0
1] |0 0O 0 O 2 |0 0 0 -1
Pir =10 0 0 1M =10 0 0 0
00 —1 0 01 0 0
0 0 0 0 0100
3 [0 0 1 0 23 (1 0 0 0
Fer = =10 —1 0 o) Hr {0 0 0 0]
0 0 0 0 0000

61

Hanbwe Haxogum 16 ypaBHeHMI, KOTOpble pas-
OMBaloTCA Ha YeTbIpe HE3aBUCUMbIE CUCTEMBI:

—ik —ie 0 —(k+e)\ [do
I k e —(e+k) 0 ds —0
'l o o ik —k |l =
0 0 —1€ € ho
ik e 0 (e—k)\ (o
-k —€ —(e—k) 0 hs | _ ..
Lilo o -k —k ||a]|=Y
0 0 i€ € do
—ik —ie 0 —(e—k) 9o
-k  —€ (e—k) 0 93| .
HL A o o ik —k 7,]1=0
0 0 —1i€ € fo
ik e 0 (k+e\ [fo
—k — —(k+e) 0 A
WVlo o —ie” -k ||5]7°
0 0 1€ € T

TpeboBaHWe paBeHCTBA HynNo onpegenuTenein npueo-
ZUT K OLHOMY U TOMY e YCMOBUIO

(B* — )2 =0. (20)

Cnocob nccnenoBaHunsi ypaBHEHUI TaKOW: HAaXo4UM nu-
HENHO HEe3aBUCKMMbIE PELUEHUsI KaXAoW NOACUCTEMBI,
Mpu 3TOM OMNMCbIBAaEM TOSbKO BXOASLLMNE B HEE NEPEMEH-
Hble, a OCTarnbHble nonaraemM paBHbIMW HYIHO; TaKUM 06-
pa3oM, HaxoauM BCe He3aBUCUMbIE PELLEHUS UCXOQHON
cucteMbl M3 16 ypaBHeHun. bByoem cTpouTb pelueHus,
npegnonaras € > (. 3T0 03HaYaeT, YTO Uccneayem cny-
Yyall yacTuu, Ans aHTUYacTuL, COOTBETCTBYOLLME pelLle-
HMS MOXHO MOMYYUTb C MOMOLLbIO Onepauun 3apsgoBo-
ro conpskeruns UC = (v2 @ I)U* U3 CTposaLmMXCs Hike
peLueHuin. NonoXnUTeNbHOCTb SHEPTNM BO3MOXHA B ABYX
cnyvasx: k > 0, e = knk <0, e = —k; ona onpege-
neHHocTM crneamm 3a BapuaHtom k > 0. Torga npvse-
[O€EHHbIE BbllLe YpaBHEHUS ynpoLiatTcst (cpa3y npuBo-
OVIM UX peLueHns):

—i —i 0 =2\ [do
1 1 -2 0 ds | .
Llo o @ —af|n|="
0o 0 — 1 o
do—noboe, ds = —dgy, b1 =0, hy =0;  (21a)
? 0 0 Eo
-1 -1 0 0 hs3 ,
Lilo o —i —1)flg ™"
0o 0 i 1 s
EO,EO— nobele, Eg = —Eo, 31 = iEQ; (21b)
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—i —i 0 0 90
-1 -1 0 0 gz | _ .
N I A E A
0o 0 —i 1)\F,
o, [o— nio6ble, Gz = —Jo, [1 = ifo; (21c)
{ 1 0 2 fo
1 -1 =2 0[] .
Mlo o & |5 =%
0 0 7 1 T
fo—mwoBoe, f3 = —fq, §1 =0, go = 0. (21d)

CnepoBatenbHo, obLiee pelleHne CUCTEMbI YypaBHEHWIA
nmeeT BUa

Zo —%?2 ?02 _Zo
J— |90 —9o | .
U= ﬁo 0 0 —Qo ; (22a)
dy idy dy —do
€ro MOXXHO pasfioXKuTb B cynepnosnumto WecTtn He3aBu-
CUMBbIX:
fo 0 0 —fg 0 00 0
=_ |0 00 0 90 0 0 —gg
®=10 00 o |T|l0 00 0T
000 0 000 0
0 00 000 0
0 00 0 000 0
Tho 00 R T{O 00 0 )7
0 00 0 dy 0 0 —do
0 —ify fy O 0 0 00
0 0 0 0 0 0 0 0
Tlo o o o]T{o 0o o0 o0
0 0 0 0 0 idy dy 0
(22b)

B cBOI 04epeab, KanMBpOBOYHLIE PeLLeHNs nMe-
10T BUA (MHOXUTENb e'“fe?** onyckaem)

Ly
I~ e 23) LB =0,
Ly
Ly
3 =0,35 =ik fg , (23)
Ly

roe Ly ... L4y — Npon3BOnbHbIE YMCITOBLIE NAPaMETPBI.
[na maTpuubl 0bLero KannbpoBOYHOIO peLleHns ume-
eM cregylollee npeacTaBneHue (yumToiBaem € = k >
0, panee aToT OOLLMIN MHOXMTENb ONyCcKaeM)

—iL, 0 0 iL,

x| —ila 0 0 iLs

U5 =1_iIs 0 0 iLs (24)
—iLy 0 0 iLy
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Jlerko ybeguTbCsl, 4TO BCe HesaBuUCUMble Kanmbpo-
BOYHbIE PELUEHMS YOOBNETBOPSIIOT MOMYYEHHbIM BbilLE
YPaBHEHUAM:

i 0 =2\ [—ilL,
11 -2 0| [+iLa) .
Lo o & -1 0o | =0
0 0 —i 1 0
1 1 0 0 —il3
1 -1 0 0 [+iLs) _ .
O =0 (29)
0 0 i 1 0
S =i 0 0\ [—iLs
1 -1 0 0 [+ila] .
an [ Y Y 2| =0,
0 0 —i 1 0
i i 0 2\ /il
1 -1 =2 0| [+iL, |
Volo o —i -1 o | =0
0o 0 i 1 0

Takke 3amevaeMm, YTO nepBble YeTbipe peLleHus B Cy-
nepno3uvummn (22b) ABNSATCS YUCTO KanUMOPOBOYHBIMMU
(cm. (25)), noatomy OHU MOryT ObITb OTOpOLLEHbI. Ta-
Knm obpasomM, B (22a) ocTaroTcs TONMbKO ABa HE3aBUCU-
MbIX PELUEHUS, OHN HE coaepXaT KanmbpoBOYHbLIX KOM-
MOHEHT:

2 f
0
0
0

[V}

o =

(e NevNenlan)
OOOS"

(26)

Tenepb uccrnegyem 3Ty 3agady, UCMONb3ys UC-

XoaHbi 6asunc Paputbi-LUBuHrepa (4). B maTtpmyHom
dopme ypaBHeHME 3anuncbiBaeTcs Tak:

) .
20 1 — %faa% Qut | w=0. (27)

3
[nsa nnocknx BOSH ypaBHeHne npuHumaet Bug (cm. (19))
—2ie7°® + 2iky3® — €45 By® + ky°B3® = 0. (28)

Mocne HeobxoaMMbIX BblYMCNEHNIA HaxoamMM 16 ypaBHe-
HWUIA, TPYNNUPYEM UX B YETbIpe HECBSI3aHHbLIE NOACUCTE-
Mbl:

ik —ie —2i(e+ k)
I, k € —(e+k)
—2i(e—k) O ik
—(k‘ —+ 6) do
—2i(e + k) ds | _ 0-
—k hy) —
€ hg
ik i€ —2i(e — k)
—k —€ —(e—k)
IL | oie 1 k) —ik
0 —2i(e+ k) i€
(6 — k‘) ho
*21'(6 — k) h3 0:
—k di| —
€ d2
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—ik —ie —2i(e — k)
—k —€ (e — k)
L | o 4 k) 0 ik
0 —2i(e+ k) —ie
—(e—k) 9o
21| (o) _,,
—k fi ’
€ f2
ik i€ —2i(e + k)
—k —€ —(k+e)
Vo | Zoi(e — k) 0 —ik
0 —2i(e — k) i€
(k+¢) Jo
—2i(€ + k}) f3 -0
—k (1 '
€ 92

[JanbHenwnn aHanuM3 npoBoAUTCSA MO MNPEXHEN
cxeme. CTpoum pelleHust, npegnonarasa € > 0. MNono-
XUTENbHOCTb 3HEPrM BO3MOXHA B ABYX cnydasx: k >
0,e = kunk < 0,e = —k; cneaMm 3a BapuaHToM
k > 0. Torga cuctemMbl ynpowiatotcest (06wmii MHOXU-
Tenb € = k onyckaem)

io—i —4i -2\ [do
11 -2 —4i| [dy)
Lo o & —1]|n|=9
0 0 —i 1) \hy
i i 0 0\ /ho
1 -1 0 o) [n| .
IL g 0 —i —1]|a =5
0 —4i i 1) \d
—i =i 0 0\ /g
-1 -1 0 0 gs | _ A.
L g 0 5 1) | A =5
0 —4i —i 1) \f
i i —4i 2 :
11 -2 i ()
1A I Al B A
0 0 ] 1 g2
OOLee pelleHne nmeeT Bug
fo fi fo —fo
P — %(f1+if2) 0 0 —%(f1+if2)
Yidy—dy) 0 0 —L(idy—dy)
do dy do —do
(29)
€ro MO>XHO pPa3rioXnTb B ﬂMHeVlHle cynepno3nuuto:
fo 0 0 —fo 0 00 O
000 0 0 00 0
=19 00 of|*T|lo o0 o |T
000 0 do 0 0 —do
0O A 0 0
1 1
72fi 0 0 —3f
1% oo 0o |7
0 -0 0 0
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0O 0 0 0
o 00 0,
—3di 0 0 jdi
0 di 0 0
0 0 fo 0
1 1
7fo2 00 —3f2
1% 00 07T
0O 0 0 0
0 0 0 0
0 0 0 0
30
Tl 0 0 —ld, (30)
0 0 d 0

MpeobpasoBaHue k ITOMy 6asncy HalnAEeHHbIX BhILLE Ka-

J'II/I6pOBO‘-IHbIX peUJeHVIVI 6 3afaeTcA COOTHOLLEeHneM:

UK =T, — 7T e Uy =dy0.  (31)

B pesynbrate ana matpuupbl obuiero KanmbpoBOYHOrO
peweHus B 6asnce Paputbi-LLBMHrepa Haxoanm crieay-
muléee npegcraBneHue:

ZikL,

i(f + k)LQ (6 + k?)LQ iELl
+ikLy ile—k)Ly —(e—k)Ly —ieLs
+ikL3 —i(E - k‘)L4 —(6 - k)L4 —iELg
—ikL4 —i(E + ]{Z)Lg (6 + ]{Z)Lg i€L4

(32)

Ons cutyaumm € = k > 0 (c y4eTom nocreayoLero
COKpalleHUs obLuero MHOXuUTens € = k ) nony4yaem

K K fK K
% k Tk Tk
of — |90 gt g 6| _
he* i S b
ai dff df o dif
—iL, 2L, 2L, il
| +ils 0 0 —iLo
=\ +iLs 0 0 —iLs (33)
—iLy —2iLs 2Ls iL,

9710 obLiee kanMbpoBOYHOE pEeLUEHME MOXHO pasno-
XMTb B CyNepno3numio YeTblpex He3aBUCKHMbIX

—iL; 0 0 ilq 0 0 0 O
K _ 0 0 0 O 0 0 0 O
=19 00 ol 0o o0 o]t
0 0 0 O —iLy 0 0 L4
0 2iLy 2L4 0
—|—ZL2 0 0 _iLQ
1 o o o o0 |T
0 0 0 0
0 0 0 0
0 0 0 0
iz, o 0 —ils (34)
0 —2iL3 2Ls3 0
MepBble aBa pelwenns B (30) ABNAIOTCA O4EBUOHO Ka-
NNBPOBOYHBIMU, NX MOXHO OTBPOCUTL, TOrAa OCTatoTCs
yeTblpe peLLeHus:
0 f1 O 0 0 0 fo 0
1 1 i i
_ |z 0 0 —3hA ifo2 00 —4f2
‘I’ o o0 o0 ]Tl% oo O |7
0 0 O 0 0 0 O 0



MaBectua Komn HayuHoro ueHTpa YpO PAH. Ne 6(52). Cepus «®Pusnko-matematudeckue Haykm». CboikTbiBkap, 2021

0 0 0 0
0 0 0 0

l-ta 0 0 a4 )7
0 d 0 0
0 0 0 0
0 0 0 0

Tlid, 0 0 —idy]’ (35)
00 0 dy 0

HEencnonb30BaHHLIMU SBNSAOTCA ABa KannOpoBOYHbLIX
pelleHus

0 2Ly, 2L, 0
(I)(2) | +iLlo 0 0 —ilg
K =1 o o o o0 |
0 0O 0 0
0 0 0 0
@ [ o 0 0 0
e = yirs 0 0 —iLs (36)
0 —2iLs 2Ls 0

Mccnegyem crnegytowuii BONpoc: MOXHO Nu B
pelennsx (35) BblaenuTb Te, KOTOPble OTOXAECTBUMbI
C KanubpoBoYHbIMU pelueHuamMun (36). HyxHO pelumnTb
ypaBHeHve

0 fi fo 0
& — %(f1+if2) 0 0 —%(f1+if2) _
0 dy ds 0
0 2i1Ly  2L9 0
| 4iLs 0 0 —iLs
= | +is 0 0 —ilLy (37
0 —2iLs 2L; 0

OTHOCUTENBHO NepeMeHHbIX f1, fa,d1, d2. B pesynbra-
Te HaxoauM [ABa NPOCTbIX PELLEeHUS:

J1=2iLs, fo=2Ly = f1 =ifs;
di = —2iL3, do = 2L3 = do = id;.

Takum o6pas3om, HalgeHbl ABa peLleHusi, KoTopble

YCTPaHAKTCS  KanMbpoBOYHLIMK  NpeobpasoBaHUSMU
(HanomuHaem, 4To napameTpsbl di U fo HE3ABUCUMbIE):
J1=+if2, do = +idy,

0 ife fo 0
3 0 0 —3f
o—| 2 2 38
Sidy 000 idy (38)
0 dy  idy

He ycTpaHsatoTcs kanMbpoBoYHLIM NpeobpasoBaHNEM
crnepyoLLme OBa peLleHuns:

fi = —ifs, do=—idy,

0 —ifs f2 O

0 0 0 0
=19 o o ol (39)

0 dq —id; O

OHW He cofepXaT KarnmbpOBOYHbLIX KOMMOHEHT U SBMSs-
toTCA PUNYECKUMN.

Pestomupyem pesynerat. B sBHOM BMae nocTpoe-
Hbl LWECTb NIMHENHO HE3aBUCUMbIX PELLUEHWUIN YPaBHEHNS
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anst 6eaMaccoBov YacTuubl CO CNUHOM 3/2, cpean HUX
HandeHbl Ba peLUeHs!, KOTopble He codepXaT kanmo-
POBOYHbIX KOMMOHEHT.
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Annoranusa

AnanusupyeTrcss IOBelieHHWe AMILIUTYL ¥ CeYeHU
OCHOBHBIX IIPOIIECCOB, OOYCJIOBJIEHHBIX 3JIEKTPOMAT-
HUTHBIM W CJIa0BIM B3aWMOAEHCTBHEM YaCTHI[, IIPU
KOHTPaAKIIMK KaambpoBouHoil rpymnnbl CTaHgapTHON
mozenu. ITosyueHbl 3aBUCUMOCTH CEUEHHUHM YIPYTro-
ro pacceaHUA (POTOHOB, BIJIIEKTPOHOB (IIOBUTPOHOB) U
HeUTpuHO (AHTUHEHUTPUHO) Ha 3JIEKTPOHAX; aHHUTH-
JIAIAI0 9JE€KTPOHOB U IMO3UTPOHOB B ABa ()OTOHA, B
napy HeATPUHO—aHTUHENTPUHO, B MIOOH—aHTUMIOOH-
HYIO Iapy OT TeMIlepaTyphl BcesieHHOI ¢ yueToM To-
ro, YTO IapamMeTp KOHTPAKIIMU O0PaTHO IPOIIOPIIHO-
HaJleH TeMmieparype € ~ 1~

KaroueBsie cioBa:

cmaxndapmHuas modeab, KOHMPAKUUSL KAAUOPOBOUHOUL
2pynnul, cevenue 3LeKmpocaabozo npoyecca

Abstract

The behavior of amplitudes and cross section of the
main processes, caused by electromagnetic and weak
interactions of particles during the contraction of
the Standard Model gauge group is analysed. The
dependences of the elastic scattering cross sections
of photons, electrons (positrons) and neutrinos (an-
tineutrinos) on electrons, as well as the annihilation
of electrons and positrons into two photons, into a
neutrino-antineutrino pair, into a muon-antimuon
pair on the temperature of the Universe are estab-
lished, taking into account that the contraction pa-
rameter is inversely proportional to the temperature

e~T7 L,
Keywords:

standard model, contractions of gauge group, cross
section of the electroweak process

BBegeHue

CoBpeMeHHasa Teopus neMeHTapHbIX YacTuy —
CrangapTHad Mopenb — BkMdvaeT B cebs aBe 4a-
cTn. 310 anekTpocnabas mogenb, KoTopas OnucbiBa-
€T 9MeKTpoMarHuTHble 1 criabble B3anMogencTBus Ya-
CTuL, M KBaHTOBas xpomoguHamuka (KX[I), onucbisa-
oWas cunbHble B3aMMOAENCTBUA YacTul. OTa Teopus
XOPOLLUO OMUCbIBAET UMEILLNECA IKCNEPUMEHTANbHbIE
AaHHble 1 Obina noaTeepXAeHa B 3KCNepuUMeHTax Ha
OonblWOM aApOHHOM Konnangepe, pesynsratoM KOTo-
pbiX CTano OTKpbITUE MpPeACcKa3aHHOro € CKamnspHo-
ro 603oHa Xurrca. QHepruu, OCTYMNHbIE COBPEMEHHbLIM
YyCKOPUTENSIM, NPEACTaBnAOT cObOM NpakTUYECKUiA no-
Tonok. [NosiBneHne HOBbIX MalMH C Bonee BbICOKMMMU
3HEPrnsaMn orpaHMyYeHo HenomepHbIMU 3aTpatamy Ha
nx coopyxeHue. Bce aTo cTUMynupyeT MHTEpeC K Teo-
peTNYeCKOMY M3YYEHUO CBOWCTB YacTuL U NpoLECCOB
MX B3aUMOAENCTBUSA NPpU BbICOKUX aHeprusix. Ecnu octa-
BaTbCS HA TBEPAOW HAy4HOW NoyBe, TO HEOBX0AMMO OT-
TankvmeaTbCcsa OT noBedeHuss CTaHOapTHOW Mogenu npu
BbICOKMX 9HEprusx.

Bonee 40 net Hasapg Gbina BbIABMHYTA rMnoTe-
3a 0 TOM, YTO MPU BbICOKUX IHEPIUAX TPY KanmbpoBou-
HblX B3aumogenctema CtaHaapTHOM Modeny — SneKTpo-
MarHuTHblEe, cnabble U CUNbHbIE — 0OBEOUHAIOTCA B 04-
HO B3anmogencTBme. JTa rmnotesa nonyyuna Has3gaHue
Teopun Benukoro obveanHeHus (TBO) n octaetcs Hau-
Honee nonynspHoOW A0 Halwux gHeN. Victopuyeckn nep-
Bast TBO, 6asupytoLuascs Ha npocTort rpynne Iin SU (5),
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6bina npegnoxena I xopmxun (H. Georgi) n L. ma-
woy (S. Glashow) B 1974 r. [1]. OTon mogenu npepLue-
cteBoBarna mogens NMatn—Canama (Pati—-Salam) [2] ¢ no-
nynpocton anrebpoii Jln. CoBpemMeHHoe cocTosiHMe aen
B TBO cmotpu, Hanpumep, B 063ope [3].

B oTnnyme ot ycnoxHeHus kanubpoBovHoOW rpyn-
nbl B TBO, Mbl npeanaraem HoByto runoTtesy B husnke
YacTuy: KanubpoBo4Hasa rpynna CtaHgapTHOM Mo-
henu c yBenuyeHMeM 3Heprun CTaHOBUTCS MpoLLe.
OencreutensHo, CtaHoapTHas MoAenb npeacTaBnsieT
coboW KanMbpOBOYHYO TEOPUIO, OCHOBAHHYHO Ha Kanmo-
posoyHoit rpynne SU (3) x SU(2) x U (1), sensioLueiics
NpsiMbIM NPOU3BeAEHUEM NPOCThIX rpynn. CunbHbIe B3a-
MMOLOENCTBUSI KBApKOB OMUCHIBAIOTCH KBAHTOBOMW XpO-
MOAMHAMUKOW ¢ kanubposouHoi rpynnoii SU(3) v xa-
pakTepHoun Temnepatypon 0,2 MNB. B kannbpoBoyHon
rpynne SU(2) x U(1) anektpocna6oi mMogenw rpyn-
na SU(2) otBeyaeT 3a cnabble B3aUMOLENCTBUA C Xa-
pakTepHou Temnepatypon 100 3B, Torga kak rpynna
U(1) accounvpoBaHa ¢ AanbHOAEWCTBYIOLMMUN SMek-
TPOMarHUTHbIMM B3anmopencTeusmu. Beneagcteme Hy-
neBow Macchl poToHa — MepeHocyMKa 3TOro B3aMMO-
OeicTBMA — ero xapakTepHas Temneparypa npoctupa-
eTca 1o «BeckoHeuYHoW»  nnaHkoBckoi aHeprin 1019
"aB. Mpennaraemas runoTe3a OCHOBLIBAETCS, B HACTHO-
CTU, HA COMOCTaBMNEHUN TUX XapaKTEPHbIX TeMnepaTyp.
Mol npeanonaraem [4, 5], 4TO Nnpu yBenUYeHUN 3Hep-
rumu (Temnepartypbl) 6onee npocrtas kKanMbpoBo4Has
rpynna CtaHaapTHOM MoAenu nosy4yaeTcs ¢ Nomo-
Wb KOHTPaAKLMK, NapamMeTp KOTOpoi o6paTHO Npo-
nopuuoHaneH Temnepatype BceneHHon. [lockonbky
cpenHas sHeprus (Temnepatypa 1') ropsiveri BceneHHoim
CBsi3aHa C ee BO3pacToM [6,7], TO napaMeTp KOHTpaKumm
e ~ T~ ctpemuTcs K Hynio npu T — oo.

Onepauunst KOHTpakKLuuu (Mnun NpegensHoro nepe-
xoda) rpynn xopowo usBectHa B ¢usuke [8]. OHa, B
YacTHOCTW, npeobpasyeT NPOCTy rpynny B Henomny-
npoctyto. MNMoHATNE KOHTpaKumm OblNo pacnpocTpaHeHo
[9] Ha anrebpaunyeckne CTPYKTYpbl, TakMe Kak KBAHTO-
Bble rpynnbl, Cyneprpynnel, a Takke Ha pyHaameHTanb-
Hble MpPeacCTaBleHNsa YHUTAPHbIX rpynn, KOTopble UMme-
HOT HENOCPEACTBEHHOE OTHOLIEHNE K CTaHOgapTHOM MO-
genu. [Ina CMMMETPUYHON (PU3NYECKON CUCTEMBI KOH-
Tpakums rpynnbl CAMMETPUN O3HAYaeT Nepexoq K Tomy
U1 MHOMY NpeaenbHOMY COCTOSHMIO cuctembl. B cny-
Yyae CrnoXHOW (Pn3nYeckon CUCTEMbI, KAKOBOW ABNAETCS
CraHgapTHaa mogenb, udydeHne npegenbHbIX COCTos-
HUIM MPU TEX UM UHBIX NPeaenbHbIX 3HAa4YEHMAX pusnye-
CKMX NapameTpoB OTKPbIBAET BO3MOXHOCTb JydLle MNo-
HATb NOBEAEHMEe CUCTEMBI B LLEMNOM.

B paHHOI paboTe, OCHOBbIBasicb Ha MOHOrpa-
dun [10], Mbl aHanNU3Npyem HeKoTOpble OCHOBHbIE Ye-
Thlpex4yacTu4Hble NpoLecchbl, 06yCNoBEHHbIE 3NEKTPO-
MarHUTHbIM 1 cnabbiM B3aMModencTBMeEM YacTul, npu
KOHTpakumm kanmbpoBoyHow rpynnel CTaHgapTHOW MO-
aenu. Mbl paccmaTtpriBaem, B YaCTHOCTU, MOBeJEeHUE ce-
YEHWU ynNpyroro paccesHns POTOHOB, 3MEKTPOHOB (Mo-
3UTPOHOB) U HENTPUHO (AHTUHENTPUHO) Ha SNEKTPOHAX;
AHHUIMNASLMIO 3NEKTPOHOB M NO3UTPOHOB B ABa ¢hoTo-
Ha, B Napy HEWTPUHO—aHTUHENTPUHO, B MIOOH—aHTUMIO-
OHHYI0 Napy Npv ysenuyeHun temnepartypsl BcenernHon,
T.e. NPV ABMXEHNWN Ha3a K MOMEHTY ee pOXAEHUS.
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1. KoHTpakuua kanmbpoBo4YHOW rpynnbl
¥ noBeAeHue noneun

OnekTpocnabasi mogernb, obbeanHaLWas anek-
TPOMarHuTHele 1 cnabble B3aMMOAEenCcTBuMS, NpeacTaB-
nsieT cobon KanMbpOBOYHY TEOPUIO C KanMBOPOBOYHON
rpynnoit SU (2) x U(1). CywwecTByeT ABa crnocoba onu-
CaHWsl KOHTPaKTUPOBAHHBIX FPYNN U UX AEWCTBUSA B NPO-
CTpaHcTBe (DyHOAMEeHTanbHOro npeacraenexHus. B Tpa-
OVLMOHHOM NOAXOAEe MaTpuyHas rpynna ¢ BeLlecTBeH-
HbIMW WU KOMMIEKCHbIMU 3reMeHTamu JenCcTByeT Ha
BEKTOpa C TaKMMM Ke KOMMOHEHTaMW

).

(4)=(5 &)

2 _
-2 @
detu(e) = o> + 218> =1, wu(e)ul(e) =1,

2

21
22

(1

B npepene € — 0 matpuua nmeet Bug,

u(0) = <

W OYEBWAHO NPUHAANEXUT K rpynne F(2).

Mbl  BBEAEM  KOHTPaKTUPOBaHHYlO  rpynmy
SU(2;e) n cooTBeTCTBYyIOLLEE NPOCTPAHCTBO hyHAa-
MeHTanbHoro npeactaenenuss Ca(e) [9] cormacosaH-
HbIM U3MeHeHneM anemeHToB rpynnbl SU(2) n kommno-
HeHT npocTtpaHctea C; Buaa

5T
)

(4)-(%
u(e)ul(e) =1. (3)

detu(e) = |a* + 2|82 =1,

Haw nogxon 6asupyertcst Ha AeUCTBMU MaTpuL, C 3aBU-
CALLUMMM OT KOHTPaKUMOHHOIO napameTpa € 3fieMeHTa-
MW Ha BEKTOpa, KOMMOHEHTbI KOTOPbIX TOXE 3aBUCHT OT
3TOro NnapameTpa.

3ameHa 5 — & uHOyumpyet npeobpasoBaHne
reHepaTopoB anre6pol [ su(2): 71 — €Ty, To — €T3,
T3 — T5. NMockonbky KannbpoBOYHbIE NONSA NPUHUMAIOT
3HayeHus1 B anrebpe JlM, MOXXHO BMECTO reHepaTopoB
npeobpasoBaTtb KannbpoBo4Hble nons. Ons ctaHoapT-
HbIX KannmbpoBOYHbIX nonewn [11] ato npeobpasoBaHue
nmeeT Bug

+ +
Wio —=eWy, Zy— 2y, Aup— Ay

«

0 §>7 Oz:ei'Y’,yeR (2)

ep

«Q

&
!
€2

<1
EZ9

(4)

NeBble nenToHHble L

14
( eﬁ ) 1 KBapKoBble (J; =

( ZZ ) nonsi siensitotes SU (2)-py6netamu, noatomy

NX KOMMOHEHTbI Npeobpa3syoTcs Kak KOMMOHEHTbI BEK-
Topa z, a UMEHHO:

ey — ey, dl — é‘dl7 vy — vV, up— u.

®)

MpaBble NENTOHHbIE W KBApKOBble MOMS SBMAKTCS
SU (2)-cuHrneTtamu (ckansipamu) 1 noaTomy He UMeHsi-
toTCS.

B MexaHu3Me CrOHTaHHOro HapyLUeHWst CUMMET-
pUK, C NOMOLLIbIO KOTOPOTO FEHEePUPYHOTCA MacChl Bek-
TOPHbIX 6030HOB U ApPYyrMX YacTul anekTpocnabon mo-
Aeni, OOHO U3 OCHOBHbIX COCTOSIHMIA GO30HHOTO NnarpaH-
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XuaHa ¢ve¢ = , BblOMpaeTcsi B Ka4ecTBe BaKy-

ymMa Mofenu 1 3atem paccMaTpyBatoTCsl Masble BO3MY-
LeHwsi nons v + x () OTHOCUTENbHO BTOPOW KOMMOHEH-
Tbl Bakyyma. MoaTtomy none 603oHa Xurrca x, KOHCTaHTa
U V1 3aBUCSILLME OT HEEe MacChl YaCTUL| 11, YMHOXaIOTCS
Ha KOHTPaKLMOHHbIN NapaMeTp:

X — €X, (6)

rane p = x, W, Z, e, u,d. 3ameHbl (4)—(6) B narparxu-
aHe anekTpocnaboi mogenu garT npeobpasoBaHHbIN
narpaHxuaH anekTpocrnabo Moaenu C KOHTPaKTMPO-
BaHHOW KanMbpoBOYHOM rpynnomn.

KBaHTOBas xpomMoauHamuka — 3T0 kannbpoBouy-
Hasi Teopusi ¢ rpynnon SU(3), neiicTByiowen B Tpex-
MepHOM KomnnekcHoM npoctpaHctee C3 LUBETOBbLIX CO-
CTOSIHUI KBapKoB ¢ = (q1,¢2,43)" = (qr,qc,qB)" €
C3, roe yepes g(x) o6o3HayYeHbl KBapkoBble Mons ¢ =
u,d, s,c,b,t, a nngekcol R (red), G (green), B (blue)
0603HavaloT LUBETOBbIE cTeneHn cBoboab! [12]. KoHTpak-
uust kanubposouHoii rpynnbl KX SU(3;¢) onpenens-
etca genctevem ¢’ (¢) = U(e)q(e) Buaa

V= EU, My —> EMy,

2

!
91 U1 EU12 £7U13 q1
6;1& = EU21 U22 EU23 62612
7 2
€743 €7U31 £€u32 u33 €743

B uBeToBoM npocTpaHcTee Cs(e) npu ¢ — 0. Mepexon
oT knaccuyeckon rpynnbl SU(3) n KomnnekcHoro npo-
ctpaHcTBa Cj k rpynne SU (3; ¢) v npoctpaHcTey C3(¢)
ocyLlecTBnsgeTca nogcraHoBkamm B narpaHxvade KX
nornen rroHOB 1 KBapKoB BUaa

GR GR BG BG BR 2 4BR
A" = e AN, AT —eAJT, AT = et AT,

a3 — £2q3. (7)

OwnaroHanbHble  kanMbpoBoYHble  Mons  (MNHOHbI)
AR AGE  ABB npn stom He npeoGpasyiotcs. B pe-
3ynerate nonyvaem narpaHxuvaH KX ¢ KOHTpakTupo-
BaHHOW KanMbpoBOYHOM rpynnon.

a1 — q1, g2 — &q2,

2. PaccesiHue, poxaeHue u aHHUTUNALMA YacTul,

B paHHOM pasgene Mbl paccMoTpUM, Cregyst Mo-
Horpadpum [10], MSMEHEHNST MATPUYHBIX ANTEMEHTOB MpPO-
LleCCOB pacCesiHNst YacTul, UX POXAEHUS U aHHUTNSA-
U1K, obyCroBneHHbIE NEKTPOMarHUTHbIMK U criabbiMm
B3aMMOAENCTBUSIMU, MPU KOHTPAKUMM KannbpoBOYHOM
rpynnel CtaHgapTHon mogenu. Wnu, yuuTbiBas CBs3b
KOHTPakUMOHHOIO napameTpa C TemnepaTtypou €
T—1, noBegeHue ceueHuil B3auMomencTBII YacTuL, npu
yBeNM4eHnn Temnepatypsbl (3Heprum) BcenenHon 1.

2.1. KomnmoH-3ghghekm Ha asiekmpoHe

[MpocTenwmnin anekTpomMarHMTHbIM 3PAEKT — 3TO
paccesiHne OTOHOB Ha anekTpoHe (KoMmnToH-adhdexT)

8)

AMNNMTyda BEpPOSITHOCTM mnpouecca (MaTpuUYHbIA ane-
MEHT .S-MaTpuLbl) BO BTOPOM MOpPsiAKe MO Teopun BO3-
MyLLEHUA faetcs BblpaxkeHnem (popmyna (6.31) B pa-
6ote [10])

(FISP|i) = —ie? Ny Ny Ny Ny,

~

y+e —vy+e .
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1

x |a” ()& (k) ————e*(k)u" (p)+
p+k—m
+a’“’(p’)éA(/f)%éX(k')uT(p) X
p—Kk —m

x(2m)26(p) + K —p — k), (9)

rae cnuHop u’(p) npeacTaBnsieT BOMHOBYK OYHK-
LIMIO 3MEKTPOHA C UMMNYMbCOM P U CMMPAaNbHOCTLIO 7'
Nyu' (p)e~ %, Bektop nonspwsaumn cotoHa e* (k)
npeacTasnsaeT BOMHOBYIO (MYHKUMUIO (DOTOHA C UMMYMb-
com k u nonspusaumen \: Npe*(k)e %%, BekTop
eNk) = y¥e)(k), v — matpuubl Oupaka, (p + k —
m)~! — nponararop anekTpoHa.

MaTpuyHbIiA anemMeHT S-matpuupbl yaobHo 3anu-
cbiBaTb rpadouyeckn ¢ noMoLbo gnarpamm denHmaHa.
denHMaHoOBCKas guarpaMmma nepeoro crnaraemoro B (9)
n3obpaxeHa Ha puc.1 npu € = 1. narpamma orBevaet
crnenyroLLen BO3MOXHOCTU: HaYarbHbIA 311EKTPOH C UM-
NynbCOM p NOrNOLLAET HavyanbHbIA (POTOH C UMNYNBCOM
k 1 nepexoamT B NPOMEXYTOYHOE (BUPTyanbHOe) cocTo-
SIHWE C UMNYNBCOM p1; 3aTEM 3MNEKTPOH pacrnpoCcTpaHs-
€TCS B MPOMEXYTOYHOM COCTOSHUN; HAKOHELL, BUpTyanb-
HbIA 3MEKTPOH UCMYCKAET KOHEYHbIN (POTOH C UMMYMb-
coM k' 1 nepexoanT B KOHEYHOE COCTOSIHME C UMMYMb-
com k'

[ns nepexoga OT KaHOHWYECKOW Auarpammbl K
npeobpa3oBaHHOW Mbl 3aMEHWMN MOMSI 3NEKTPOHOB U
doToHoB no npasunam (4), (5), 4TO BbIpa3unocb B No-
SIBMEHUN Y BEPLUMH, CUMBOMMU3UPYIOLLMX B3anuMopen-
CTBME 3MEKTPOHOB W (DOTOHOB, MHOXUTENS £2 N yMHO-
KEHUM NponaraTtopa BUPTYarbHOMO 3MeKTPoHa Ha £ 2.
[OencTBuTenbHO, Nponaratop 3nekTpoHa BO3HUKAET U3

cBepTku e(x1)é(x2)= A, KoTopasi Nnpeobpasyercs Tak:
ce(x1)ee(x2)= A. MNoaTomy cBepTka Ans npeobpaso-
BaHHbIX OnepaTopoB AaeT e(x1)é(x2)= e 2A.

Puc. 1. IIpeo6pasoBanHasa AuarpamMmMa IIpoiiecca pacces-
HUA Y +e —y+e .

Fig. 1. Transformed diagram of the scattering process
y+e —vy+e .

B pesynbrate nepsoe crnaraemMoe MaTpu4HOro
anemeHTa (9) npuobpetaeT MHOXUTeNb 2. AHanormy-
HOe cnpaBeasIMBo M Ans BTOPOro criaraemoro. Noatomy
amnnuTyga BeposaTHocTu KomnToH-adpdekTa npu KoH-
TpaKkLum KanmbpoBOYHON rpynnbl anekTpocnabon moae-
nv npeobpasyeTcs no npasuny

(F15@1i) — 2(f1S@i).

Takum ob6pasom, npu € — 0, T.e. NpM Bo3pacTaHun
Temnepatypbl I’ — 00, cevyeHue paccesHus hoToHa
Ha anekTpoHe, paBHOe KBaapaTy amnnuTyabl, yobiBaeTt
nponopuyoHansHo ¢ ~ T4, AnanornuHo Beaet cebs
ceveHne paccesiHnst OToHa Ha MO3UTPOHE, onuckiBae-
MOe AnarpammMon Ha puc.2.

(10)
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Puc. 2. [Imarpamma paccesHus (OTOHA HA IIO3UTPOHE
v+ et — v+ et.
Fig. 2. Scattering diagram of a photon on a positron
v+ et — v+ et.

2.2. AHHueunayusi napbl 3J1IeKMPOH—03U-
mpoH e dea ghomoHa

PaccmoTpym npouecc aHHUrMNSALUK napbl anek-
TPOH—MO3UTPOH B ABa (poTOHa

et +eT s+ (11)

AMMNNUTYOa BEPOATHOCTU NPOLIECCa BO BTOPOM MOPSA/Ke
Nno Teopun BO3MYLLEHWI OAETCs BblpaxeHuem (opmy-
na (6.41) 8 [10])

(f18®i) = —ie? Ny NNy Ny,

x(2m) 6k + K —p—7p).

lMepBomy crnaraemy amnnuTyabl npouecca OTBeqaeT
Aunarpamma ®enHmaHa, ns3obpaxeHHas Ha puc.3 npwu
e = 1. Ota gnarpamma onucbiBaeT (BO BTOPOM Nopsiake
TEOPMU BO3MYLLEHWUIA) CrieayoLyo KapTUHY: 3NeKTPOH
C MMMYSILCOM p MCMycKaeT qoOTOH € uMnynscom k' v ne-
pexoauT B NPOMEXYTOYHOE COCTOSIHWE C UMMYIbCOM P,
3MNEKTPOH pacnpoCTpaHAETCA B NPOMEXYTOYHOM COCTO-
SIHAW; BUPTYarbHbIA 3NEKTPOH C MMMYMbCOM p1 U MO3M-
TPOH C UMMYNLCOM P’ aHHUTUIIMPYIOT ¢ 0BpasoBaHUEM
hoTOHa ¢ MMNynbLCoMm k.

(12)

Puc. 3. IIpeo6pasoBaHHaa gumarpaMma IIpoliecca aHHM!-
runanuu et +e” — v 4.

Fig. 3. Transformed diagram of the annihilation pro-
cess et +e7 = v +1.

[Npw 3ameHe nonewn anekTpoHOB N (POTOHOB, CO-
rnacHo npaswnam (4), (5), BepLUKnHbI, OTBEYalLLme B3a-
UMOLEWNCTBUIO 3NEKTPOHOB U (DOTOHOB, YMHOXAITCS Ha
€2, a nponaratop — Ha £ 2. B peaynkTate noryyaem
anarpaMmmy puc.3 aHHUMMNSALUMKU 3NeKTpoHa U No3nUTPo-
Ha. Kak n B cnyyae ynpyroro paccesHusi, amnnuTyga

npouecca npeobpasyetcs no npasuny (10), a ceyeHne
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aHHUTMMSILMU C POCTOM TEeMMepaTypbl yGLIBaET Mpornop-
UMoHanbHO £* ~ T—*. AHanorM4YHo N3MEeHSIETCs C TEM-
nepaTypoii U ceyeHue obpaTHOro mpolecca, 13obpa-
KEHHOTO Ha PUC.4, — POKAEHUS SMEKTPOH—MO3UTPOHHBIX
nap B pe3ynbTaTte CTONKHOBEHMUS! (DOTOHOB.

Puc. 4. [JluarpaMmMa poKAeHUA dJI€KTPOH—TIO3UTPOHHBIX
mapy+v—et+e .

Fig. 4. Diagram of electron—positron pair production
Y+ — et +e.

2.3. Ynpyeaoe paccesiHUe 3/1IeKmpoHa Ha 3J1ekK-
mpoHe

AMnnuTyga BepOATHOCTM Mpouecca Ynpyroro
paccesiHNst 3MNeKTpOHa Ha 3neKkTpoHe (MennepoBCcKoe
paccesiHue)

e +e —e +e (13)

BO BTOPOM Mopsiake Teopun BO3MYLLIEHUI AaeTcs Bblpa-
xeHneM (copmyna (6.67) B [10])

(f1SPi) = i€* Ny Ny Np, Np, x

x ﬂ(p’z)WO‘U(pi)Mﬂ(pi)vaU(m)—

—ﬂ(pﬁ)’yau(pz)mﬂ(plz)%u(m) X
x(2m)*8(ph + P — p2 — p1). (14)

[MepBomy crnaraemomy conocTaBfsieTca Auvarpamma
denHmaHa puc.5 npy eANHUYHOM KOHTPaKLUMOHHOM na-
pametpe € = 1.

Puc. 5. [IumarpamMmMa MeJIJIEPOBCKOT'O paccessHUs e+
e —e +e .
Fig. 5. Diagram of the Mgller scattering e™ + e~ —
e +e .

3amMeHa nonen aneKkTpoHoOB 1 (POTOHOB MO Mnpa-
Bunam (4), (5) NPUBOANT K NOSIBNEHUI0 MHOXUTENeN &2
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Yy KaKOoW M3 BEPLUMH AguarpaMMbl, a MOCKOSIbKY Mpo-
naratop ¢oToHa He npeobpasyeTtcs, TO OOLWMIA MHO-
XUTenb ANs aMnnuTydel npouecca paseH €*. Cnepo-
BaTENbHO, CEYEHMEe YNPYroro paccesiHns areKkTpoHa Ha
3MNEKTPOHE C POCTOM TeMnepaTypbl yObIBaeT nponopLm-
oHanbHo € ~ T8 AnanoruuHo Bepet cebsi ceue-
HVe YyNpYroro paccesiHusi Mo3nTPOHa Ha 3r1eKTPOoHe, Ana-
rpamma KoToporo nsobpaxeHa Ha puc.6.

Puc. 6. JuarpamMa yIopyroro pacceaHus IO3UTPOHA HA
pJeKTpoHe e + e~ — et e,

Fig. 6. Diagram of elastic scattering of the positron on
the electron et + e~ — e™ +e™.

2.4. PoxdeHue MIOOHHbIX Nap npu aHHU2ursi-
Yuu 351eKMpPoOHOe U No3umpoHo8
Mpepgblgywne npoueccsbl npoucxogunu 6Gnaro-
Aaps anekTpoMarHuTHoMy B3aumogencTauto. Paccmot-
pvM OBYCOBMEHHbIV 3neKTpocnabbiM B3anMogencTBu-
€M NpoLecc pPoOXAEeHUA MIOOH—aHTUMIOOHHbIX Nap
et +em s ut+u. (15)
CornacHo cTtaHgapTHOW anekTpocnabon mogenu, na-
pa NO3UTPOH—3MNEKTPOH MOXET NpeBpaTUTLCS B OOTOH
(anmekTpomarHuTHoe B3aumogpencTeume), mbo B Z-6030H
(cnaboe B3anmogencTene, HemTpanbHbIA TOK). B cBoto
oyepenb HOTOH U Z-6030H MOTYT NPEBPATUTLCH B Napy
MIOOH—aHTUMIOOH. Takum obpa3om, BO BTOPOM nopsfa-
Ke no Teopun BO3MYyLLEHMI anarpammel npouecca (15)
UMeT BuA, M30bpaxeHHblh Ha puc.7 u 8 npn ¢ = 1.
AmMnnuTyaa npouecca Aaetcst BolpaxeHnem (dopmyna
(6.90) B [10])

<f|5(2)|i> = iNp, Npy Ny Npy, X
1
2

. a(—p2)Yau(p1)+

x | e*u(ph )y u(—ph)
a(p))v* (gv + gavys)u(—ph)x

——=—u(=p2)Va(gv + gavs)u(p1)| x

x (2m)*8(p} + ph — p1 — p2), (16)

e ¢ = p1 + p2 = p) + ph, e — 3apsg anekTpoHa,
my — Macca Z-6030Ha, q% — POTOHHBI MponaraTop,
m?%/(q*> — m%) — nponaratop Z-6030Ha, g4 = —%,
gy = —3-2 sin? Oy, % — koHcTaHTa ®Pepmu. Mepsoe
craraeMoe OTBeYa€eT anarpamme puc.7, a BTopoe — aua-
rpamme puc.8. 3ameHa nonen, cornacHo npasunam (4)—
(6), naeT MHOXUTENW €2 y BEpLIWNH AvarpamMmel, a fo-
CKOmnbKy nponaratopbl OToHa 1 Z-6030Ha He npeobpa-
3yI0TCS, TO OOLLUIA MHOXUTENb ANS aMnnUTYAbl NpoLec-
ca paBeH . CnefoBaTensHo, cevenmre npoLecca pox-
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[EHUSI MIOOHHbIX Nap y6bIBaeT C POCTOM TeMmnepaTypsbl
nponopumoHansHo €8 ~ T8,

Puc. 7. luarpaMMa poxAeHHs MIOOHHBIX Iap e +e~ —
w4+ p” (o6MeH y-KBaHTOM).

Fig. 7. Diagram of muon pairs production e™ + e~ —
w4 p” (y-quanta exchange).

Puc. 8. JluarpaMMa poskJeHKsa MIOOHHBIX Iap e +e~ —
u 4+ p~ (obMer Z-6030HOM).

Fig. 8. Diagram of muon pairs production et + e~ —
u + 1~ (Z boson exchange).

2.5. PaccesiHue HelUmpuHO Ha 3JIeKMPOHax

MpoLlecc paccesaHUa aNeKTPOHHOIO HEUTPUHO Ha
aneKkTpoHax

Ve+€ —Vete 17)

npovcxoauT Gnarogapsi anekTpocrnabbiv B3avmopen-
CTBUSIM KaK 3a cHeT obmeHa Z-6030HOM (HEWTpanbHbIi
TOK, Anarpamma Ha puc.9 npu ¢ 1), Tak n nytem
obmeHa WW-6030HOM (3apsikeHHbI TOK, Auarpamma Ha
puc.10 npu € 1). AMnnuTyga paccesiHisi BO BTO-
pOM nopsiaKe TeEOPUN BO3MYLLEHUI AAETCS BbIPAXXEHNEM
(dbopmyna (6.106) B [10])

. .G
(f15P)i) = —zﬁNk/NkNp/pr

x [a(k)y* (1 + ys5)u(k)u(p')va gy + 9a75)u(p)] x

x(2m)* (K +p' — k —p). (18)
3aecb )
9V =gv +1 =5 +2sin® b,
gh=gatl=1 (19)

5"
Mpu BbiBOAE AAHHOMO MAaTPWUYHOTO 3MEeMeHTa MpeHe-
6pernu ¢ no cpaBHEHWIO ¢ Mm% U m¥, B 3HamMeHa-
Tensx nponaratopoB Z- u W -6030HOB COOTBETCTBEH-
HO, a TaKkkKe y4nu cooTHoleHne CTaHgapTHOW Moaenu
m% cos® 0w = mi;,. Mpn npeobpasosaHum nosner no
npasunam (4)—(6) anekTpoHHasa BeplLUMHA Avarpammbl
Ha puc.9 npuobpeTaeT MHOXUTENb £2. Y AnarpaMmbl Ha
prc.10 obe BepLUMHBI YMHOXAIOTCA Ha £2, a nponaratop
TV -6030Ha BHOCUT MHOXMTENb £~ 2. Takum o6pasom, &2
ABNSAETCS OOLUMM MHOXUTENEM 000X Anarpamm u, cre-
posatenbHo, amnnuTyabl (18). CeveHune npouecca pac-
CesiHUSi HEMTPUHO Ha 3MnekTpoHax yObIBAaET C pPOCTOM
TemnepaTypbl nponopuuoHansHo e4 ~ T4, Ananoruy-
HbIM 06pa3om BefeT cebsi ceveHne paccesHUs aHTUHEN-
TPUHO Ha 3NEKTPOHax Ve + €~ — Ve + €.
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Puc. 9. Muarpamma paccesHUs HEHTPUHO Ha
HaxX Ve + € — Ve + €~ (HeATpaJbHBIN TOK).
Fig. 9. Diagram of neutrino scattering on electrons
Ve + €~ — Ve + e~ (neutral current).

QJIEKTPO-

Puc. 10. [fuarpamma paccesiHUA HEHTPUHO Ha BJIEKTPO-
Hax Ve + € — Ve + ¢~ (3apAKeHHBIN TOK).

Fig. 10. Diagram of neutrino scattering on electrons
Ve + € — Ve + e (charged current).

2.6. AHHU2unAYUSA 3JIeKMPOHO8 U Mo3uUmpo-
Hoe c obpa3zoeaHueM HelimpuHO U aHMuUHelUmpPUHO

MopnobHO paccesiHWIo HEMTPUHO Ha 3MNEKTPOHAX,
NpoLecc aHHUTUNSALUM 3NIEKTPOHOB M NO3UTPOHOB B Na-
py HEUTPUHO—AHTUHENTPUHO

et +em = U+ e (20)
Takke MpPoOUCXoauT 3a cYeT obmeHa Z-0030HOM (Hew-
TpanbHbIN TOK, Auarpamma Ha puc.12 npu € = 1) n ny-
Tem obmeHa W -6030HOM (3apsikeHHbIV TOK, Auarpamma
Ha puc.11 npn ¢ = 1). AMnnuTyga paccesiHus Bo BTO-
poM nopsiake Teopuun BO3MYyLLEHUI umeeT Bug (dopmy-
na (6.111) 8 [10])

_ e,
(f15P)i) = —ZENM N, NN, x

x [a(k)y* (L +5)u(—k) x
x u(—p')valgy + gavs)u(p)] X
x(2m)48(kK +k —p—p).

Mpw npeobpasoBaHum nonen no npasunam (4)—(6) anva-
rpammbl npoLecca aHHUIMNSALUK SMEKTPOHA U NO3UTPO-
Ha npeobpa3syloTcs aHanorMyHo guarpammamM puc.9 u
10. Noatomy amnnuTyaa npouecca (20) yMHoXaeTcs Ha
£2. CoOTBETCTBEHHO, CeueHre NpoLiecca aHHUMUIALMM

(21)
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3MeKTpoHa ¥ MNO3UTPOHa B Napy HEWTPUHO—AHTUHENTPK-

HO yGbIBaET C POCTOM TeMMepaTypbl NPONOPLIMOHANBHO
4 —4

e* ~T™%,

Puc. 11. fluarpaMMa aHHUTHIAINY 3JIEKTPOHA U IIO3U-
TPOHA B IIapy HeHTpUHO—aHTHUHeNTpuHO (06MeH W -6030-
HOM).

Fig. 11. Annihilation diagram of an electron and a
positron into a neutrino—antineutrino pair (W boson
exchange).

Puc. 12. luarpaMMa aHHUTHIAINY 3JIEKTPOHA U MIO3U-
TPOHA B Iapy HeHTpUHO—aHTUHENTPUHO (06MeH Z-6030-
HOM).

Fig. 12. Diagram of annihilation of an electron and
a positron into a neutrino—antineutrino pair (Z boson
exchange).

3aknouyeHue

B Teopuax kanMbpoBOYHOro TMna coctas YacTuly
BbIOMpPaEeTCsa B 3aBMCMMOCTU OT NOCTaBreHHoN npobne-
Mbl, @ KanMOpoBOYHas rpynna onpeaensieT B3aumoaen-
CTBME Mexay Yactuuamu mogenu. Noatomy nsmeHeHue
KanMbpoBOYHON rpynMbl, B YACTHOCTHU, €€ YNpPOLLEHNE C
MOMOLLbIO KOHTPaKUMK (NnpeaensHoro nepexoaa) Hems-
6eXHO NpUBOANT K U3MEHEHMIO NPOLLECCOB, NPONCXOAS-
LWKUX Npy B3aMMOLENCTBUM YacTul, Mogenu. B gaHHon
paboTte Mbl NpPoaHanM3npoBanu OCHOBHbIE MPOLECCHI,
npoucxoasLume Mexay 4eTbipbMs YacTuuamm, Kotopble
onpeaensitoTcs 3NeKTPOMarHUTHBIM U criabbiM B3anMo-
OencTBMeM YacTul B pamkax anekTpocnabon mogenm,
ABMSAIOLLENCS COCTaBHOW YaCTbio COBPEMEHHOW Teopuu
anemeHTapHbIx Jactuy — CtaHgapTHou mogenu. [pu
KOHTpakumm € — (0 KanMbpoBOYHOW rpynmnbl 3MEKTPO-
cnabon mogenu SU (2) — SU(2, €), ¢ y4eToM Toro, 4To
napameTp KOHTpakuuMm o6paTHO NponopuUmMoHarneH Tem-
nepatype BceneHHom € ~ T, kak 1 oxuaanoch, ce-
YeHUs NpoLeccoB yObIBaKOT C POCTOM TeMMepaTypsl, T.e.
npuv ABWXEHUW Ha3ad K MOMEHTY poxaeHns BceneHHo,
MOCKOSbKY B3aVMOOEWCTBUSI YacTuL, 3aBUCAT OT napa-
MeTpa KOHTPaKLUN U YMEHbLLAIOTCA BMECTE C HUM.

CreneHb ybblBaHMA CeYEHUI OKasbiBaeTcsa pas-
HOW AN pa3HbIX NpoueccoB. Tak, cedeHns ynpyroro pac-
cesHNsA (POTOHOB U HEWTPUHO (aHTUHEWTPUHO) Ha arek-
TpoHax (2.1), (2.5), aHHUrMNALUM SMEKTPOHOB W1 MO3M-
TPOHOB B ABa hoToHa (2.2), B napy HENTPUHO—AHTUHEN-
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TPpUHO (2.6) ybbiBatoT npn T' — 00 NPONOPLMOHANbHO
T4, a ceyenus ynpyroro paccesiHNs aMeKTPOH Ha arek-
TpoHe (2.3) n poXaeHNsT MIOOH—AHTUMIOOHHbIX Nap nNpu
aHHUTMASLMN 3NEKTPOHOB 1 NO3UTPOHOB (2.4) BegyT ce-
65 nponopuuoHansHo 18,

Aemop ebipaxaem rnpu3HamenbHocms B.B. Ky-

pamoay 3a ronesHble 0bcyxd0eHus U MoMouib 8 0hopm-
nieHuu pabomeil.
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AnbHoramusa

B pa6ore paccmaTpuBaioTCs IpodieMbl YCTONYMBOCTH
apOK ¥ apOYHBIX CHCTEM, IIOJKPEIJIeHHBIX HepacTsd-
SKUMBIMU HUTSIMU, KOTOPhIE HE BBIAEPIKUBAIOT CIKU-
MamoluX yCcHUJIWi. ITHU BOIPOCHI OTHOCATCA K KOH-
TaKTHBIM 33JadYaM YODPYTUX KOHCTPYKIIMI C Heus-
BECTHOII 00JIaCTBbI0 AKTHUBHOI'O B3aWMOEHCTBUA HUX
9JIEMEHTOB, ¥ WCCJeJOBaHWE CBOAUTCA K IIOUCKY
¥ aHAJIMU3Y TOUYEeK OM@YypKAIlUM DPEeIIeHUil Bapualu-
OHHBIX IPO0OJEM IPM HAJUYNU OTPaHUUYEHUI-Hepa-
BEHCTB Ha UCKOMbIe GyHKIUU. B pabore paccmarpu-
BaeTcs 3aJavya yCTOMYWBOCTH apKU, IMOLKPEIJIeHHOHN
HUTSAMU, OJUH KOHEI[ KOTOPhIX NMPUKPEIJIeH K HeKO-
TOPOH TOUKE apKU, APYT'OU — K IPOEKIINU 3TON TOUKU
Ha XOPAY, COeIUHAIONTYIO0 ee KOHIbI. [Ipu unciennoM
pelleHMU IpobJjeMa CBOAUTCA K IIOUCKY IlapaMeTpa
HarpyskH, IIpU KOTOPOH 3a/jaua HEBBIIIYKJIOTO KBaJ-
PATHUYHOTO IPOTPAMMUPOBAHUSA C OTPAHUYEHUAMU HA
nmepeMeHHbIE€ B BUJle HEPABEHCTB UMeeT HeeIUHCTBEH-
HOoe perieHue. YucCJeHHBIE PACUYETHI MTOKA3aJi, YTO
Jajke mpu HeOOIBIIIOM UMCJIe IOTKPEIIAIOIINX HUTeH
KpUTHYECKAasl HArpy3Ka yBeJWYWBAETCA IPUMEPHO B
IBa pasa.

KaroueBsie cioBa:

ycmoiiusocmos, KpUmMuieckas culda, apkd, 6apua-
UUOHHAA 3a0aua, HeJUuHelHOoe NpozZpammuposaHue,
00HOCMOPOHHUEe 0zpAHUYeHUS, OUupyYpKrauyus, keadpa-
MmuuHas Gopma, co6cmeenHble 3HAYCHUSL, Hepacms-
Humble HUMU

Abstract

The work deals with the problems of stability of
arches and arch systems supported by inextensible
threads that cannot withstand compressive forces.
These questions relate to contact problems of elastic
structures with an unknown region of active inter-
action of their elements, and the study is reduced
to the search and analysis of bifurcation points of
solutions to variational problems in the presence
of inequality constraints on the sought functions.
The paper considers the problem of stability of an
arch supported by threads, one end of which is at-
tached to some point of the arch, the other to the
projection of this point on the chord connecting its
ends. In the numerical solution, the problem is re-
duced to finding a load parameter in which the non-
convex quadratic programming problem with con-
straints on variables in the form of inequalities has
a non-unique solution. Numerical calculations have
shown that even with a small number of reinforcing
threads, the critical load approximately doubles.

Keywords:

stability, critical force, arch, variational problem,
nonlinear programming, one-sided constraints, bi-
furcation, quadratic form, eigenvalues, inextensible
threads

BBepneHue

Mcnonb3oBaHue HOBbIX BbICOKOMPOYHbIX MaTepu-
anos obycnasnueaeT nosiBrieHVe Bce Bonee CroXHbIX
TOHKOCTEHHbIX KOHCTPYKUMA. PacyeT Ha yCcToOM4MBOCTb
CTaHoBUTCH BCe Bonee BaxHbIM, TaK Kak paspylleHue
TOHKMX KOHCTPYKLMIA CBA3AHO C 0OLLen notepen ycTomn-
YMBOCTM BCEW KOHCTPYKUMW, NMBO ee oTAenbHbIX ane-
MeHTOB. VccrnefoBaHue yCTOMYMBOCTU YNPYruX CUCTEM
OepeT cBoe Havano c pabort JI. Qnnepa (cM. 063op E.A.
Hwukonawn [1] «O paboTtax Qunepa nNo Teopuun Npoaosb-
HOro n3rnbar»). 3agayn ynpyrom yCTOMUMBOCTU CTEPXK-
Helr, NNacTuH 1 060noYeK B KNaccM4eckoMm cry4vae CBo-
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OSTCA K UCCNefoBaHUIO M OTbICKaHUIO Toyek Budyp-
KauMn HEenuMHeWHbIX YpaBHEHUIM WU K OTbICKAHMIO Ma-
pameTpoB, Npu KOTOPbIX BapuauMoHHasa 3ajadva umeet
HecKornbKo pelleHnin. CoBpeMeHHOe COCTOSIHNE Teopumn
YyNpyron yCTOMYMBOCTU U3FMOXEHO B MOHorpadum [2].
O6was koHuenumsa ynpyron 6udypkaumoHHON yCToMYn-
BOCTU onuncaHa B pabote B.B. Hosoxunnosa [3]. YcTonum-
BOCTb KPYroBbIX apok Noapo6bHo n3dyyeHa B Tpyaax [1-4].
WHorga ynpyrasi cuctema nepexoauT B CIOXKHOE COCTO-
SAHWe paBHOBEeCUs U ABWXeHus. B Takux cnydasx crta-
TUYeCcKne MeToabl HENMPUMEHUMbl U HEODXOAMMO WHTE-
rpvpoBatb AuHamudeckne ypaBHeHus. ConocrtaBneHune
CTaTM4eCKoro 1 AMHaMNYeCcKoro NoAxoA0B NPUBEAEHO B
MOHorpadum [5].

PaccmatpuBaemsblie B paboTe 3agaym oTHOCSTCA
K KOHTaKTHbIM 3agadYam Teopun ynpyroctn ¢ Hem3BecT-
HOI 0BnacTbio aKTUBHOMO B3aMMOZAENCTBUS SNIEMEHTOB
ynpyron KOHCTpykuuu. MNMpu matematudeckon popmarnm-
3auuy NOSIBASIOTCA HepaBEeHCTBA UK Hernagkme oyHk-
unoHansl. NpyMeHeHnio HepaBeHCTB B hn3mKe n maTe-
MaTuke noceseHa MoHorpadus [6].

McecnenoBaHus B 3agadax yCTOMYMBOCTY apoK He
npekpaLLarTca 1 B HacTosiee Bpems [7—11].

B npegnaraemoi BHMMaHuWiO uutatens cratbe
paccmaTtpuBaloTCs 3a4ayn YyCTOMYMBOCTU NOOKPENNEH-
HbIX apOK HEPaCTEXMMbIMUA HUTSIMU, KOTOpbIE HE Bbl-
JepXuBatoT cxnmarowmx yeunui. Npobnemsl, onvcax-
Hble B CTaTbe, NPMBOAAT K HEOOXOAMMOCTW MCCreno-
BaTb TOYKM BUPypKaLMmM BapnaLMOHHbIX 3agay nNpu Ha-
MYMM OrpaHNYEHUIN Ha NCKoMble DYHKLUN B BUAeE Hepa-
BeHCTB. [MpyM KOHEYHOMEPHOW annpoKCUMauun NpPUXo-
OMM K 3afadve HaxoxaeHus Todek budypkaumm B 3aga-
Yax HeNMHeNHOro NPorpaMMMPOBaHUS, YTO, B CBOIO O4e-
penb, MOXET ObITb CBEAEHO K MOWUCKY rmobansHOro Mu-
HMMyMa B HEKOTOPOW HEBbINYKMNOW 3agade KBagpaTuy-
HOro nporpammupoBaHus. NocnegHas 3ameHow nepe-
MeHHbIX Npeobpa3syeTcs k 3agaye cenapabensHOro npo-
rpaMMMpoBaHus, AN pelleHns KOTOpoW umeeTcsa Oo-
CTaTOYHO 3(pPEeKTUBHBIN MeToA BeTBen u rpanuy [12].
Mpobnema nowncka rnobansbHOro MMHUMYMa KBagpaTuy-
HOro dyHKLMOHana npuBoauT K 3agaye uMaeHTUdumKa-
LW YCITOBHOW MOMOXUTENbHON ONpeaeneHHoCTN Keaa-
paTU4HbIX POPM Ha KOHycax. AHaNMTUYECKNE KPpUTEPUA
NONOXWUTENbHON ONpeAeneHHOCTY KBaapaTudHbIX hOpM
Ha KOHyCcax B BaXHOM YaCTHOM cry4yae, Korga KOHYyC
npeacTaBnseT NONOXUTENbHBIA OPTaHT, NPEAJIOXKEHbI B
pabotax [13, 14], HO MX NPUMEHEHUE CBSA3AHO C Bbl-
yncneHnem 6oMbLLIOro KonmMyecTsa onpegenvTenein n B
BbIYNCNNTENBHOM OTHOLLEHUWN KpanHe HeaddeKTUBHO.
BnusHne ogHOCTOPOHHUX OrpaHuUYeHU Ha nepemelle-
HWMS n3yyanoco B [15-18].

Pa6ota [15] nocBsiweHa akcnepumMmeHTarnbHOMY
N YMCMEHHOMY MCCMNEeOBaHMI0 YCTOMYMBOCTM CXKUMae-
MOW NPOAOSbHLIMUA CUNAMU LMIMHAPUYECKOW 060noy-
KM OOHOCTOPOHHE B3aUMOAENCTBYHOLLMX C YNPYron cpe-
poin. B.N. ®deopocbeBbiM [16] pelleHa 3agjada ycTom-
YMBOCTM KOMbLia, HaxXO4ALErocs B XecTkon obornouke,
aHanorn4yHas 3agada paccmaTtpuBanacb B [17]. 3aga-
Yya YCTOMYMBOCTUN apoK, OOHOCTOPOHHE B3aMMOLENCTBY-
IOLLMX C YNpyron cpegow, pasobpaHa B [18]. Opyrue 3a-
Aayn yCTONYMBOCTW YMNpYyrmx cMcTeM npu OOHOCTOPOH-
HUX OrpaHU4YeHUsiX Ha MepemeLleHns NCCneLoBanuch
B pabotax aetopoB [19, 20]. B [20] aHanuTuyeckn pe-
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LWeHa 3ajaya YCTOMYMBOCTU CKMMaEeMOro npoaonbHbI-
MU CUIaMu LUNUHOPUYECKON 0B0NOoYKK, Haxoaswencs
B XKECTKoW oboiMe, Npu rpaHNYHbIX YCIIOBUSIX KECTKOM
3a4enk1 u lWapHUpHoro onupanus. B [19] paccmatpusa-
nacb aHanuTu4yeckas 3agada npu rpaHUYHbIX YCroBUSIX
cBoboaHoro kpas. Tak xe B paboTax [19-21] npuBeeHbl
pelleHus 3agad YCTOMYMBOCTM YNPYrMX KOMeL U apok,
NOAKPENSIEHHbIX HEPACTSHKUMbLIMU HUTAMW NPU pasnuy-
HbIX cnocobax nogkpenseHus.

1. Necbopmauius KpyroBbIX apok

[lycTb TOHKMA ynNpyrum cTepXeHb, Npencrasns-
ownii cobor ayry okpyxHocTu paguyca R, HaxoauT-
Cs B paBHOBECUW, CUIbl PABHOMEPHO pacnpeneneHsbl
no ero anuHe. lNpegnonaraercs, YTO CeYeHue CTepX-
HS1 MOCTOSIHHO, W OdHa M3 rMaBHbIX OCeN UHepuun no-
NepevyHoro CeYeHus NeXuT B NIIOCKOCTU Ayrn. B Heko-
Topow Touke M npoBenem Tpy B3aMMHO MeprneHauKy-
nspHble ocu (g, Yo, 20) : OCb Yo HaNpPaBreHa No ofHoM
13 rMaBHbIX OCEeN UHEPLMN CEeYEHUS, MepneHanKynsapHO-
ro NfocKoCTN AOyrn, oCb Ty , COOTBETCTBEHHO, Hanpas-
fieHa K UeHTPpY KpWMBWU3HbI Ayrn, OCb 2o — MO KacaTerb-
HOW K ayre cTepxHs. [ycTb B pesynsraTte gecdopmauum
CTepxHst ocu (T, Yo, z0) NEPEXOHST B OCH T, Y, 2, TOY-
ka My nepexoguT B Touky M, Nnpoekumun nepemeLLeHni
Toukn My Ha ocv (g, Yo, 20) 0603HAUYMM Yepes u, w, v.
CucTtema koopamHart (x,y, z) Nony4aeTcs U3 CUCTEMbI
(0, Y0, 20) MyTEM NepeHoca U NOBOPOTa BOKPYr OCEW
(0, Yo, 20) Ha yrmbl o, B, 7y. CuuTaem gechopmaumm ma-
nbiMK, MOXXeM Hanncatb ypaBHeHus Knebwa [1]

du

. 1
—w
ds ’

R
(1

ds = Rd9,9 € [ap,1] — ueHTpanbHbI yron gyrv
CTEPXKHS.

Ynpyras aHeprusi CTepxHsl B peaynesrare aedop-
Mauun onpegensercsa opmynomn

1 [
L
2 o0

roe A, B —ecTKOCTU CTep)Hs Ha 13rmb, C' — KecTKOoCTb
CTEPXKHS MPU KPYUYEHUM.

(Adp® 4+ Bég® + C6*)RdY,  (2)

Ll Lty
!/ "
= — = — 3
e v —) — — .
5r—R('y a) R(’y—i—RU).

Mpeononoxum, 4To apka HarpyxeHa aAaBrneHnem
P, paBHOMepHO pacnpefeneHHbIM no ee ocu. MNpu nto-
6o BenuunHe gaBneHns BO3MOXHa Kpyrosas (nepBoHa-
YanbHas) dopma paBHOBECHUS.

Ecnn paBneHue goctatovyHO BENWKO, TO MEPBO-
HavanbHas kpyroBas ¢hopMa CTaHOBUTCHA HEyCTONYu-
BOW, 1 apKka NpMHUMAaET OPYTryi0, HETPUBMATIbHYIO dhop-
my. Mpegnonoxum, 4to AedopmMauus apku ABnseTcs
nrockor, T.e. ¥ = 0,7+ = 0. Torga pabota BHELHUX
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cun onpeaenseTcs opmynomn
PR [t
W=—
2 Jao
roe b = 2 B crniyyae LeHTparnbHbIX CWr, T.e. Harpy3ka Ha-
npaeneHa K LLeHTPY NepBOHavanbHOW KPUBU3HbLI apku, 1
b = 1 B cnyyae HopmManbHOW Harpysku, T.e. AaBrneHue
HanpaeneHo No HopMmanu K 4edOpMUPOBAHHON FIMHUK

apku. B nonoxeHun paBHoBeCUA PyHKLUMOHAN MOSIHON
3Heprum

(u' = bu?)dv, 4)

1

J=U-W=3 (" +u)? =W

/a1 v
—(u

2

@ R
NPUHUMAaET MUHMMarnbHoe 3HaveHue. B (5) B — ynpyras

NOCTOAHHAaA.
YpaBHeHue dunepa gnsa dyHkumoHana (5) nmeet

®)

BUO
B

R3

2. O6 ycTOM4MBOCTU apKn, NOAKPENIIEHHON HUTAMMU

(w!V +2u" +u) + P(u" +u)=0. (6)

PaccmoTtpum cnyyain nnockon gecopmauuun ap-
KW, MOAKPENNEeHHON HepacTAXUMbIMU HUTAMWU. OauH Ko-
Hew HUTW NPUKPEenneH K HEKOTOPOW TOYKe apku, a Apy-
rov — K xopae, CoeanHAILWEN KOHLbI apku (puc. 1), npu
3TOM pacCcTosiHUE MexXay KOHLAMW HUTU HE MOXET yBe-
nmumBaTbes. Yncno Takmx HUTen o6o3Hauum vepes M.
Oanee ag =0, a; = 1.

¥

(s
™ , :

05 0 05

Puc. 1. IInockasa medopmaiius apKu.
Fig. 1. Flat deformation of the arch.

{

rme 0 < ¥ < a,0 < a < 0. YpaBHeHne xopabl umeeT
BUA

x = (R —u)cost —wsin,

7
y= (R —u)sind + wcosd, "

sin av

=k(r—R), k= ———.
4 ( ) cosa — 1
OOMH KOHeL|, HUTK NPUKpenneH K iyre apku B TOUYKE Npu
¥ = ¢;. MNpoekuns TouKkn xo; Rcosej, yo; =
Rsin €; onpenenseTcs dopmynamm

Tj = Toj +Ujka Yj = Yoj — HKj,

Yo; — kxo; + kR
rae pj = = 1+]ig

ka (205, Yo;) NepeLuna B TouKy ¢ koopanHaTtamu (z,y) ,

. Mocne pedopmaunn Tou-
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onpeaensiemMbIMy ypaBHeHuaMH (2) npu ¥ = €;. Beegem
YHKUMIO

fi(u,w) = \/(95 —205)% + (¥ — v05)?,

gj(u7w) = fj(0,0).

Pasnoxum dyHKLMM gj(u, w) B psig Teinopa ¢ TO4Ho-
CTbIO O YNEHOB BTOPOro nopsaka ManocTu:

gj(u,w) = aju+bjw, jel:M,

_ 9g;(0,0) . 9g;(0,0)
r,qeaj—aiuj,bj—i

O6o3Hauum yvepes I' koHyc, onpeaensiemMbll HepaBeH-
cTBaMu
(8)

8w]—

aju+bjw <0, jel: M.
Mcnonb3ys cuctemy Maple MOXHO nonyunTb
a; = Reo(sin(a — €;) + sine; ),
bj = Reo(cos(a — €5) — cose;),
co = signum(sin o — sine; — sin(e; — @)).
3apava 06 ycTONYMBOCTY NOOKPENIEHHON apku CBOANT-

CS1 K MOUCKY MMUHMUMArnbHOro Y1cna A , Npu KOTOpoM Ba-
puaLvoHHas 3afada

J(u,w) =V —W = ;/ (v + u)?dd—
0

/Oa(u/2 — bu?)

UMeeT HeTpuBMansHoe pelleHune. 3aeck u3 (1) w’' = u,
1 napametp b xapakTepusyeT NoBegeHUe Harpysku no-
cre notepu yCToMyMBOCTH.

Mockornbky dyHKumoHan J(u, w) NonoxuTensHo
opHopopeH, (J(cu, cw) c2J(u,w)), TO MOXHO no-
TpeboBaTb, YTOOLI

A

2

d¥ — min
u,wel’

I
W= /[ (u?-b?)dy=1.
2 0
Takmm 06pa30M, nccnegoBsaHue yCTOVIHMBOCTM nog-
KpenneHHoOW apku CBOANTCH K BapuaLMOHHOM npobneme
n3onepumMeTpuyeckoro Tmna

1 «
V= 2/0 (u" 4 u)?dd — ur,?uiélr’ 9)
1 [ 1 5
W(u) = B (u®—bu®)dd =1 (10)
0

1 BbINoNHeHMto HepaBeHcTB (8). 3agady (8)—(10), no-eu-
OVMOMY, MOXKHO MCCNneaoBaTh NULLb YUCTIEHHBIMU METO-
Aamu. B cnyvae rpaHuYHbIX YCNOBUIM XECTKON 3aenku
uw(0) = u(a) = 0, ¥/ (0) = u/(«) = 0 ANsA KoHeu-
HOMEPHOM annpokcMauny ucnosnb3oBanucb pagsl Py-
pbe 1 MHTEPNoNAUMOHHbIE Kybudeckne cnnamHbl. [pu
annpokcumauum psgamu dypbe

- k)
w(0) = 2k sinL7

«
k=1



MaBectua Komn HayuHoro ueHTpa YpO PAH. Ne 6(52). Cepus «®Pusnko-matematudeckue Haykm». CboikTbiBkap, 2021

rpaHn4Hble yCnoBusA XKEeCTKOWN 3aJenku 6y/:1yT BbIMNOJTHE-
Hbl, eCinn I'IOTpGﬁOBaTb BbINOJTHEHNE PaBEHCTB

km
0, Z(—l)kzk; =0.

n

D

k=1

km

Zp— —

B cny4ae rpaHun4HbIX YCNOBUIM LUAPHUPHOrO ONMpaHus
u(0) u(a) = 0, u”(0) u'(a) = 0, w(0)
w(a) = 0 npuMeHanacb annpokcuMaLmst MHTeprons-
LIMOHHBIMM chnanHamu.

Hanuune orpaHnyeHnin HepaBEeHCTB CYyLLECTBEH-
HO YCINOXHSIET peLleHune 3agayn. B cnyyae annpokcuma-
LMW crinaiHamy ycrnoBue HeCKMMaeMocT u = w' yuu-
TbiBae€TCA METOAOM WTpadHbIX PYHKUMA. PyHKLUMOHAN

U 3ameHsieTca Ha
1 (o] «
/ (u” +u) / (u —w')?dd,
0 0

2
rae D — 6onbluoe yncno. Takum obpasom, noactaenss,
Hanpumep, pagbl ®ypbe B (9),(10), nonyyaem 3agady
HEeNMHENHOro NPorpaMMmnpPoBaHnS

U 2d19+2

2

f(z)= %(Gz,z) — min, (11)

o) = 5(Qz2) = 1, (12)

(ajz) <0, jel:m, zeR" (13)
[Ons pewenus 3agayum (11)—(13) npumeHseTca meTog no-
crienoBaTenbHbIX NPUGHKEHUIA: NMYCTb BEKTOP zg € T,
9(2z0) = 1 — HavanbHoe npubnuxexue. Mpeanonoxmm,
4To yKe nonyyeHa Touka 2z € I', g(zr) = 1. BBegem
MHoxecTBO ), = {z € I, (Qzx,2) = 1}. Hailpem

Touky Yy € €2 Takyto, uto f(yi) = Hé%zn f(2). Banee
2€Q

1
nonaraem 21 = g Yk Sk = /9(yx). Bonpocsbi cxo-
k

anmocTun anroputma obeyxpatores [20].
3. PesynbraThbl BblYMCIIEHUN

MpuBeaem pesynbTaTbl BbIYUCIEHUN.

Tabauia 1. 3HaueHuMe 06e3pa3MepPHOT0 KPUTUUECKOTO
[IaBJEHUS B 3aBUCHUMOCTYM OT YHCJA IMOSKPEIIAIOIINX
HUTEN [PU TI'PAHUYHBIX YCIOBUAX MKECTKOU BalesIKu,
HOPMAaJIbHOM ¥ IEeHTPAJbHOM HArpys3oK

Table 1. The value of the dimensionless critical pres-
sure depending on the number of reinforcing threads
under the boundary conditions of rigid embedding and
normal and central loads

oM 0] 2] 3 | 4
b = 1 cuna HanpaeneHa no Hopmanu K ocu apku
T 8,0 12,94 217 | 295
p

g 18,1 29,8 47,8 | 66,2

b = 2 cuna HanpaeneHa K LEHTPY KPUBU3HbI apku
T 10,6 14,0 228 | 30,6
2

?77 20,1 34,8 49,2 67,8
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Tabsmma 2. 3HaueHMe 0e3pasMEPHOTO KPUTUUECKOTO
nasienuss PR® /B B 3aBUCHMOCTH OT YMCJIA ITOJKPEILIA-
IOIIUX HUTEH NPU TPAHUYHBIX YCJIOBUSAX NIAPDHUPHOTO
OIMPaHNs, HOPMAJbHON U IEHTPAIBLHON HATDY30K
Table 2. Dimensionless critical pressure value PR*/B
depending on the number of reinforcing threads under
the boundary conditions of the hinge support for nor-
mal and central loads

aflM \ 0 \ 2 \ 3 \ 4
= 1 cuna HanpaBneHa nNo HopMarsnm K OCu apKku
T 3,0 3,0 5,6 13,6
2T
= 8,0 8,0 12,1 34,1
b = 2 cuna HanpaBneHa K LeHTPY KpUBU3HbLI apkiu
T 4,5 45 7,4 15,2
2T
2 9,2 8,0 13,47 35,2

PesynbraThl YUCNEHHbIX 3KCNEPUMEHTOB MOKa3bl-
BalOT, YTO Aaxe HebOosbLIOe YMCO BEPTMKANbHBIX HU-
TeW 3HAUUTENbHO YBEMNUYMBAET KPUTUYECKYIO Harpysky
npYMepHO B ABa pasa.

3aknrueHue

Takum ob6pa3oM, YNCTEHHbIE pac4eTbl NoKasanw,
4YTO gaxke Npu HeBOMbLUOM YKUCNe NOAKPENMAOLLMX HU-
TEen KpUTU4eckas Harpyska yBenvumBaeTcs NpyMepHoO B
ABa pasa. [pu cpaBHeHWUM pe3ynbTaToB, NPUBEAEHHbIX
B Tabn. 1, 2, MOXHO caenaTb BbIBOA, YTO HA BEMNUYUHY
KPUTUYECKON Harpysky CyLLeCTBEHHO BnuSeT Bug rpa-
HUYHBIX YCNOBUNA.
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AnbHoramusa

Pabora mocBsIeHa TEOPETUUECKUM OCHOBAM HU3KO-
YaCTOTHOM 3JIeKTPOMATHUTHON CIEKTPOCKOIUU, KC-
TMOJIb3YeMOH [JIsi HCCJAeNOBaHUSA MaTepUajaoB, OUO-
JIOTUUECKUX OO0'BEKTOB, SJIEKTPOXUMHUUECKUX CHUCTEM.
OnucaHa MeTOAWKA IIOCTPOCHUS JJIEKTPUUECKOH MO-
Ienu o0pasiia B Buie KJacCUUYeCKOM W 0000IIeHHOI
cxeMm Boiita. IlokasaHo, 4YTo aHAJIN3 TeOMETPUUECKOI
¢GopMBI BKCIEPUMEHTAJIBHOIO roforpada mMIiiegaHca
MIO3BOJISIET OIIPEAEJUTh KOJUUYECTBO 3BEHHBEB CXEMBI
Boiira, a TakiKe OIleHUTH 3HAUEHU S ITapaMeETPOB KaiK-
Ioro 3BeHa. PaccMoTpeHbI CIIOCOOBI IIepexofia OT Ia-
pamMeTpoB SKBUBAJEHTHON cxeMmbl (IC) K siieKTpuue-
CKMM XapaKTepucTmram obwrema martepuana. IIpen-
JIO’KeHBI TPU HOBbIe MHTETPaJbHbIE XapaKTePUCTUKU
HEOTHOPOAHOU cpeabl, B OC KOTOPBHIX MPUCYTCTBYIOT
BJIEMEHTHI IIOCTOSTHHOU (ha3hI.

KaroueBsie cioBa:

uMnedanc cneKmpocKonus, IK6UBALEHMHbLE CXeMbL,
08YyxnoacHuKY, modenv Boiima, aiemenm nocmosH-
HOU (a3bl, MHUMAA UMNEOAHC YACTMOMHAs XapaKme-
pucmuka

Abstract

This work deals with the theoretical foundations
of high-frequency impedance spectroscopy used for
the study of functional polycrystalline materials. A
method for constructing an electrical model of a
sample in the form of a classical and generalized
Voight scheme is described. The impedance hodo-
graph of the classical Voight scheme is an overlay of
semi-circles, from which geometric dimensions it is
possible to determine the parameters of the equiv-
alent scheme. It is shown that for inhomogeneous
materials, the considered semicircles are rotated rel-
ative to the origin of the complex plane and shifted
horizontally. To model such systems, it is necessary
to use a generalized Voight scheme, in which the
capacitors are replaced with elements of a constant
phase. The ways of transition from the “inconve-
nient” parameters of such two-poles to the electrical
characteristics of the material volume are consid-
ered. Three new integral characteristics of an inho-
mogeneous medium are proposed: the peak parame-
ters on the imaginary impedance frequency charac-
teristic (the frequency of the impedance resonance
and the half-width of the peak). Both values can
be determined without measuring the geometric di-
mensions of the sample. In addition, the “dielectric
loss correction factor” has been introduced, which
affects the horizontal offset of the impedance fre-
quency response.

Keywords:

impedance spectroscopy, equivalent circuit, bipolar,

Voight model, constant phase element, imaginary
impedance frequency response

BBepneHue

B Teopun naccuBHbIX OBYXMOMOCHUKOB Cylle-
CTBYIOT [Be OCHOBHble 3ajauun. lNpsivasi 3agava 3a-
KMoyaeTcsl B pacyeTe YacTOTHbIX M NepexodHbIX Xa-
pPaKTEPUCTUK 3MEKTPUYECKMX CXEM, Y KOTOPLIX BCE Ma-
pameTpbl M3BECTHbl. MeToab! pelueHust npsiMoi 3aaa-
yM NoapobHO onMcaHbl B MHOTOUMCIIEHHBIX YYeOHMKax
n 3agadHukax [1]. OBpaTHas anekTpoTexHuyeckas 3a-
Java 3aknyaeTcs B NOCTPOEHUU CXeMbl OBYXMOMoC-
HMKa (YEpHOro siLLMKa), eCNY N3BECTHbI €ro YacToTHbIE
XapakTepucTukm. HeobxoammocTb B pelueHun obpat-
HOWM 3a/ja4yM BO3HMKAET MpU NPOEKTUPOBAHUM aHaNoro-
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BblX (UNbLTPOB M ycunutenen [1], npu onpegeneHun
napamMeTpoB 3NeKTPOXMMMUYECKUX npoueccoB [2], npu
uccriegoBaHun marepuanos [3] U Guonormyecknx cu-
cteM [4] meTogoM umnegaHc-cnektpockonum (UC). MNo-
nes3Hy MHdopMaUMo NO pelleHnto obpaTHol 3agaudun
B 9MEKTPOXUMUN MOXHO HamTu B MoHorpadwmsax [5, 6].
B HacTosillee Bpems ANS pelleHus Kak npsiMow, Tak
n obpaTHoi 3agay MCMNonb3ylT KOMMbIOTEPHbIE MpPO-
rpammbl «EquivCrt» (B.A. Boukamp), «LEVM» (J.R.
Macdonald) n «ZView» (Scribner Associates Inc.). Hau-
bonee nNpoABMHYTLIM MHCTPYMEHTOM SABNSETCS, NO-BU-
aumomy, nporpamma ZView. lpu peweHun obpatHon
3a4a4n HeobxoouMo HamTn Hanbornee TOYHYHO AKBMBA-
neHTHyto cxemy (OC) «4epHOro siLmka». AToT npouecc
ocyLecTBnsieTca MeTogom npob n owmbok. B nporpam-
Me ZView TOYHOCTb MOAENW OLEHNBAETCS C MNOMOLLbIO
kputepueB Weighted Sum of Squares n Chi-Squared
(x?). Benmunny x2 paccuuTbiBatoT no copmyne [6]:

k

s (i —my)?
X - Z mi I

i=1

(1

roe k — Konu4ecTeo HabnoaeHW (ToYeK Ha KPUMBOW); 5
— pesynbTaT HabniogeHus; m; — oXxXugaemblii (TeopeTu-
YecKui) pesynbrar.

Mpu mMogenupoBaHuM umnegaHca obpasua cxe-
MO, cocTosiLLel U3 m pe3nctopoB (1) n n KoHOeHca-
TopoB (C), BblpaxeHue (1) npeacTtaBnsieT cobol dyHK-
umio napametpos 3C: x? = f(R; — R,,,C1 — Cy).
Mporpamma ZView BapbupyeT 3TV NapaMeTpbl U paccym-
TbiBAET X2 [0 Tex Nop, Noka He Mony4nT MUHUMAanbLHoe
3HaveHune kputepusi x2. Mpobnema paccMaTpMBaemoro
anropuTMa 3aKn4aeTCs B TOM, YTO (hyHKLMS Y2 B HEKO-
TOPbIX CRy4asax MOXET UMETb HECKOMbKO MUHUMYMOB. B
KayecTBe npumepa Ha puc. 1 npusegeHa 3C, y KOTOpOro
dyHKLMSA X2 nmeeT 3 MUMHUMYyMa.

R1 R2
C1 c2
— —_—
R3 c3
|_

Puc. 1. ITpumep mpobaeMHON 9KBUBAJIEHTHOI CXEMBbI.
Fig. 1. An example of a problem equivalent circuit.

Mepen nyckom nporpammbl ZView HeoGxoammo
3a4aTtb TOYKY CTapTa, T. €. Ha4arnbHble 3Ha4YeHUs1 napa-
meTpoB 3C. Nocne nycka nporpamma obHapyXuT 6num-
XanLnin MMHUMYM 1 BblAacT 3HadveHus anemeHToB OC.
WHorga nocne MameHeHns TemnepaTtypbl 0b6pasua Tou-
Ka cTapTa okasblBaeTca Gnvke K ApYroMy MUHUMYMY
x2. B Takux cnyuasx Habniogaetca siBreHue «nepe-
CKOKay», KOTOpoe uccrefoBaTernb AOMMKEH pacno3Hathb.
He eOWHCTBEHHOCTb pelueHWss 06paTHON 3NeKTpoTex-
HMYEeCKOWN 3aJayn NpOSBASETCA Takke B TOM, YTO Cy-
LLIECTBYIOT MaTEMaTUYECKM SKBMBANEHTHbIE ABYXMOJOC-
HukM (MBOL1), pasnuuatroLmecss CBOUMM MEKTPUHECKUMMU
CXeMamu 1 UmeroLmMe npu 3TOM OAMHAKOBbIE 4acToT-
Hble xapakTepuctukn. B pabote [7] cchopmynupoBaHsl
HeobxoouMmble M gocTaToyHble npusHakm M3, a Tak-
Xe AoKaszaHa MaTemaTnyeckas 9KBUBaNeHTHOCTbL Mofe-
nen Bowta n Makceenna. B anektpoxumuyeckon nure-
paType npu pelueHun obpaTHo 3agaymn oTaaeTcs npea-
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noyteHve mopenu BowTta, 4TO MO3BOMSET, BO-NEPBbLIX,
He akcnepumeHTupoBaTb ¢ AC pasHON CTPYKTypbl. Bo-
BTOpPbLIX, NPU NCMONb30BaHUN Modenu Bonta gocrartou-
HO NPOCTO KOHTPOMMPOBATL KOPPEKTHOCTL PaboThl KOM-
NbIOTEPHON NporpaMmmbl. B HacToswen paboTte nokasa-
HO, kak cneayet cTpoutb OC 1 BbIGUPaThL TOYKY cTapTa
AN nocrnefywmux KOMMbIOTEPHBIX BbIYUCIIEHUI, aHa-
nmnsmpysa opmy 3KCNeprMeHTanbHoro rogorpadga um-
negaHca obpasua.

1. Knaccuyeckas mogenb BownTta

Mpu MogenMpoBaHUM YacTOTHbIX XapaKTePUCTUK
cxemon Borta Heo6xoanMOo 3KcnepuMeHTarnbHble AaH-
Hble NC npeactaBuTb B Buae rpadmka B KoopavHa-
Tax (ReZ;ImZ), rne ReZ — BewecTtBeHHas, a ImZ
— MHMMasi COCTaBMSOLLME KOMMIEKCHOrO COMNpoTUBIE-
HMs (umnegaHca). MNonyyeHHas TakMMm cnocobom Kpu-
Bas HasblBaeTcsl rogorpadom umnegaHca wnv umne-
JaHcHon kpusol. Camu no cebe ReZ n I'mZ He ume-
0T Kakoro-nnbo 4eTkoro nanyeckoro cMmeicna. Bmecte
C TeM, aHanNU3Mpys reoMmeTpnyeckoe CTpoeHne rogorpa-
da, MOXHO onpefenuTb CTPYKTYPY SKBUBANEHTHON Cxe-
Mbl M ee HEKOTopble napameTpsbl. [TokaxeM 3To ¢ NoOMo-
LbtO puUC. 2, rae n3obpaxeHa Tpex3BeHHas cxema Bonta
W ee YacTOTHbIE XapakTepPUCTUKU, MOCTPOEHHbIE ANs 3a-
OaHHbIX NapaMeTpoB ABYXMOMOCHMKA B YCIOBHBLIX ean-
Huuax (y. e.).

R1 R2 R3
a) Cc1 c2 C3
6" ImZ
" /\/\/\
b) 2 1 1 1 L 1 L i n 1 2 1 2 i
S
)

=N

w

10 100 1000 nHz

Puc. 2. TpexsBenHas mozenb Boiita a), ee rogorpad um-
nexanca b) u MEUMas UMIIEJAHC YACTOTHAS XapaKTepu-
ctuka c). 'padpuku b) u ¢) mOCTPOEHBI IJIA CAETYIOIIUX
3HaUeHU# pes3uctopos: R = Ro = Rz = 10 y. e. u eMKo-
creii: C1 =3-107% Co=10"2%C3=3-10"° y. e.

Fig. 2. The three-link Voight model a), its impedance
hodograph b) and imaginary impedance frequency re-
sponse c¢). Graphs b) and c) are plotted for the follow-
ing resistor values: Ry = R2 = Rs3 10 a. u. and
capacities: C1 =3-1072; C, =1073; C3 =3-107% a. u.

MmnepaHc otaenbHoro 3seHa mogenu Bonta «R—
C» MoxHO paccuntaTb no cdopmyne [5,6]:

R

= — 2
1+ jwr’ @)

roe 7 = RC — nocTosiHHas BpeMeHw; j — MHUMas egu-
HMLA; w — KpyroBas YyacToTa.

B pa6orte [8] nokasaHo, 4To rogorpad nmnenax-
ca (2) npeacrtaBnsieT cOOON TOYHYHO MOSTYOKPY>KHOCTb
anametpom R. Ee ueHTp pacnonaraetcs Ha ocu abc-
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R
LUMCC N UMEET KOOPAMHATI: 5;0 . MmnepaHc gByx-
MOMIOCHMKA, B KOTOPOM 3f1EMEHThLI COeauHeHbl nocrie-
JoBaTerbHO, HAaXOAAT CYMMUPOBaHWMEM MMIMEaHCOB OT-
nenbHbIX 3BeHbeB Lienu. CocTasnsaLLmMe nmneaaHca n—

3BEHHOWN cxeMbl BonTta paBHbI [7]:

R
— 5 21 s ImZ =
waTf +1

n

ReZ:Z

n

_Z R;m;

2z

®PyHKUMK (3) Ha3bIBaOT «MMMEAaHC CNEKTPaMmy.
HanGonee uHdopmaTtuBHa 3aBucumocts —ImZ(w),
KoTOpas sIBMSIeTC «MHUMOMW UMMeAaHC YacTOTHOM Xa-
pakTepucTukom» (puc. 2c). Takum obpasom, UCnonb3o-
BaHWe KoMMrekcHol nnockoctn (ReZ; —I'mZ) nosso-
nsieT ceasatb cTpykTypy OC C reomeTpuyeckon cury-
poR, 4TO caenano NonynspHON AaHHY CUCTEMY KOOpP-
OvHar.

2. Obo6LeHHasa mogenb Bonta

OKcnepuMeHTanbHble rogorpadbl  MMMIegaHca
YacTo MMeloT Gonee cnoxHold Bug. Bo-nepBbix, no-
CTOSIHHblE BPEMEHW 3BEHLEB MOTYT OKasaTbCsA Onuskm
Nno BeNMYuHe, YTO MPUBEAET K HANOXEHUI0 OTAENbHbIX
NonyoKpy>xHocTel. Bo-BTOpbIX, cama MonyokpyXHOCTb
MOXET ObITb CMeLleHa No BepTMKanu U ropu3oHTanu.
Ha puc. 3 nsobpaxeH rogorpad mmnegaHca CIOXHO-
ro okemaa CaCusTisO12, pesynsraTbl UcCnenoBaHus
KOTOpOro npueeaeHsl B pabote [9].

-ImZ, kQ
30 T
20 10 kHz
O\C 1kHz
10 -
e
B @
0F
O L L
0,5 0,0 0.5 ReZ. kO
Puc. 3. OxcmepuMeHTAJbHBIM Trojorpad wummezaHca

CaCusTi4012, usMepeHHbII mpu Temmeparype 300°C
(TOUKM) M reoMeTpUUYecKue IIOCTPOEHUSA, IIO3BOJIAIONINE
OIIpeNeINTh IEHTPBI KPUBUSHBI AYroO0PA3HBIX YaCTeH
rogorpada. B pamre C mpuBeJeHa BBICOKOYACTOTHAS
yacTh rogorpada uMmnenaHca.

Fig. 3. Experimental impedance hodograph
CaCusTi4012, measured at a temperature of 300°C
(points) and geometric constructions, that allow to
determine the centers of curvature of the arcuate
parts of the hodograph. The high-frequency part of
the impedance hodograph is shown in frame C.

[ns onpepeneHunst LeHTpa KpMBU3HbI YT MOXHO
BOCMONb30BaTbCs U3BECTHOM TEOPEMOW, COrMacHO KOTO-
poi, niobble NepneHanKynspbl K Ayre nepecekarTcs B
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ee ueHTpe. Ha puc. 3 anemeHTbl rogorpada annpokcu-
MUPOBaHblI OTpe3kamu npaMon nuHuun. OT Kaxagoro oT-
pes3ka NpoBeAeH NeprneHankynap. HecnoxHo 3ameTuTb,
YTO BbICOKOYACTOTHas YacTb rogorpada umeeT UeHTp
KPVBM3HbI B TOYKE A, a HU3KOYaCTOTHas YacTb — B TOUKE
B. CneposatenbHo, cxema Boiita gormkHa cocTosTb U3
[OBYX 3BEHbLEB.

Mpn mogenupoBaHunM npouecca, Korga LeHTp
KPMBM3HbI UMMEOAHCHOW KPUBOW HaxoOWUTCA B HUXK-
HeW NonynrocKoCTU, HeOBXoANMO B COOTBETCTBYHOLLEM
3BeHe cxembl Borita nomeHsTb KOHOEHcaTop Ha ane-
MEHT nocTosiHHoi a3kl (C'PFE), uMneaaHc KOTOpPOro
paccuuTbiBaloT no copmyne [5]:

1
Tepr(jw)?  Toppw?

rae P — Ge3pasmepHblit napameTp, UMeLWwnii BENUYn-
Hy oT 0 no 1; Topg — NapamMeTpbl C Pa3MepPHOCTLIO
[(I)POMP—I;FP_QP—I]; o=
caCPE.

Mockonbky Zopr npu P 1 npeBpaltaetcs
B KOHZeEHcaTop C eMKOCTb0 T pE, TO MOXHO cuYMTaTb
C PE 0606LieHHbIM BMOOM KoHAeHcaTopa. B cooTeert-
CTBUMU C 3TUM B «0000LLIEHHOW cxemon BonTa» Bce KOH-
AeHcaTopbl 3aMeHeHbl Ha C' P E. Viccnenyem 4acToTHble
CBOWCTBA OTAENbLHOIO 3BEHa Takol Moaenu, obo3Hayae-

moro cumBonom: « R—C' P E». iMnegaHc aToro ABYyxXmno-
NOCHMKa paccunTbiBatoT No opmyne [5]:

_ RZepr R
- R+4+Zcpr 1+ jPwPRIcpr’

[Ons Bo3BeAgeHUA MHUMOW eduHWLbI B CTeNeHb
HeobxoouMOo ee 3anncaTtb B 9KCMOHEHLManbHON d)opme:

P
e

Mpw n3obpaxeHnn j u 5 Ha komnnekcHoi nnockocTy

nony4vMmM gsa eauHUYHbLIX BEKTOPA, Yron Mexay KoTopbl-

ZCcPE = expjp, (4)

T
-5 dasa umnegax-

®)

j =exp (jg) . CnepoBatenbHo, jP = exp (

MW B paamaHax paseH § = g(l — P) (puc. 4). Otcioga
nosny4aem nonesHyio popmyny: P =1 — gq MAe yron 5
HEeoBXOAMMO BbIPa3nTh B rpagycax.
-ImZ 1y 7s
- — P
J j D

Puc. 4. T'ogorpad umienanca, IOCTPOEHHBIH IO (OPMY-
e (5).

Fig. 4. Impedance hodograph built according to for-
mula (5).
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Takum obpasom, rogorpad umnegaHca (5) saB-
NSeTca TakkKe MOIyOKPYXXHOCTbIO, MOCTPOEHHOW B
noBepHyTon cucteme koopauHat (ReZs; —ImZs)
(puc. 4). MNMepexoa B nabopaTopHyo cUCTeMy KoopanHaT
(ReZ;—ImZ) ocywecTBnsieTca NOBOPOTOM CUCTEMBI
koopauHat (ReZs; —ImZs) Ha yron ¢ npoTuB 4aco-
Bon cTpenku. CrnegosaTtenbHO, rogorpad vMMnedaHca
(5) umeeT opmy Ayrv naeanbHOWM OKPY>KHOCTM, LIEHTP
KOTOPOW pacrionaraetcsi B HWXHEN MOmnyniockocTn u

) t7rP
279 6y )

MapameTp rogorpacha P MOXHO Takke paccuyu-
TaTb N0 TOYHOW bopmyne:

MMeeT KoOopaAuHaThbI: (

2 1—~2
P = — arccos ’y’
T 1+ 2

(6)

raey = OA

Mockonbky rpaduk dpyHkumm (6) goctaTodHo 6nu-
30K K NPSIMOM NUHUK, TO AN1s OLeHKM napameTpa P Mox-
HO BOCMOSIb30BaTLCA NPUONMKEHHOW dopmyron: P =~
. ToyHoe 3HayeHne P = v + nonpaeka AP, koto-
pasi Bcerga nonoxurernbHa u He npesbiwaet 0, 1(AP =
—0,006 + 0,375y — 0, 367+2).

Takum obpasom, 13 opmel rogorpacpa Ha puc. 4
MOXHO onpefenuTb ABa napameTpa umnegaHca (5).
OcTtaBLluiics napameTp T ¢ p g He BNUAET Ha hopmy MM-
negaHcHoOW KpuBon. [Ins ero onpegeneHnst Heobxoanumo
ncnonb3oBaTth POPMyny A MHUMOW UMNEeAAaHC 4acToT-
HOW xapakTepucTuku asyxnontocHuka « R—C'P E» [5]:

BEMUYMHA, NErKo n3Mepsiemas Ha puc. 4.

x sin ¢

—ImZ =R
mn 1+ 22+ 2zcosp’

()

rme z = w ' RTepEg.

Kpusasi —ImZ(x) B norapudpmMuyeckon Lukane
aprymeHTa x NpeacTaBnseT cob6on CUMMETPUYHBIN MK,
dopma KOTOPOro 3aBUCHT TOMNbKO OT a3kl ¢ (puc. 5).

-ImZAx)

04}
0.3
02

8.1

Puc. 5. MHUMBIe MMIIEJAHC YACTOTHBIE XAPAKTEPUCTU-
Ku asyxmnouiocHuka « R—CPE» (7), mocTpoeHHbIe IJIs
R =1 u ¢paset CPE ¢ (pan.): 1,5 (1); 1,2 (2); 0,9 (3);
0,6 (4) u 0,3 (5).

Fig. 5. Imaginary impedance frequency characteris-
tics of the two-terminal « R—-CPE» (5), constructed for
R =1 and phase CPF ¢ (rad.): 1.5 (1); 1.2 (2); 0.9 (3);
0.6 (4) and 0.3 (5).
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OyHkuma —ImZ(x) uMeeT MakcuMmym (Umne-
OaHCHbIV pe3oHaHC) npu £ = 1 unu Npu KPyroeon Ya-
cToTe )
P (8)

Takum obpasom, napameTp 1o pp MOXHO onpe-
OennTb, ecnn N3BecTHa YactoTa B Touke D Ha puc. 4.

BepHemca Tenepb K aKcnepumeHTanbHbIM AaH-
HblM Ha puc. 3. Heobxogumo onpeaenuTb KOOpAUHATHI
TOYKM NepeceveHns rogorpada c ocbio abeumce B obna-
CTU BbICOKMX YacTOT. OTOT Y4aCTOK MMNEAaHCHOW Kpu-
BOW BblAENEH Ha puc. 3 MPAMOYronbHUKOM, KOMUSA KOTO-
poro npefcTaBneHa Ha puc. 3 B pamMke B YBENUYEHHOM
Buae. JlnHeliHasa annpokcMMaums rogorpada B obnactu
BbICOKMX YaCTOT noKasana, YTo KoopAavHaTta TO4KU nepe-
CeyeHVs uMmnegaHCHOW KpMBOW C BeLLEeCTBEHHOW OCbio
paBHa =~ —250 OM. BTy 0COBEHHOCTbL MMMNeaHca y4uu-
ThiBaoT B OC noacoeguHeHneM K Lenu OOMOMNHUTENb-
HOro pesuctopa 7, B AaHHOM crny4ae oTpuuaTenbHOro
3Haka (puc. 6a). Bcnegcteue atoro rogorpad AByxno-
MNIOCHUKAa CMECTUTCS MO ropU3oHTanu BneBo.

Wmax = (RTC'PE)

r R
A —
CPE
a) ’
R1
R2 CPE1
>—
b)
R1
c
RzI CPE2
>_

c)

Puc. 6. 3BeHo o606mIeHHON Mozenu BoiiTa K0 KOppek-
THUPOBKY &) M IOCJe KOPPEKTUPOBKU pesucTopoM Ra b)
u xougercaropom C' c).

Fig. 6. The link of the generalized Voight model be-
fore adjustment a) and after adjustment by resistor R»
b) and capacitor C c).

Hepoctatkom 3C (puc. 6a) aBnsieTcs To, 4YTO OT-
pyLaTensHOE COMPOTUBIIEHNE T HAXOAMTCS B Lenu, OT-
BeYaloLlen 3a CKBO3HYK npoBoaumocTb obpasua. lMo-
atomy asyxnontochuk r - (R—-C'PE) (puc. 6a) cneayet
3aMEeHWTb Ha MaTeMaTU4YeCKN SKBUBANEHTHLIN OBYXMNO-
nocHuk R1—Rs - CPE1 (puc. 6b), Bocnonb3oBaBLWKCh
dhopmynamu n3 pabortsl [7]:

R1:R+T;R2:T(1+%);

2
%) ZcPE- 9)

M3 cpopmyn (4) n (9) nonyuum cBA3b Mexay na-
pameTpamu :

Zepgr = (1 +

R \?
Tepe1 = (R—i—r) Tepe; PL=P.
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MepeHoc oTpuuaTenbHOro pesucropa U3 Uenwu,
MoOenupylowen CKBO3HOM TOK, B LeMb, rae npoxoauT
TOMbKO TOK CMELLEHNS, AeNnaeT SNekTPUYECKyo Moaernb
hm3nyeckn KoppekTHon. B aToM cnydae Ry BNUSIET Ha
a3y nmnegaHca u yron AManeKkTpuyeckmx noTepb Lenm
Ro—CPE1. Mpu Ry < 0 TaHreHc yrna guanektpuye-
ckux notepb D aByxnontocHnka Ro—C'PE1 ymeHblua-
etcsl, a npu Ro > 0 — yBenuunBaetcs. ITo cnegyet us
dopmyrbl, nonyyeHHon B pabote [10]:

D = ctg % + RoToppiw! sin™? %. (10)

Takum obpasom, pesnctop Ry (puc. 6) ocyluecTs-
nseT KOpPEeKTUPOBKY AuanekTpuyecknx notepb B 3C.
Hepenko nMmnegaHcHas kpuBasi UMEET He MOCTOSIHHYHO
KPUBM3HY, KaK 3TO MokasaHo Ha puc. 3. B Takux cnyva-
SIX B 3BEHO MOXXHO BBECTU TaKXKE KOPPEKTUPYIOLLYIO EM-
KOCTb (CM. puc. 6), koTopas nHorga MoxeT ObiTb OTpu-
LaTenbHON.

3. Mepexopn oT napameTpoB ob6pasua
K XapaKTepucTukam cpeabl

Mpu nccneaoBaHUM 3NEKTPUYECKUX CBONCTB Ma-
Tepuanos o6paau,b| FOTOBAT B BUAe OUNCKOB C MITOCKO-
napannenbHbIMU CTOPOHaMM, Ha KOTOpble OObIYHO Ha-
HOCAT cepebpsiHble MW NNAaTUHOBbIE 3nekTpoabl. MoyTu
BCce napameTpbl AC 06pa3sLoB 3aBUCAT OT UX TEOMETPU-
Yyeckux pa3mepoB. B HacToseMm pasgene npeanoXeHsbi
MHTEerparnbHble XapakTepUCTUKU HEOQHOPOOHON cpenpbl,
mMogenupyemon obo6LeHHoM cxemown BoTa.

3.1. KoaghgpuyueHm koppekmupoeKku Ou3Jiek-
mpu4ecKkux nomepb

[MpoBepem Gonee nogpobHbIM aHanu3 dopmy-
nbl (10). ConpoTtuBneHne R nponopuyoHanbHO Tor-
LWMHe obpasua h n ob6paTHO NPONOpLIMOHArbHO MnoLa-
an ero noeepxHoctu S. Mapametp Topp1 PaBeH em-
koctu CPE npn P 1 vnn paBeH npoBoguMOCTM
CPFE npn P = 0. CnegoBatentHo, 1o pg1 nponopuu-
oHanbHo S 1 o6paTHO NponopuuoHanbHo h. Takum 06-
pasoM, Ro v Topp1 He SIBNAIOTCA XapaKTepUcTMKaMu
cpenbl. BMecTte ¢ Tem npu ux nepemMHOXeHUN reomMeTpu-
yeckue pa3mepbl 06pasua cokpalatotcs. Moatomy npo-
usseneHne Ry X Toppi SABNSETCA napamMeTpom cpe-
Abl C Heyao6Hoit pasmepHocTbio: Bpems! . PaHee Gbl-
no nokasaHo, 4To 6e3pa3mepHsbI napametp P He 3aBu-
CWT OT reomeTpuyeckmx pasmepos obpasua [10]. Ecnn
npoussefeHue Ry X T ppi BO3BECTU B cTeneHb 1/ P,
TO ero pasmepHOCTb CTAHOBUTCS paBHON BpeMeHu. [Mo-
ckonbky Ro X Topp1 MOXET UMETb Kak MONoXuTerb-
HbI, TaK U OTpULATENbHBIN 3HaK, TO Npoueaypa Bo3Be-
OeHns B gpobHylo cTeneHb ycrnoxHseTrcs. Hamu npea-
noxeHa chopmyna Aons pacyeta xapakTepUCTUKM MaTe-
pvana, yuutbiBatoLlas 3Hak peaunctopa Ra:

7 = sign(Rz) - (|Ra| - Topr)*' ¥, (1)

rae |Re| v sign(R2) = Ra/|Rz| — napameTpbl pe3ncto-
pa Ro (abconoTHoe 3HaYeHWe COMpPOTMBIEHUSI U 3HAK
CONPOTUBIEHUS COOTBETCTBEHHO).

Mbl pelumnu Ha3BaTb 7T «kO3PULNEHTOM KOp-
PEKTUPOBKWN ONINEKTPUYECKUX NMOTEPLY», TAK KaK 3TOT Na-
pameTp Bxogut B chopmyny (10). dnsmyeckmii cmbicn 7
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CTaAHOBUTCS MOHATEH, €CN BCMOMHUTL HEKOTOpble Mo-
noxeHus knaccudeckon pusmkun. B cucteme egunny Cr-
C3, KOTOpyH NCNONb3YIOT 4O CUX NOP B 3NEKTPOANHAMM-
Ke, yaenbHoe ConpoTUBMEHNE UMEET pa3MePHOCTL Bpe-
MeHun. [Napcenn o6bscHUN B3aMOCBSI3b YAENbHOIo COo-
NPOTMBMEHNS N BPEMEHMW C NOMOLLbIO MbICIIEHHOIO 9KC-
nepumeHTa No paspsgy KoHgeHcaTopa Yepes pesncTop
[11]. Yem Gonblue yaensHoe CONPOTUBMNEHNE MaTepua-
na, u3 KOTOpOro M3roToBMeH pe3ncTop, Tem bonbLue no-
TpebyeTca BpeMs Ha pa3pag koHaeHcatopa. Cnepgosa-
TenbHO, NapameTp T OTBEYAET 3a NOIMOLLEHNE 3HEPruu
BEeLLeCTBOM MpU ero nonspusauum.

3.2. Yacmoma umnedaHCHO20 pe3OHaHca
(wmaa:)

dopmyna (8) no ceoen CTPyKType pakThyecku
coBnagaet ¢ BoipaxeHueM (11). CnegoBaTenbHO, Wy
Takke SBMSETCA WHTerpanbHbIM napameTpoM cpegbl,
KOTOpbIV XapakTepU3yeT CKOPOCTb OTKIUKA CUCTEMBI Ha
aMneKTpoMarHMTHOEe BO3AeNCTBUE.

3.3. MonywupuHa nuka Ha MHUMOU umnedaHc
4yacmommHoUu xapakmepucmuke

LLinpuHa makcumyma Ha puc. 5 xapaktepumayeT no-
NSAPU3aLNOHHYI0 HEOAHOPOAHOCTL MaTepuana. Heobxo-
avMoe ansi pacyeta ypaBHeHWe nony4mm n3 opmyrbi
(7). BeicoTa nsobpaxxeHHOro Ha puc. 5 nvuka pasHa:

sin ¢
24 2cosp

tan f.

R 2

2

_ImZmaw = = (12)
—ImZ,,q, HE ABMNAETCA XapakTEPUCTUKON cpeapl, Tak
kak R 3aBMCUT OT reoOMeTpuYecknx pasmepoB obpasua.

MMycTb Ha Kpasix NOMOChbl YaCcTOT MHMMas 4YacTb
uMmnegaHca paBHa —glmZ 4, , TO€ KOHCTaHTa g < 1.
«MonywupuHon nmneaaHcHoro nuka» 6yaem HasbiBaTb
YacTHbIN cnyyaw nonocel npu g = 0, 5. 3 dopmyn (7) n
(12) nonyynm ypaBHEHUE, KOPHAMW KOTOPOTO SABNAOTCA

norpaHu4yHble 6e3pasmMepHbIe YacToThl L1 U To:
R Rz sin
gi tan - 14

2 2 1+a2+42zcosep’

Mocne npeobpa3oBaHus 3TO ypaBHEHUE NPUOG-
peTaeT cneaywoLwunn sua;

2(1 —
220K 11 = 0.mme K — 14 2079) o2 %. (13)
9
KopHu ypaBHeHus (13):
r1=K+vVK2-1,29=K—+K2-1.

[envm nepBbIN KOPEHb Ha BTOPOW U UCMOMb3yeM Bblpa-
xeHwue (7):

P
K+VvK?-1
xl_<w1> = + 7:([(4_,/](2_1)27
2 w2 K—-vVvK?-1

rae wy >> wg — FPaHNYHbIE YacTOoThlI.

YacToTHbIN Auanas3oH Awg, B KOTOPOM Haxo-
OUTCA MHMMas cocTaBnAwlLas uMmnegaHca uenn «fR—
C' PE», HeobxoanMo BblpasuTb B Aekagax:

2
wgzlog:—;:Fbg(K—i—\/KZ—Q. (14)
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Mpu pacyeTe NONYLWMPUHLI MMMEAaHCHOro Nika
Heo6X04AMMO UCNONb30BaTh CreayoLye ypaBHEHNS:

2
w0.5:ﬁlog(K+ \/Kg—l),

(15)

roe

P
K = 1+2COS2%.

M3 dopmyn (14) n (15) cnegyert, 4To LWUMPUHA NM-
neJaHCHOro nuka 3aBUCUT ToNbKo OT napameTpa P. Mpa-
duK 3aBucMMocTm (15) Ha puc. 7 MOXXHO MCMONb30BaTb
ANs oueHkM napameTpa P, ecnv MHUMasi MMnefaHc Ya-
CTOTHasl XapaKTepucTvMka u3BecTHa. [Ana AMCKPETHOro
cnyyas (P = 1) nonywwupuHa nuka paeHa 1,14 gex.

LN

02 04

Puc. 7. 3aBUCHMOCTD MOJAYIIIUPUHBI UMIIEAAHCHOTO IUKA
ot mapamerpa P.

Fig. 7. Dependence of the half-width of the impedance
peak on parameter P.

Takum obpas3om, TEOPETUYECKUA aHanu3 noka-
3an, 4To «HeyaobHble NnapameTpbl» obpasua Rs, Topg
n P (cM. puc. 6) MoxHo npeobpasoBaTb B MHTErpanb-
Hble XapaKTePUCTUKN HEOOHOPOAHOWN cpeabl T, Wiaqx W
Awy .5, BOCMONb3oBaBLUCh hopmynamu (8), (11) n (15).
Mpu aTOM He TpebyeTcs U3MepeHne reoMeTpUYHecKmX
pa3mepoB 0bpasua. bnarogaps atomy, obnerdyaertcs aT-
TecTauus MaTepuarnoB, KOTOpble UMEKT pasHbIA XUMU-
Yyeckui, hasoBbIN COCTaB M YCINOBMS CUHTE3A.

3aknrueHue

[pn NOCTPOEHUN SKBMBANEHTHBIX CXEM C MOMO-
LWbIO cneumanbHbIX KOMMbIOTEPHBLIX NporpaMmM Heobxo-
OUMO NpoBecTu aHanu3 opMbl rogorpada nMmnegaHca
obpasua. OTo NO3BOMSET ONPEAENUTbL CTPYKTYPY SKBU-
BalleHTHOW CXeMbl, YNCNO 3BeHbEB B mMoaenu Bowta u
MX Knaccuyeckui unu obobLUeHHbIM Bua. HecnoxHble
pacyeTbl NO3BOMSAOT OLEHWUTb YacTb NapaMeTPOB 3KBU-
BarieHTHOW CXeMbl, YTO MOMOraeT B BbIOOpe TOYKM cTap-
Ta Npu KOMMNbIOTEPHbIX BblYMCNeHnsX. Nocne onpeaene-
HUS BENUYMH BCEX NapaMETPOB 3MEKTPUYECKON Moae-
N HeoBXOAMMO NOMYYUTb U3 HUX MHTErparnbHble Xapak-
TepucTuku cpegpl. B pabote npegnoxeHsl Tpu obbem-
HbIX MapamMeTpa HeOQHOPOAHOro MaTepuana, B 3KBMBa-
NEHTHOW CXEME KOTOPOro MpUCYTCTBYHOT 3fIEMEHTLI MO-
CTOSIHHOM pa3bl. ATO obneryaeT arrectauunio pyHKUMO-
HanbHbIX MaTepUanoB, UMEKLMNX PasHbIA XUMUYECKUIA
COCTaB, CTPYKTYPY M YCINOBMKSA CUHTE3a.
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IIPABUJIA OJISI ABTOPOB
skypHaiga «HN3Bectua Komu HIT ¥YpO PAH»
cepun «PuU3NKO-MaTeMaTHYECKUe HAYKH»

JKypHan nybaukyer HayuyHO-aHAJIUTUUEeCKUe 0030pbl (00beM mo 1,5 1.J1.), OpUTHMHAJIBHBIE CTATHU
(mo 0,8 m.;n1.) u KpaTtkue coobirenud (o 0,3 1m.J1.) MO PA3INUYHLIM HaMpaBiIeHUAM PUBUKO-MaTeMaTHUe-
CKUX HayK.
01.01.02 OuddepeHninaaibHble YpaBHEHUA, TUHAMUYECKNE CUCTEMBI 1 ONITUMAJbLHOE yIIPaBJIeHUE
01.01.03 Maremaruueckas ¢pusuxa
01.01.04 T'eomeTpusa U TOMOJIOTUS
01.01.05 Teopust BepoATHOCTEH U MaTeMaTHUUYeCKas CTaTUCTHUKA
01.02.04 MexaHuKa AeopMUPyeMOTO TBEPAOTO TeJa
01.04.02 TeopeTuueckasa puanKa
01.04.07 dusuKka KOHAEHCUPOBAHHOT'O COCTOSHUA
05.13.01 Cucremublii aHanus, ynpasjieHue u o6paboTka nHbopMauu

CraThb¥ OOJKHBI OTPaXKaTh PE3YJIbTATHI 3aKOHUEHHBIX WM METOAUYECKM KOPPEKTHO BBITTIOJHEHHBIX
uccyienoBaHmil. VI3I0KeHNe MaTepraia JOJYKHO OBITH ACHBIM, JJAKOHUYHBIM U IIOCJIENOBATEIHLHBIM.

Hamnpagisasa cTaThio B Halll JKypHAaJ, Bel corsaraerech ¢ HamuM IloroskeHneM o my0IuKamuOHHOM
3THKe JKypHaJia (IpMBeJeHO Ha caliTe :XypHasia). Pemernue o my0bsuKanuy IPUHUMAETCA PeSaKIIMOHHOMN
KoJLIerueli :KypHaJa IIocje PelleH3uPOBaHUs, C YUIeTOM HOBU3HBI, HAYYHOM 3HAYNMOCTHY U aKTYaJIbHOCTH
IpeJCcTaBJIeHHbIX MaTepruasoB. CTaTbu, OTKJIOHEHHBIE PEIaKIIMOHHONM KoJerueii, IOBTOPHO He paccMar-
puUBaIoTCA.

K ny6aukanum TaksKe IPUHUMAIOTCA KOMMEHTapUU K paHee onmyOJMKOBAHHBIM paboram, mHGpOP-
MaIudg 0 HaYYHBIX KOH(pEePeHIUIX, PelleH3u Ha KHUTU, XPOHUKA COOBITHI HAYYHOM JKU3HMU.

Oo6urue Tpe6oBaHUA K 0(POPMIIEHUIO PyKOMHUCE

CraThb¥ IOJMKHBI COIMPOBOMKAATHCSA HAIPABJIEHMEM TOI'0 HAYUYHOTO YUPEKIeHHUS, TIle ObLIa BBITIOJ-
HeHa paboTa, a TaKKe dKCIEePTHBIM 3aKJIOUEeHNEM O BO3MOMKHOCTHU ONMMyOJMKOBAHUA B OTKPLITON IeUaTH.
B ciyuae oTCyTCTBUS BO3MOXKHOCTH IIPEACTABUTH SKCIIEPTHOE 3aKJ/IIOUeHHe, aBTOP (aBTOPHI) CTAThU MO-
TyT moAaTh 3asBjeHue Ha mpoBegeHue sKxcrnepTudbl B PUIL Komu HII ¥YpO PAH. Crarsa gosxkHa OBITH
MoATIICaHa BCceMU aBTopaMu (aBTOPOM) ¢ YKasaHueM (IIOJHOCTHIO) (haMUInuu, UMeHHU, OTUeCTBa, MecTa pa-
60ThI, cay:ke6HOTO TeaedoHa U e-mail. PeKoMeHayeTcs yKasaTh aBTOpPa, KOTOPHIH OyIeT BECTU IIePEeINCKY
C JKYPHAJIOM.

B pemakiiuio momaeTca PyKOINCHh CTAThY B ABYX SK3EMILISAPAaX — B MIEUATHOM U 3JIEKTPOHHOM BapH-
aurax. [Ipy mMOATOTOBKE 9JI€KTPOHHOrO BApUAHTA HPEANOYTUTEIbHEE NCIIOJIb30BATh U3JATEJIbCKUNA MaKeT
ETEX co cruneBsIM (aiiiomM cepuu (BBLIOXKEH Ha caiiTe 'KypHaJa). JJIeKTPOHHAd 1 OyMaskHas Bepcuu
CTAThU JOJI’KHEI OBITh UAEHTUYHEI. DJIEKTPOHHBIM BaAPpUAHT PYKOIIMCHA MOKEeT OBITh IPUCJIaH II0 3JeKTPOH-
HOIl TOUTe UK OTBETCTBEHHOMY peJaKTopy cepuu gromov(@ipm.komisc.ru uan Ha ajgpec peJaKIIOHHOM
kosteruu: journal@frec.komisc.ru. B ciydae ncmors30BaHNsa TEKCTOBOTO pegakTopa Microsoft Word for
Windows, Texct Habupaetcsa mpudgrTom Times New Roman, kerss 14, B oqHY KOJIOHKY uepe3 1,5 uuTep-
Baja, Ha cTpaHuiie gopmarom A4. ITo Bceii craThe MIPUPT AOJIKEH OBITh OMMHAKOBBLIM. IloJisg cTpaHmMIT
OopuUTHMHAJIa YCTaHABJINBAIOTCA CJAENYIONIMMU: JieBoe — 25 MM, BepxHee — 20 MM, mpaBoe — 10 MM, HUKHee
— 25 mmM. Texkcr craTbu HabupaeTcs 0e3 IPUHYANUTEIbHBIX IIEPEHOCOB, PA3PAAKU CJIOB He JOIyCKaloTCH.
B unciIoBBIX 3HAUEHUAX AECATUYHBIE PA3PALBI OTAEJAIOTCA 3anaTol (Hanpumep, 102,5). Ina cuenuanib-
HBIX CUMBOJIOB, TAKUX KaK rpeuecKkue OYKBBI, CTEIIeHb, YMHOMKEHUE U T. ., UCIOJb3yeTCs CTaHIapTHAasd
KOIMPOBKA, KOTopas o0ecleunBaeTcsa coueTaHmeM KjaBuil B nporpammve Word [Beraska | CumBou].

Cokpaliienue cjeayeT IPOBOAUTH IO KJIOUEBLEIM OyKBaM CJIOB B PyCCKOM Hamucanuu. IIpu mepBom
YIOMUHAHUM TEPMUHOB, HEOAHOKPATHO MCIIOJIB3YEeMBLIX B CTaThe, HEOOXOAWMO JaBaTh WX IIOJHOE Ha-
MMeHOBaHNe, U COKPAIleHne B CKOOKaX, B IOCJEAYIOIeM IIPUMEeHAs TOJbKO COKpalleHue. B 3arosoesxe
CTAThbM M AHHOTAIIUU COKPAIIEHUS He HCIOJb3yIOTCH.

Bce ncnosb3yemble, BKJIIOUAA OOIEIPUHATHIe, a60peBUATYPHI JOJKHBI OBITh PacIIU(POBaHbBI IIPU
nepsoM ynoMuHaHuK. He mJomycKaloTCA COKpaIlleHus, KpoMe CTaHAapTHbIX. Heo6X0oAMMO HMCIOJIb30BaTh
UCKJIoUnTeabHO equHuIlbl CY. O0beM miatocTparnuii (Tabauiibl, pUCYHKH, (OTO) B CTaThe HE MOJIKEH
mpeBbImaTh 5—7 1mT. KosnuecTBO mimrtocTpanuii B KpaTKUX COOOIEHUAX He MOJKHO IPEeBLIMATH 2—3
IIIT.

IlepBas crpanuna pykonucu odopMIIseTcs CIEIYIOIIMM 00pa3oM: B Hauajle CTaThbU yKa3bIBAeT-
cA WHIEKC YHUBepCcaJbHOU necATmuHOol Kiaaccuburaruu (YK); 3aTem mponucHbIMEU OyKBaMu IedaTa-
eTcs HasBaHUE CTAaThbU, KOTOPOE IOJIYKHO OBITh MaKCHUMAaJbHO KPATKUM, MHMDOPMAIIMOHHO €MKVUM U He
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coiep:KaTh COKpAIIleHUH; majiee CJAeAYIOT MHUIUAILI U (paMuanu aBTopoB. OTAebHOI CTPOKOI maer-
cs Ha3BaHUE YUPEXKAEHUA U ropoja (IJIs MHOCTPAaHHBIX aBTOPOB — TaKiKe cTpaHbI). [lajmee MpPUBOAUTCA
SJIEKTPOHHBIA agpec AJA MepenucKu. [Ipn HaIuuuy aBTOPOB M3 HECKOJbKUX OpPraHM3aIiuil Heo6X0mguMO
apabckuMu u@paMyu yKasaTh UX MPUHAIIEKHOCTb. Uepes OAUH IIOJYyTOPHBLIM HMHTEPBAaJ Jajiee CJIeay-
eT KpaTkaa anHoranud (8—10 cTpoK), B KOTOPO# KPaTKO OIMMCHLIBAIOTCS OCHOBHBLIE Pe3yJbTAThl PaOOTHI.
ITocne aHHOTAIUY Yepes MOJYTOPHBINA MHTEPBaJ IPUBOAATCA KJaroueBble cioBa (no 10). [Hamee uayT Ha-
3BaHUeE CTaThU, aHHOTAIUS 1 KJIIOUEBbIE CJI0BA HA AHTJINNCKOM s3bIKe. AHTJIMIICKaA aHHOTAIuA 00 beMOM
(mo 2000 meuaTHBIX 3HAKOB WJM 1 MAIIWHOIKMCHASA CTPAHUIIA) AJIA YATaTeel, He BJIaJel0IUX PYCCKUM
SBBIKOM, JOJIXKHA CTaTh HE3aBUCHMBIM HCTOUYHMKOM uH(popMmamuu (IIepecKkasoM craTbi). B Tex ciyua-
X, KOTJA TEKCT CTaThU IOJeJEeH Ha pasfesibl, aBTOP MOKET IMONOOHBIM 00pasoM pPasAeUuTh M TEeKCT
amHOTanMu. PeaKoJlIerus IpoBepsaeT KaueCcTBO aHIJIMIICKOI0 TeKCTa M BHOCUT HeoOXOoauMble IpaBKu. Bo
ns3berkaHre pasHOUTEHUII aBTOP B OTAeJIbHOM (hailjie IpeacTaBiIsgeT PYCCKUHM TEKCT, II0 KOTOPOMY OBII
MIPOM3BeIeH IIePeBOo] PaCIINPEeHHON aHHOTAIIUMN.

Ta6auibl TOIKHBI OBITH COCTABJIECHBI B COOTBETCTBUU C MIPUHATHIM CTAHIAPTOM, 03 BKJIIOUEHUA B
HUX JIETKO BBIYMCJIAEMBIX BeJInuyuH. TabJIuIbl HJOKHEI ObITh OT(HOPMATHPOBAHBI OJUHAKOBBIM 00pasoMm,
MIPOHYMEPOBAHbI B MOPAAKE MX MOABJIEHUS B TEKCTE, UMETh TeMaTHUYeCKUil 3arojoBok. Kamkgas Tabiau-
Ia IpegoCcTaBjsieTcsa HA OTAEeNbHOM crpamuie. [IlupuHa TaGAUILI HOJMKHA ObITH a0 90 MM (Ha omHY
KOJIOHKY), Jaubo 185 MM (ma aBe KoaoHKM). TexcT B Tabauiie HabupaeTca mrpudrom Times New Roman,
Kersbp 9-10, uepes aBa muTepBasia. CoxpallleHle CJIOB B ITalKe TaOJMUI[ He AoIlycKaercs. IlycTeie rpa-
(bl JOMKHBI OBITH 3aMEHEHBI YCJIOBHBIMHU 3HAKaMM’, KOTOPBbIe OOBACHAIOTCA B MpUMedYaHuu. ETMHUIIBI
U3MepPEeHUsA Tal0TCA Uepes 3alATyIo: Macca, I'. Ecim Tabauiia B cTaTbe OfHA, TO MOPAAKOBBIM HOMED He
craBUTCA U cJI0BO «Tabsmia» He muIeTcA.

PucyHku npencTaBisIOTCA IPUTOAHLIMU IJIs HEIIOCPEACTBEHHOrO BOCIIPOU3BEAEHUs, MOSACHEHUI K
HUM BBIHOCSATCS B IIOJPUCYHOUHBIE IMOAINCH (32 UCKJIIOUEHNEM KPAaTKUX Mu(GPOBLIX NIN OYKBEHHBIX 000-
3HAUEHUI), OTAEeNbHLIEe (hpaTMEeHTHI 0003HAUAIOTCS apabcKuMu nudpaMu min 0yKBaMu PyCCKOTO andaBu-
Ta, KOTOPbIE PACIIN(POBBIBAIOTCA B IOAPUCYHOUHBIX MOANUCIX. IIogApUCYHOUHBIE MOAINCH IPUIATAIOTCS
oTmenbHo. KarKablii PUCYHOK MOJI?KEH COIPOBOMKAATHCS IIOAMMCHI0 HA PYCCKOM UM AHTJIHMCKOM S3BIKAX
(aHrJIMHCKasA MOANNCH JOJI*KHA COOTBETCTBOBATH PYCCKOIN).

I'padura momxHa 6bITh mofgroroBieHa B dopmarax EPS, PNG, PDF uau JPG u mpencrasieHa
otmenbHbIMU (hatiaamu. Pacimupenus (aiioB HOJMKHBI COOTBETCTBOBATH MX THUIY. PUCYHKH B TEKCTe
yIIOMUHAIOTCS KakK ,, puc.” ¢ yKasanueM HoMmepa (puc.1).

PacTpoBble PUCYHKU AOJIKHBI COXPaHATHCA ¢ pasperneHueM He meHee 300 dpi (Touek Ha qroiim)
st pororpaduit u He meHee 600 dpi (Touex HaA AIOMM) IJIA OCTAJIBHBIX PUCYHKOB (UepPHO-GEJIBIM).

ITupuua puCcyHKOB JOJIXKHA OBITH 11100 90 MM, 1160 185 MM, a BeicoTa — He 6osee 240 mm. IIIpudT
OYKBEHHBIX U ITU(PPOBLIX 0003HaUeHn Ha pucyHKax — Times New Roman, kersab — 9—10. JIunum 101K HBI
OobITH apruMu (4-5 pixel). Cienyer usberaTb OTTEHOUHBIX 3aJIMBOK CEPOTO U YEPHOTO IIBETOB.

KakapIii pUCYHOK MOJIXKeH OLITH BRIMOJIHEH Ha OTAeJbHOM cTpaHulie. Ha o6paTHO# cCTOpOHE PUCYH-
Ka IPOCTHIM KapaHJAIIIOM WJIM PYYKOM yKasbiBaeTcs: (haMUINSA IEPBOTO aBTOPA CTATHU X HOMED PUCYHKA.

B TekcTe UTMPOBAHHYIO JIUTEPATYPY CJIEAyeT IPUBOAUTH TOJBKO IMUMpPaMU B KBaJpaTHBIX CKOO-
Kax. COoucok JuTepaTyphl AOJKEH OBITH IIPEACTABJIEH HA OTAEJbHON CTPAHUIIE W COCTABJIEH B IOPATKE
YIOMUHAHUA NCTOYHUKOB B TeKCTE€ B COOTBETCTBUM C IpuMepoM (cM. Hm:Ke). CChIIKM Ha HEOMyOJIMKO-
BaHHBIE Pa0OTHI He JAOIYCKAIOTCS.

ITocme Cnucka jauTepaTyphl pasmelnaercsa References — mpucraTefHBIH CINCOK JUTEPaTyphl B
TpaHcauTe (Ha JIaTUHUIIE) M B KBaJPAaTHBIX CKOOKax IepeBOl HA3BAHUA CTATHUM W JKypHAaJa Ha aHTJIUH-
ckuii aA3nik. References moBTOpseT B IOJHOM o0BbeMe, ¢ TOH ke mymepamueii Coucor JluTepaTypsl Ha
PYCCKOM sI3BIKE, He3aBUCHUMO OT TOT'0, UMEIOTCA JI1 B HEM MHOCTPAHHbIe UCTOYHUKU. Ecau B CIUCKe eCcTh
CCBLLIKY HA MHOCTPAHHBIE MyOJUKAIINN, OHU IIOJHOCTHIO MOBTOPAIOTCA Kak B CIMCKe JTUTepaTyphl, TaK 1
B References.

Cuoucok aurepatrypbl u References odopmisercs mo HuKenpuUBeIeHHBIM IpuMepaMm (ciexyer 06-
paTuTh 0cob00e BHMMAHUE Ha 3HAKU IPENUHAHUI):

Coucok JuTepaTyphl:

1. Heanos H.H. HazBauue cratvu // Haspanue xyprana. 2005. T. 41. Ne 4. C. 18-26.

2. Ilempos II1.II. HasBanue xuuru. M.: Hayka, 2007. OG6iiee umcao cTpaHUI[ B KHuUTe (Hampumep,
180 c.) miu KOHKpeTHas cTpaHuiia (Hampumep, C. 75).

3. Kasaxos K.K. HazBaume nuccepramuu: [{uc. kaun. 6uoa. Hayk / HasBanue macturyta. M.: 2002.
164 c.
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1. Ivanov I.I. Nazvanie stat’i [Article title] // Nazvanie zhurnala [Journal title]. 2005. T. 41. No. 4.
S. 18-26.
2. Petrov P.P. Nazvanie knigi [Book title]. M.: Nauka, 2007. O61iee uncJjio CTpaHUIL B KHUre (HaIlIpu-
mep, 180 p.) uau KOHKpeTHas cTpaHuila (Hampumep, p. 75).
3. Kazakov K.K. Kazakov K.K. Nazvanie dissertatsii [Dissertation title]: Dis. kand. biol. nauk/
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IIpu Hammumu GOJILIIIOTO KOJMYECTBA aBTOPOB B CIIMCKE JIMTEPATYPhl YKA3BIBAIOTCA BCeE.

st TpasCcaIuTEpALUY CIIMCKA JIUTEPATYPhI YA00OHO MCIIOJIb30BATh HHTEPHET-pecypc http://translit-
online.ru/.

IIpu HeCOOMIOHEHUHU ITUX NMEPEYMCIEHHBIX IMMPABUJI, CTaThd HE PAacCMATPHUBAETCS PeJaKIUMOHHOI
KoJLIerueil, a BO3BpallaeTcss aBTopaM Ha JOpadoTKy.

Pepaknua npuwHUMAaeET AJA OMYyOJMKOBAHUWS CTATbM Ha AHTJIMICKOM fA3bIKe (OpUTHMHAJIBbHBIE, JIH-
00 mepeBeleHHbIe Ha aHTJINHACKUNA SA3BIK MPO(EeCcCUOHAIBHBIM IepeBogunKom). Takue pyKOMuUcHU caeayer
COIIPOBOMKJATh aHHOTAIIMEHN, MOANNCAMY K PUCYHKAM M Ha3BaHUAM TaOJIUI[ Ha PYCCKOM SBBIKE.

Bce craTbu mpOXOLAT peIleH3MPOBAaHUE U, B CIydae HEOOXOAMMOCTH, BO3BPAIIlAaIOTCA aBTOpPaM Ha
IopaboTry. PerensupoBanue cTaThby 3aKpbITOEe. BO3MOIKHO MOBTOPHOE U MTapajjieibHOE PelleH3uPOBaHNUE.
PegaknuonHas KOJJIETHs OCTABJSET 3a cOOOM IpaBoO pemaKTHpPOBaHUs cTaThbu. CTAaThU IyOJUKYIOTCA B
MOpPAJKEe OUePeJHOCTH, HO IPU 3TOM YUUTHIBAETCA UX TEeMaTUKa U aKTyaJlbHOCTh. PelaKIMOHHAA KOJI-
JIETUA COXPAaHAET IEePBOHAUAJIBHYIO HATY IOCTYILJIEHUS CTAaTbW, &, CIEIOBATEIbLHO, U OUYEPESHOCTDH ITyD-
JUKaINM, IPU YCJIOBUM BO3BPAINEHUA €€ B PEJAKIIMOHHYIO KOJIJIETHUIO He MOo3AHee, 4yeM ueped 1 mecslr.
KoppekTypy IPpUHATON B IeUaTh CTATHU PeJaKIIMOHHAA KOJIJIETUs MHOTOPOAHUM aBTOPaM PacChLIaeT II0
e-mail. ABTOp B TeueHre 5—7 mHeH NOKEH BEPHYTH €€ B PEJaKIIMOHHYI0 KOJIJIETHIO UJIN IIePefaTh IPaBKy
10 yKasaHHOMY TeJedOoHy WM 9JeKTPOHHOMY aapecy (e-mail) pegakImOHHON KOJIJIETHUH.

Marepuainnl, onyb6ankoBanuble B KypHaste «MsBectusa Komu HIT ¥YpO PAH» cepuu «Pusuko-
MaTeMaTUdyecKue HayKu», pasmerniaorea B PUHII, a Tak:xke ma catite @MU Komu HIT ¥YpO PAH
http://www.ipm.komisc.ru

CrarbaM, ony0auKoBaHHEIM B :KypHase «MsBectus Komu HIT ¥YpO PAH» cepun «Pusuxo-mare-
MaTU4YecKue HayKu», npucBauBaerca DOIL.

B CJIiy4yae OTKJIOHEHMA MaTepuaJia PYKOIINCHU, IIPUJIOKEHUA U OVMCKHN He BO3BPAaIlalOTCA.

Pykomnucu crareil IpoCTHIM IINCHMOM HAIMIPABJIATH IO afpecy:
OTBeTCTBEHHOMY pemakTopy cepuu «PU3NKO-MaTeMaTHUeCKre HAyKU»
sxypHasa «M3Bectua Komu HIT ¥YpO PAH»

T'pomoBy Hukosawo AjlekceeBuuy

167982, r. CeIKTBIBKAD, ya. KoMMyHHCTHUECKAd, O. 24,

E-mail: gromov@ipm.komisc.ru
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