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Abstract

The Stiickelberg equation for a particle with two spin states,
S = 1and S = 0, is studied in the presence of an external
uniform magnetic field. In relativistic case, the particle is de-
scribed by an 11-component wave function. On the solutions
of the equation, the operators of energy, the third projection
of the total angular momentum, and the third projection of the
linear momentum along the direction of the magnetic field are
diagonalized. After separation of variables, we derive a sys-
tem for 11 functions depending on one variable. We perform
the nonrelativistic approximation in this system. For this we
apply the known method of deriving nonrelativistic equations
from relativistic ones, which is based on projective opera-
tors related to the matrix Iy of the relativistic equation. The
nonrelativistic wave function turns out to be 4-dimensional.
We derive the system for 4 functions. It is solved in terms
of confluent hypergeometric functions. There arise three se-
ries of energy levels with corresponding solutions. This re-
sult agrees with that obtained for the relativistic Stiickelberg
equation.
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Introduction

In previous paper [1], we studied the relativistic Stlick-
elberg tensor system (see the references in [1]) of 11 equations
in presence of the external uniform magnetic field. The rel-
ativistic particle is described by 11-component wave function,
consisted of scalar, vector, and antisymmetric tensor. On so-
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AHHOTaLMA

YpaeHeHue LiTiokenbbepra pns yactuubl ¢ [BYMS CMHOBDI-
Mu coctoaHusMu S = 1, S = 0 uccnepyercs B npucyT-
CTBMM BHELWHEro OAHOPOJHOIO MarHuTHoro nonsi. B pens-
TMBUCTCKOM CNyyae yacTuua onucbiBaetcs 11-KoMnoHeHTHoM
BONHOBOM hyHKUMeii. Ha pelieHusix guaroHanusupyiorcs one-
paTopbl 3Hepruu, TpeTbend NPOEKLUN NOSHOro YINOBOr0 Mo-
MEHTa W TPeTbeil NPOeKLUU NMHEHHOTo MOMEHTa BAOMb Ha-
npaBneHus MarHuTHoro nons. Mocne paspeneHvs nepeMen-
HbiX nonyyeHa cucteMa ana 11 hyHKLMIA OT OQHONM NepeMeH-
HOW. B paHHO# cucTeMe BbINONHEHO HepensSTUBUCTCKOE NpU-
6nkeHue. Npu aTOM NpUMeHsIeTCS M3BECTHbIA METOR, Monyye-
HUS HepensTUBUCTCKUX YPaBHEHUI W3 PensiTUBUCTCKUX, OC-
HOBaHHbIA Ha NPOEKTMBHbIX OMeparopax, CBA3aHHbIX C Mar-
puuei I’y penatuBuctckoro ypaBHehus. Hepenatueuctckas
BONHOBas (hyHKLMS OKa3biBaeTca YeTbipexMepHoit. MonyueHa
cucTeMa Aang uetbipex (yHKuMiA. MlocTpoeHbl ToUHble pelue-
HUS B BbIPOXAEHHbIX rUNepreoMeTpuUeckux thyHKuusx. Haii-
[eHbl TPU CEPUM IHEPreTUUECKUX YPOBHEA, UTo cornacyercs
pesynbTaToM, NoNyYeHHbIM ANs PeNSTUBUCTCKOMO YpaBHEHUS
LTiokenbbepra.

KnioueBble cnosa:

Yyactuua UJTwKenbﬁepra, HepenaTMBUCTCKoe ﬂpMﬁﬂM)KEHME,
MarHuTHoe nose, NPOEKTUBHbIE OMepaTopbl, TOYHbIE peLleHus,
CBfi3aHHble COCTOSAHUSA

lutions there are diagonalized operators of energy, the third
projection of the total angular momentum, and the third pro-
jection of the linear momentum along the magnetic field di-
rection. After separating the variables, the system of 11 radial
functions was derived, and it was solved in the terms of con-
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fluent hypergeometric functions. Three series of the energy
levels are found.

In the present paper we study the non-relativistic approx-
imation for this problem. We apply the well-known method
(see [2-4]) from the general theory of relativistic wave equa-
tions, based on the minimal equation for the matrix I'g (in
the model under consideration, it is an 11x11-matrix). This
minimal equation allows us to introduce three projective op-
erators Py, P_, Py and then expand the wave function into
three components: ¥ = ¥, + W_ + ¥, From the gen-
eral theory it is known that when obtaining the nonrelativistic
approximation the components W _ and W should be consid-
ered as small, and W — as large ones. Only the component
W enters the nonrelativistic equation. The nonrelativistic
wave function turns out to be 4-dimensional. We derive the
radial system for 4 functions. It is solved in terms of confluent
hypergeometric functions. There arise three series of energy
levels with corresponding solutions. This result agrees with
that obtained for relativistic Stiickelberg equation.

1. Nonrelativistic approximation and projective
operators

We start with the matrix I"g of the basic Stiickelberg equa-
tion (see [1])

\
—

—_
—_
—

1‘\0

Soococococococor~d
coocococoococoo
coococo~ooooo
cooco~oooooo
coo~ocoooo0oo
coococococool oo
coococococol coo
coocococol cooco
cococococococooo
coocoococococooo
cococococococooo

(M
It obeys the minimal equation I'(I'2 + 1) = 0, which permits
us to define three projective operators

1
Py=1+T% P =P, = 5ir(ir +1),

1
P=P = iiF(iF -1) (2)
with the properties
P =P, P;=P., P>=P_,

Poh+Pr+P_=1.

In accordance with this, the complete wave function may be
decomposed into the sum of three parts

T =0, +U_+ T,
U, =P, U, U_=P U Ty=PT. (3

It is known from the general theory that in nonrelativistic ap-
proximation the component W should be considered as a big
one, whereas the components ¥ _, Uy — as small ones. We
readily find their explicit structure:

1
v, = 5(H W, i(H — W), Wy — iEy, Uy — iEs,

t
Us—iBs,i(V1—iEL),i(Va—iBy),i(Vs—iEs),0,0, 0)
= (LOa iLO7 Ll; L27 L37 iLla iL27 iL37 07 Oa O)t7

1
U= §(H+i\110, Ci(H 4%, Uy +iBy, o + i Es,

U3 +1E3, 77;(\1’1 + iEl), 72.(\112 + iEg),
t
—i(\l/g—i—iEg),0,0,0) -

= (507 _Z'SO, Sl? 527 537 —i51, _iS27 _iS37 07 07 O)t7
QO = (0305 070>07070705 Bl>B27B3>t7 (4)

where ¢ stands for transpose. We have introduced special no-
tations for big and small functions.

Because when solving the relativistic problem [1], we used
the cyclic basis, now we also should transform big and small
component to this basis. Because all blocks of the matrix I'°
preserve their form in cyclic basis,

A% =(1,0,0,0)", —-G"=(-1,0,0,0),
0 0 0 000

o (=1 0 0 00 0
E=10 -1 0 00 0l
0 0 -100 0
0100
0010
o oo o1
L"=10 0 0 ol
000 0
000 0

we conclude the rule for obtaining big and small components
remains the same in this known basis:

p():l—i-f%,

_ 1 - _ _ 1 - _

The formulas (4) may be written in more convenient variables
as follows:

v, = %(h —ihoyi(h — iho), h1 — iE1, ha — iEs,
hs—iBs,i(h1—iEy), (hg—iEg),i(hg—z'Eg),0,0,0)t:
= (Lo,iLo, L1, L2, L3,iLy,iLo,iL3,0,0,0)",
U= %(h + iho, —i(h + iho), h1 + iE1, ha + i Ea,
hs +iBs, —i(hy +iBy), —i(ha + iEs),

—i(hs +iE3),0,0, o)t _
= (So, —iS0, S1, S2, Sz, —iS1, —iSa, —iS3,0,0,0)",

Uy = (0305 0,0,0,0,0,0, Bl>BQ7B3>t' (5)
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Hence we can derive inverse expressions for initial vari-

ables through big and small components:
1 1
h = §(L0+50)7 ho :Zg(Lo—So)a

hi= S (Lit S, Bi=ig(Li— S0,

i=1,2,3.

Now we turn to relativistic system of equations (see in [1]),

collecting them in 4 pairs and one triple:

1 Br2+2m—2
ichy — ikhy + gy (B 2m =2

T e
- \}éhé - (Brzg—\/z;mh:% = —ph,

—ich — ikEs + \}EE; - W&—
- %Eg - WEB = pho;

1 m + Br?/2 1
[ ey ARy /0N
V2r Noas
(Br? +2m) ) .
2 A By kB + ieE) = uhy,
Vol 2 3 1= phy

Sl

1 ., (Br?+2m) ,
+—=hg + ——F~=—Fho — ieh1 = pFy;
\/ﬁ 0 2\/§T 0 1 2251

1 Br? +2 2
ikh +ieBy — g — BT m+2)

RS el vy >
\@ 2\/57" !
1 (Br? +2m — 2)

— — B+ ~———— B3 = pho,

—ikho — iehg = MEQ;

1 m + Br?/2 1

Sy VL A Ry T

V2 V2r V2 P

Br? 42

WBQ +ikBy + icEs = phs,

1 Br? +2m ,
_\ﬁ o+ W}lo —iehg = pLEs;

1., Br?+2m

—hy + ————ho + ikhy = uBs,
\/52 2\/% 2 3 = UDy

1 Br2 +2m
—ikhy — —=hly — ————hy = uBs,
NG o2 2T M

+ih’ _Br2+2m—2
V2 ! 24/2r

1 Br? 4 2m +2
+ %hé + Whi’) = ubBs.

hi+

+B7"2—i—2m—5—1d/13

Eliminating the small components B, Bs, B3 with the help
of three last equations we get

BrZ+2m—2
2\@7‘

Br2 42 2
—ieho— hl_ikhz_w
2V2r
1 dh 1 dhs

i e R Y
+\@dr V2 dr pit

hs+

1 dEy Br?2+2m—2
Cieh — ikEy 4 —- 271 2T em
V2 dr 2V/2r
1 dBEs Br?+2m+2

B E dr 2\/§r

E—

E3 = pho;

(Br? 4+ 2m)pu
2V/2r
—B%r* + (—=8k? — 4Bm)r? — 4(m — 1)?
N (o882 = 4Byt = =
(Br? 4+ 2m)ik
Qﬂr
B2%r* + 4B(m + 1)r? + 4m? — 4
+ hs—
8r2
Cpdh | Tdn ik dn
V2dr  2r dr /2 dr
1dh  1d%hs _ o,
2 dr2 T2 a2z M

Z'GILLEl —

ha+

2r dr

(Br? +2m)

K . p dhg 2
———— —ho —ieuhy +
2\/§T 0 pmha

il Y
\/i dr H 1,
. . (Br? + 2m — 2)ik

Es + ikph — hi—
ienFEs + ik >var 1
Br? 4 2m)? Br? 42 2)1
(Br +2m) h2_( T4+ 2m + )zkh3+

4r 2\/57"

ik dhy  1dhe ik dhy = d*hs 9
_— _ = h
+\/§ dr v dr /2 dr g T

—ikpho — iephy = p2Ea;
(Br? +2m)p
2\/57“

B%r* +4B(m — 1)r2 +4m? — 4
+ 2 hi+

1epbg —

(Br? + 2m)ik

ho+
2v/2r 2

+—B27‘4 + (—8k? —4Bm)r? — 4(m + 1)?

ik dha

V2 dr

32 ha+

/2 dr 2r dr
1 dng
2r dr

w dh Br2+2m—1@_

l d?hy
2 dr2

2 d'l"2 _:u/ 3
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(Br? 4+ 2m)u wodho 2
2/2r V2 dr >

Let us take into account the formulas (2), this results in
pair |

ho — ’i€/Lh3 —

Br? +2m —2
2\@7‘

Br? 4 2m +2
2\/57“

1 d(Ls+ Ss)

(Lo — So) — (L1 + S1)—

—ik‘(Lg + 52) — (Lg + 53)+

1 d(Ly + S1)

V2 dr V2 dr

—G(Lo + So) — ’Lk‘(LQ — 52) +

= —u(Lo + So),

1 d(Ly = Sh)

V2 dr

d(L3 — S3)
dr

Br2+2m—2
2\/57“
Br24+2m+2

2\@7‘

(L1 —51) —

Sl

(L3 —S3) = u(Lo — So);

pair Il

2
ep(Ly — §y) = B 2mn

2\@7"
—B?rt + (—8k? — 4Bm)r? — 4(m — 1)?
_I_
8r2
(Br? + 2m)ik
2/2r
Bt +4B(m + 1)r? + 4m? — 4
+
8r2
_mdLotS)  1d(litS)
V2 dr 2r dr
ﬁd(LQ + Sg) n Br2+2m+1 d(Lg + 53)+
V2 dr 2r dr
1d*(Li+S1) | 1d*(L3 + S3)
2 dr? 2 dr?
(Br? +2m)u
~———— (Lo — So) — eu(L1 + S1)+
5 ar (Lo — So0) — €pu(L1 + S1)

d(Lo — S,
+L(o 0)

V2 dr

(Lo + So)+

(L1+S1)+

(LQ + S9)+

(Ls + S3)—

= MQ(Ll + Sl)?

= p?(L1 — S1);

pair Il

—€p(La — S2) +iku(Lo + So)—

(Br? +2m — 2)ik
— Li+51)—
2\/?7" ( ! 1>
Br? +2m)?
_ %(L2+52)i

Br? 4+ 2m + 2)ik
—( N ) (Ls + S3)+

ik d(L1 + 51) 1 d(LQ + SQ)
v 4+ _
V2 dr r dr

ik d(L3 + S3)
V2 dr

—iku(Lo — So) — EM(LQ + 52) = MZ(LQ — Sg);

d2(L S
n (Ly + S2)

pair IV
—ep(Ls — S3) — W(LO +S0)+
+B%~4 +4B(m — 1)r® + 4m® — 4(L1 + S1)+
812
W(LQ + S2)+
T e ST

i d(L0+So) _BT2+2m—ld(L1+Sl)_

Ve dr 2r dr
_ — +
V2 dr 2r dr
1d*(Ly +S1)  1d*(Ls+S3) 5
2 dr? 2 dr? = #°(Ls + 55),
(Br? +2m)u
e (Lo —Sy) — eu(Ls + S3)—
NeE (Lo — So) — ep(L3z + S3)
p d(Lo — So) 2
U St S Lq — .
N p (L3 — S3)

Within each pair, let us sum and subtract equations, this re-
sults in:

pair |

Br24+2m—2

V2r

Br? 42 2
T—l—m—i—L

V2r
dL dL
— \/§d77ﬂl + \/57: + 2650 = 2/1,8’0,

Ly + 2ikLoy + 3—

—Br? —2m +2
V2r

— 2tkSy —

2¢Lg + S1—

BrZ4+2m+2
V2r

dsS ds
+ V2= = V22 = —2uL;
dr dr

Ss+
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pair |l

pair lll

—ep(Ly — S2) + ikp(Lo — So)—
(Br? +2m)pu (Br2 + 2m — 2)ik
————=— (Lo — S0) —ep(L1 + S1)+ - Li+58))—
2/2r 1 1 o /ar (L1 + 51)
12 dLo dSo _(BT2+2m)2 I ) —
(Br? + 2m + 2)ik
Br? +2 - Ly + S3)+
_W(LO‘FSO)“‘ 2v2r (La + 53)
- , , , n ik <dL1 n d51> n 1 (dL2 ng)
—B%r* + (=8k* —4Bm)r< —4(m —1 AW r\ e T ar )
( = ) ( ) (L1+S1)+ V2 \ dr dr r \ dr dr
2 (A ) B S
Br® 4 2m)ik 2 2
( 2\/§r ) (L2 + 52)+ \/§ d?" d?" d?" d'r
—ikp(Lo — So) — ep(La + Sa) = 22 Lo;
2,4 2 2 _ .
+B r +4B(m;—21)7“ +4m 4(L3—|—53)— —ep(La — So) + ikpu(Lo + So)—
T
(Br? +2m — 2)ik
- Ly +51)—
o (dLo , dSo) , 1 (dLy  dSiY oo s
V2 \ dr dr 2r \ dr dr
_(Br2+2m)2(L + 85—
ik (dLy dS;\ Br2+42m+1 (dLs dSs 42 2
=+ = |+ =+ =]+
V2 \ dr dr 2r dr dr (Br? + 2m + 2)ik
— 2\/§ (L3+53)+
L (dLy &S\ 1 (d°Ls  d*S3\ _, o, "
e T ) Ta e T )T ik (dLy dS)\ 1 (dLy | dSy)
, V2 \ dr dr r \_dr dr
Bre+2m
_EN(Ll_Sl)_W(LO+SO)+ ik (dLs dS3\ d*Ly d*S,
' “val\ar Tar )T A T
—B%rt 4 (—8k? — 4Bm)r? — 4(m — 1)? ‘
g OO AR A sy ika(Lo — So) + en(La + S2) = 2%
. pair IV
(Br? + 2m)ik 2
- —83) — ———+ (Lo + So)+
2/2r en(Ls — S3) 33r (Lo + So)
B?r* + 4B(m + 1)r2 +4m? — 4 B2rt 2 4B(m — Dr2 +4m?2 — 4
+ ( g 2) (L3 + S3)— LB +4Bm 2)7" A R L+ S+
r 8r
w (dLy  dSo 1 [dLy dS; (Br? + 2m)ik
O (200 o (2 2 i T (L + So)+
\/§<dr+dr o \ar " ar )" 2v/2r (L2 + 52)
_B2,4 _QE2 _ 2 _ 2
ik (dLy S\ Briiomil (dLy dsy) 40 At dm A g
V2 \ dr  dr 2r dr  dr 8r
uw (dLg dSy Br2+2m—1 (dL; dS;
(PL RSN L (PLy @S\ T A e Tar )T e e Car )
2\ dr? dr? 2\ dr? dr? .
Lk (dly  dS)\ | 1 (dLs | dSi)
(Br? +2m)u V2 \ dr dr 2r \ dr dr
————=—(Lo— So) +en(L1 + S1)—
2v/2r L (L, #81) L (ELy | B8
u (dLy  dSo 2\ dr? dr? 2\ dr? dr?
—= = — = ) =245
(&) 5 sy
2 IR LG — So) — en(Ls + Ss)—
>3 (Lo — So) — eu(Ls + 53)
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dL ds Br? + 2m)ik
-4 <°°> = 2L, P B2 )

V2 \ dr dr 2V/2r
Bt + 4B(m + 1)r? + 4m? — 4
Br? +2 + L3+ S3)+
—ep(Ls — S3) — W(LO + So)+ 82 (L3 3)
" LM (dLo  dSo) 1 (dLy  dSi)
B2%r* 4+ 4B(m — 1)r? +4m? — 4 o\ d dr w \dr ' dr
+ =3 (L1 + S1)+ Vadr v I e
RN P (A d5)
(Br 24\;§2m)2k(L2 +S)4+ V2 \ dr dr
» , " . . +Br2+2m+1<dL3+ng>
—B —8k* — 4B — L
QT B B+ 1P 2 \&
" 1 (L,  d®Si\ 1 [d?Ls d2Ss )
i (dLo | dS0) Brot2m -1 @—F@ —+§ dr? + dr? +§ dr? + dr? = 2M7Ly,
V2 \ dr dr 2r dr dr
(Br? +2m)M
ik (dly  dSy\ | 1 (dLy  dSy), (M EM(L= S0+ o Lo+ So)t
V2 \ dr dr 2r \ dr dr
—B?r + (—8k? —4Bm)r? — 4(m — 1)?
L1 <d2L1 d251> 1 <d2L3 d253> + 52 (L1+851)+
9 2 2 9 2 2 |
2\ dr dr 2\ dr dr (Br2 + 2m)ik Lot Sa)
Br? 42 27 02
—M(Lo — So) + en(Ls + S3)+ 2V2r
2V/2r B%r* + 4B(m + 1)r? +4m? — 4 It
() ey * o ot St
E\dr ) T P (s L ()
The parameter p relates to physical (positive) mass by the V2 \ dr dr 2r \ dr dr
formue Y Lk (dLy | dSy\ B+ 2m il (dly dSy
po=—n V2 \ dr dr 2r dr dr
Let us separate the rest energy M by formal change 9 9 9 9
€ = M+ E, where E is nonrelativistic energy of the particle. _4_1 <dL21 d 5;1> 1 (d L23 d %’)
The above equations become simpler: 2\ dr dr 2\ dr dr
pair | Br? +2m)M
Br? +2m — 2 Br2 4+ 2m +2 +—( ) (Lo —So) — (M + E)M (L1 + S1)+
A L 2kl — T 2v/2r
V2r V2r
dL1 dL3 +ﬁ W - W == 2M Sla
_\/iﬁ + \/iﬁ + 2(M + E)SO = —2M Sy,
—Br2 —9m+2 ‘ pair lll
2M + E)Lo+ —— 75 =51 = 2k (M + E)M(La — S) — ikM (Lo + So)—
Br? +2m — 2)ik (Br? +2m)?
Br? +2m + 2 dSy dSs _ Li+6)— 2 16—
T SV VRN = MLy, o ST (L)
. (BT2 + 2m + Q)Zk‘ ik <dL1 dSl)
air ll — LatSa)4+— [ == 4 ==
P 24/2r (L3+5s) V2 \ dr dr
(Br® +2m)M L(dLy  d5:) ik (dLs  d5
_2—@(L0_50)+(M+E>M(L1+Sl)_ ro\ dr * dr V2 \ dr * dr
2 2
M (dLy dSy ?Ly  d?Sy ~
(Br2+2m)M +<M+E)M(L2+S2) =2M2L2,
ovar (Lot St (M + E)M(L — S5) — ikM(Lq + So)
CB2r4 4 (8k2 — ABm)r2 — 4(m — 1)2 (Br? +2m — 2)ik (Br? +2m)?
+ sl 52 mr (m—1) (Li+S1)+ — 2/ar (L1+Sl)_T(L2+S2)_
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i (dL1 d&) M (dLodSO> — oM,

(Br? +2m + 2)ik
— LatSa)4— [ =1
Qﬂr (La+8)+ V2 \ dr dr V2 \ dr dr
dLs N dSs ik (dLs N dSs N Let us neglect small components, so we obtain
dr ' dr V2 \dr " dr Br? +2m —2 , Br? 4 2m + 2
— L1 +2iklo + ———— L3—
d’Ly  d*Sy var var
dr2 T dr2 — ikM(Lo — So)— dLy dL3
" V3 ( - d) +280(M + E) = —2M Sy,
—(M + E)M(Lg + S2) = 2M?Ss; "
—Br? —2m+2
9F Lo + 7“\[m+51 — 2ikSy—
pair IV 2r
(Br? +2m)M Br? 4+ 2m +2 ds, dSs
_ \Br” + 2m)M S AT S Ve (B 228 g,
(M + E)M(Ls — S3) + V2" (Lo + So)+ o 5+ V2 = o
B2r4 4 4B(m — 1)r? + 4m? — 4 (Br? +2m)M dSo
T S+ fM
+ 5 (Ly + S1)+ Vor 0
(Br? + 2m)ik —B%rt + (—8k? — 4Bm)r? — 4(m —1)2 I
W(h + S9)+ + 372 1+
Br? + 2m)ik
—B?%r* + (—8k? — 4Bm)r? — 4(m + 1)? —( Lo+
2 ) (L3 + S3)— 2V/2r 2
2.4 2 2
M dL() @ _BT2+2m—1 @—’_dsl +BT +4B(m+21)7' +4m _4L3+
\f dr T dr 2r dr dr 8r
L 1 dLy ik dLs Br2+2m+l%+
i (dle | dS2\ | L (dLs | dSy) R
f dr T dr dr dr
1d’L; 1d?Ls
1<d2L1 d251> 1 <d2L3+d253> §7d7‘2 2 d2 +2MEL1—O
dr? dr? 2r \ dr? ar? ) 2
B 2m) M dL
) Bret2m)M a0 _or + myvs+
(Br? +2m)M V2r dr
BT T (Lo — So) + (M + E)M(Ls + S3)+
2V/2r LB+ (8K — ABmr? —A(m 1)
LM (dLy S0\ _y o, B2 1
V2 \ dr dr | & (Br? + 2m)ik
o Pt
(Br? +2m)M "
(M+E)M(L3—Sz)+—)(Lo+So)+ B2t 4 4B(m + 1)r? 4+ 4m? — 4
2V2r + Ls+
2
B?rt 4+ 4B(m — 1)r? +4m? — 4 i
+ Ly + 1)+ 1 dL1 ik dLy  Br®+42m+1dLs
872 +—— R
) _ 2r dr \f dr 2r dr
Bro+2m)ik ;o4 )+ 1d?L;  1d%Ls
2\/§T +§W + = 2 2 = 2M2Sla
—B?rt + (—8k? — 4Bm)r? — 4(m + 1)? _
+ 82 (LatS)=  onrpL, - 2ikns, — BT ’;\2/7; 2ikp,
r
2
M (dLy S\ _Brit2m -1 fdly  dSi\ (g2 ypom)2  (Br2 4 2m + 2)ik
V2 \dr  dr 2r dr ~ dr - 12 Ly - 2v/2r L+
ik (dLy  dSp)\ 1 (dLs dS3\ ik dLy 1dLy ik dLs d*Ls
2 \ldr T oar dr dr St T A T =0,
V2 dr v odr /2 dr dr?
1 (d’L,  d*S 1 (d*Lsy d*S Br? + 2m — 2)ik
3 <dr21 " dr21> T2 ( R dr23> RS 2k L J;\/ng U
,
Br? 4+ 2m)M Br? 4 2m)? Br? 4+ 2m + 2)ik
Q(Lo—so)—<M+E>M(L3+S3)— ! 12 ) Ly — ( >73r ) L3+

2\/57"
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Zk‘ dLl 4+ =
\f dr
(Br? +2m)M
V2r
B%rt +4B(m
+

1dL,
rodr

ik dL3 + d2L2
f dr T dr?

So — fM— +2ML3E+

= 2M?2S,,

—1)r? +4m? —4
8r2
(Br? + 2m)ik
2\/57“
+—BZT4 + (—8k? —4Bm)r? — 4(m + 1)?
8r2
Br +2m —1dLy ik dL2

2r dr /2 dr

1dLs 1d?°L; 1d?Ls
o dr 2 dr2 2 drz 7
dLgy N (Br? 4+ 2m)M
dr V2r
B%r* 4+ 4B(m — 1)r2 +4m? — 4
+
8r2
(Br? +2m)ik
2\/57“
—4Bm)r? —4(m +1)?
8r2
BT +2m —1dlL, ik dLo

2r dr /2 dr

n 1d?Ly  1d?S; 1d°Ls

2dr2 2 dr?2 2 dr?

We assume that nonrelativistic energy may be neglected in
comparison with rest energy M + E =~ M. Also from equa-
tions (1), (4), (6), (8) we express the small variables Sy, S1,
So, S3 and substitute them in equations (2), (3), (5), (7). In this
way, we obtain equations which contain only the big compo-

L+

Lo+

Ls—

—V2M Lo —2(M + E)MS3+

L+

Lo+

—B?r* 4 (—8k?
LB

Ls—
1 dLs
2 dr

= 2M?S;.

nents
¢ 1d (m—1)?
— 4+ -— +2ME —k® - ————
<dr2+rdr+ r2
BQ 2
2T —Bm>L1:o, Ly = Nify;
2 1d ,  m?
<dr2 S F2ME kK o
BQ 2
2T Bm) Ly =0, Ly= Nafs;
> 1d (m+1)2
il yoME -2
<dr2+ dr * r2
BQ 2
- Bm) Ly =0, Ly = Nafs;

2 1d
— 4+ -— +2ME - k*-
(dr2+rd +
m?  B?%r?

r2 4
1 d +Br?/2 -1
(mT’/>L1+
2v/2 \ dr r

1 (d m+Br22+1
_— _ -_— L = U.
+2\/§<dr+ . ) 3=0

The last equation may be re-written differently

— Bm> Lo+

d? 1d
— OME — k*—
(dr2+rd +
m2  B22
SR T
2 1 m> o+
1
+ ——(N1bpy— + N3a,, =0. (7
2\/5( 1bm-1f1 3Gm+1f2) (7

It is evident that Ly = const f3, then eq. (7) takes on the
form

Nibm—1f1 + Naamy1f2 =0. (8)

There exist differential constraints (see in [1])

b—1f1 =C1f3, amyi1fo=Cafs,

they permit us to transform the previous relation to the fol-
lowing form (see [1])

Nibm—1f1 + N3amy1f2 =
= (N101 + N302)f3 =0= N.1Cq + N3Cy =0.
Thus we have obtained 4 separate equations (only 3 equa-

tions are different, their solutions will be found in the next
section)

2 1d —1)2
Lz 3+ o T 2ME — K — (m 17
T T
B2 2
- 4’" - Bm} Li=0, L =DNf;
d? 1d m2
OIME — k? — ——
[drz Ty rdr + K r2
B2 2
- 47" - Bm} Ly=0, Ly=Nafs;
2 1d 1)2
|:d2+d+2ME k}Q w—
T T
B2 2
- 47" —Bm} L3 =0, L3= Nsfy;
d? 1d m?2
— OIME — k? — ——
[drz Ty rdr * K 72
BQ 2
s —Bm} Lo=0, Lo=Nofs;

and the algebraic constraint
N101 + Ngcg =0.
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Recall that (see [1])
Ci=vVX—-B, Cy=+vX+B,
X =2BN =2ME — k2. 9)

General solution on the nonrelativistic equation consists of
three components (the general multiplier e?*?e**# is omit-
ted):

U = e BN, fi+e 2Ny fo+

OO O
O = OO

o

+e—iE3tN2 f3 + e—iEgtNO

0 1

We have 3 different series of energy levels, F1, Es, E3
and 3 different wave functions. This result agrees with that
obtained in relativistic case.

fg(?“).

O =
o o O

2. Solving the differential equations

The above three equations let us transform to the variable
x = Br?/2,B > 0:

d2L1+l@ _1+12ME—k2—Bm_
dx? z dx 4 2 Bz
1(m—1)2
el RN
d?Lsy l@ 1+12ME—k2—Bm
dx? x dx 4 2 Bx
1m?

—4332] L2:07 (”)
d?Ls ldlLg _1+12ME—k2—Bm_
dx? z dx 4 2 Bz

1 (m+1)2

Consider eq. (10):
L1 = )(aleblm}?l7

d*Fy dFy
— + (2 1+2 —_—
T + (2a1 + 1+ 2b1x) T +
1 14a? — (m —1)2
(4% — 1 it UL S A
+ 4( bl — 1)z + 1 - +
18a1b1B +4b1B +4ME — 2k* — 2B
+78a1 15 +401 b + m =0,
4 B
. - 1 1
Imposing restrictions ay = +—|m — 1|, b = —5 we ob-

tain the equation of confluent hypergeometric type

d’F dFy
Tt (2a1 +1— x)%—k

1—(2 B+2ME —k*—-B
+§ (2a1 + 1) —|—B mF1:0

with parameters

(2a; +1)B —2ME + k? + Bm
2B

oy = ;Y1 =2a1 + 1.

In order to get the bound states

1
a1:+§\m—1|,’yl:|m—1\+1,

K2+ B(lm—1+m+1)—-2ME

aq

2B ’
that polynomial condition a; = —n gives
k2 B lm—14+m+1
F—-—=— . (13
VT o0 T M <n1 + 5 (13)

Two other equations lead to similar results. Thus, we get

Ly =™ U2E=22p(—ny jm — 1] + 1, ),

k2 B
El‘zM—M<”1+

|m—1|—|—m+1>
2 k)

Lo = x'm‘/QF_z/QF(—ng, |m| + 1, z),

k* B 1
E2:<n2+|m|+m+>, (14)

2

Ly = aImTU2p=22p(—ng im + 1] + 1, 2),

K* B
E3‘W—M<”3+

|m+1|+m+1>
. .

Discussion

The nonrelativistic wave function for Stiickelberg parti-
cle turned out to be 4-dimensional. We have derived the
corresponding radial system for 4 functions. It has been
solved in terms of confluent hypergeometric functions. There
arise three series of energy levels with corresponding solu-
tions. This result agrees with that obtained for the relativistic
Stiickelberg equation.

It may be noted that the similar nonrelativistic study for
Stiickelberg particle in presence of the external Coulomb field
was done in [5]. The energy spectrum was found. Besides, a
general Pauli-like equation was derived for this particle in
presence of arbitrary electromagnetic field.
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