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Abstract

The classical and quantum problems of motion of two parti-
cles in a three-dimensional Lobachevsky space is formulated
with respect to center of mass with arhitrary position. The
Hamilton-Jacobi and Schrdédinger equations of the problem
are formulated and their solutions are found. It is shown that
the reduced mass of the system depends on the relative dis-
tance. The classical and quantum problems of a rigid rotator
in three-dimensional sphere and Lobachevsky space are for-
mulated and solved. The dependences of the oscillation peri-
ods of the rotator on the ratio of the masses of the particles
forming it are studied for a fixed total mass in the cases of
spaces of constant curvature.
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Introduction

By analogy with the constructions and conclusions of
works [1, 2] and relying on the definition of the center of
mass given in works [3], we postulate its immobility in spaces
of constant curvature, in this case in the three-dimensional
Lobachevsky space, and consider the problem of two particles
with an internal interaction described by potential, depend-
ing on the separation hetween particles. The essence of the
statement, which replaces the formulation of the theorem on
the center of mass in the three-dimensional Euclidean space,
is that in spaces of constant curvature: Lobachevsky, on the
3-sphere and in three-dimensional elliptical space, there is
a frame of reference in which the center of mass of the sys-
tem of particles is at rest.

1. Variables of the center of mass and relative
coordinates for a system of two particles

Since the formalism used below, despite the fact that it al-
lows one to unify the description of the geometries of a num-
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AHHoTauua

Knaccuueckas v KBaHTOBas 3a,aum 0 ABMKEHUM ABYX YacTuL,
B TpexmepHoM npocTtpaHcTee Jlobauesckoro cchopmynmpoBa-
Hbl OTHOCHTENbHO LeHTPa Macc C NPOU3BONbHbLIM MONOXKEHM-
eM. BbinucaHbl ypaBHeHus FamunbtoHa-Ako6u u LWpépuHre-
pa 3ajauu M HailfeHbl ux peweHus. MokasaHo, uto npuse-
AeHHasa Macca cUCTeMbl 3aBUCUT OT OTHOCMTENbHOIO paccTo-
aHuUe. CchopMynupoBaHbl U pelleHbl Knaccuyeckas U KBaHTo-
Basl 3af,auy JKECTKOro poTaTopa B TpexXMepHoil cthepe U npo-
cTpaHcrtBe JlobaueBckoro. MiccnepoBaHbl 3aBUCUMOCTH Nepy-
0A0B Kone6aHuit potatopa oT OTHOwWeHMS Macc obpasylowmnx
ero yacTuy, npu (UKCMPOBAHHOW MONHOW Macce B clyuasx
NPOCTPAHCTB NOCTOSHHOW KPUBMU3HDI.

KnioueBble cnoBa:

3aj,aua AABYX TeN B HEeBKNMAO0BOM NPOCTPAHCTBE, LIEHTP Macc,
JKECTKMIA poTaTop, NPOCTPAHCTBO NOCTOSAHHON KPUBU3HbI

ber of three-dimensional and two-dimensional spaces of con-
stant curvature (and therefore convenient), is not widely used,
we are forced to present some calculations similar to those
used in [1-3]. The problems associated with the separation
of variables, including those in spaces of constant curvature,
can also be found in [4]. To formulate and solve the prob-
lem in three-dimensional Lobachevsky space, instead of bi-
quaternions defined over double numbers, biquaternions over
complex numbers will be used.

The following definition of the center of mass coordinates
of two particles with masses m and ms is used

le(l) + mQX(2)

Vi X® + my X @) (my X0 4 my X @)

(1)
Here the corresponding biquaternions are given over the
complex numbers, and not over the double ones, as it was
in the case with the 3-sphere [1,2].

Xe=1
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The three-dimensional independent coordinates of the
center of mass will be the components of the vector

Xo ' mlX(l) +m1X(2)
Q=% e ™ ' xD @
leO + mgXO

The coordinates of two material points in the embedding four-
dimensional space will be the components of the biquater-
nions:

x® = iXél) +X(1)’ x@ — iXéQ) _'_X(?)’ 3)

where i2 = —1. The ends of the vectors (biquaternions) lie
on the upper field of the pseudo-Euclidean space hyperboloid,
on which the real Lobachevsky space is realized. For conve-
nience, the radius of space curvature is assumed to be unity.
Then

XOXLH =1 Xx@AX® = 1, (4)

As independent coordinates, it is convenient to use the Bel-
trami coordinates, which are components of vectors on the
sphere [5]

x(1) x(2)
g(l) - _Z — (1)7 g( = _7/ — (2) 5)
XO XO
with the law of addition (subtraction)
N = i [
¢=Q=+0) ="~ (6)
(9 +4) 1F(a,9)

coinciding with the composition law of F.I. Fedorov [6]. Here,
parentheses denote the usual scalar, square brackets denote
the vector product of vectors. In variables (5), expression (2)
has the form

mig™® //1+ (@M)2 + meg®/y/1+ (@@)2
mi/y/1+@D)2 +my/y/1+@@)?
(7)

As noted earlier, expression (7) for the coordinates of the cen-
ter of mass coincides in form with a similar expression for
the coordinates of the center of mass in a three-dimensional
flat space, in which the expressions for constant masses
my and my are replaced by mass expressions with the de-
pendence of masses on coordinates m/1/1 + (V)2 and
ma/+/1+ (4@)2

We also note that this definition coincides with the defi-
nition given in [6], if we take into account that g2 = —th?r,
where 7 is the distance between two points. As it follows from
the formula (7) (and shown in [7]), such a definition can be
generalized to an arbitrary number of particles. The biquater-
nion analogue of the relative variable for two given particles
is the operator

dc =

Yig = -X@XW 8)

defined as
x 2 — me(l). (9)

Independent three-dimensional coordinates of relative mo-
tion, defined as components of the relative motion vector

o= Y2—Ya_ [ X® XA
Y Y, Y Xéz)v Xél)

4@ — g — [g@, q]
1+ (q™,g®)

=(@?,-g") = (10)

Let us also introduce four-dimensional Y; and Y5 and three-
dimensional gg(ll), 92(11) coordinates of points relative to the
center of mass, determined similarly to (8) and (9), namely

XM =y, Xe, X® =Y, X¢, m
moreover
Y = —-XWXe, Yo =-XPXo.  (12)

It is clear that

Y = YoV, (13)

Then for the first particle

oo 2
gV =ity =
X

I+ /1 +9§, Xoc

=", a0, (14)

and for the second one we get:

R TTE Ko

= (@Y, q0). (15)

where g and g(® are defined from Y; and Y5 respectively.
It is easy to verify the validity of formulas (14) and (15) by di-
rect calculation. It should be noted that g*) and g are ex-
pressed in terms of relative variables g, and center of mass
variables g..

From (13) it follows that

g, = (@®,—q") = @, —g"). (16)
The variables introduced satisfy the relations

XcXo=-1, YpYia=1,

ViVi=1, Yo¥o=1. (1)

N3BecTna Kommu HayuHoro ueHTpa Ypanbckoro otaenequs Poccuitckoit akapemum Hayk N2 4 (62), 2023

Cepust «Dn3nKo-MaTEMaTUUECKUE HAYKU»
www.izvestia.komisc.ru



2. Two material points on S3. Non-relativistic
classical problem
The action for the problem of two material points in three-

dimensional space, interacting with forces that depend only
on the relative variable, we write in the form [1-3]

W= /[1(m1X(1)X(1)+
2

+m2X<2>5(<2>) - V(Ym)}dt. (18)

Here it is immediately taken into account that the operation of
differentiation and conjugation are commuting. The dot above
the letters denotes differentiation with respect to time. Ex-
pression (18) will take a standard form if we pass to indepen-
dent variables g™ and g®. In this case

1 (1) -
W= [ [5(migala™i "+

+m29ab(g(2))qg2)Q£2)) - ¢(qy):| dt, (19)
where
1 qaqp
b = ——— | Oap — 20
Gab 1+ ¢ b 1+ (20)

is the metric tensor of the three-dimensional Lobachevsky
space in variables that are components of vectors on the
sphere. In expression (19), according to the accepted assump-
tion, we set g = 0 and write it in spherical coordinates.
Then

1 . .
W = / lQ (mlf"f + my sh®ry (9% + sin? 9¢%)+

+m27‘§ +1mg sh? 7y (05 +sin? 0¢>§)) —U(ry2) | dt. (21)

Replacing in (21) the coordinates of individual particles with
relative variables 7,6, ¢ in accordance with formulas (14),
(15) with g, = 0, we get the following expression for the

action
W=/l;(un(r)f‘2+

iy (r)sh? 7 (62 + sin® %2)) —Ur) |dt,  (22)

where we have introduced the longitudinal reduced mass of
two material points

2
m3 + mymg chr
=m
al "\ 'm2 +m2 + 2mymy chr

2

2
mi +mimachr

23

+m2<m%+m§+2m1mgchr> 23)

and the transverse reduced mass

mlmg(ml + 777,2)

L= (24)

m2 +m3 + 2mymg chr’
The Hamiltonian of the system is therefore equal to

H = %[un(r)f%r

+11 (r) sh® r(92 + sin? 9(1.52)} +U(riz). (25)

It is easy to check that the expression for the Hamilton func-
tion (25) in the flat limit » — O transforms into the Hamil-
tonian function of the plane problem for a reduced mass par-
ticle. The corresponding coefficients transform into the ex-
pression for the reduced mass

mims
. my + Ms ' (26)
Thus, in spaces with curvature, reduced particle masses can
be interpreted as dependent on coordinates, as it also seen
from (7) (see also [8]). The same is true for composite sys-
tems: the reduced masses are functions of the coordinates.
Taking into account the form of the Hamilton function (25)
and the following definitions of generalized momenta

oL oL oL
pT:§7 p@zﬁv p(ﬁ:%v (27)
we consider the Hamilton-Jacobi equation
2
L fowy 1
2u(r) \ Or 2u (r)sh?r
ow\ 1 [ow) oW
" Kaa) g (a¢) U =0
(28)

The last equation allows separation of variables
W = —Et+ W,(r) + Wy(0) + Wy(¢), (29

and decomposes into the following equations

ow
58 = M 30
B é> (30)

oWwN2 M

90 =M’ 31
( 89 ) T Sin20 ’ ( )

oW py(r) M?
or =2 E - . (32
(ar) oy B -Ur). G2

These equations are easily integrated. Wherein

Wy = My9, (33)

M2
W, = / M2 — %jede, (34)
Sin

W, = /\/QM[E _uy = LML g)

po sh?r
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Substituting the last expressions into (29) and differentiating
with respect to constants, we obtain equations for the particle
trajectory

ow
m =¢1— P2—
02 M
- / L—dh=0, ()
o sin® 0/ M2 — —2;
oW _ [ Mdh
aM . M2 - siAri[;b()
2 Md
/ () r @)
n (") shQT\/MME ~U(r)] - - ds
The law of motion is given by the expression
W
aE — L2 1
- / TQ e (38)
- \/2,” [E - U(r)] - 2L M2

3. Schrodinger equation for two material points
in Lobachevsky space

The general formula for the classical kinetic energy of any
system is

1 .
T, = 3 E ' 9i5(9)dig;, (39)
(2%

where ¢; - generalized speeds, g;;(¢) - generalized masses.
The corresponding operator in quantum mechanics is
B2
T,=—
? 2
where A gy, - the Laplace-Beltrami operator, which can be
obtained from the general expression

1 0 { 0 ]
=—— 19" —|. (41)
V9 9¢' Vo ¢’
Since in our case the kinetic energy expression can be seen
from (22), the Laplace-Beltrami operator has the form

ABL7 (AU)

BL

1 O |pLsh?r 0
Aprp = —— =
M1 /1 sh”r Or Va4l or
1
w1 sh™r
where
1 0 0 1 02
Ay, = ——— [sinfg— _— 43
T (bm966’> tateae W
Accordingly, the Schradinger equation becomes
oy
— =H 44
5y v, (44)

where the Hamiltonian is
1
H = —iALB-!—U(T). (45)

It is clear that the equation we have allows the separation of
variables
¥ = R(r)Y,"(0,9), (46)

where Y, (0, ¢) are the spherical functions satisfying the
equation
DoY) (0, 0) =
AgsY)™(0,¢) = —I(1 + 1)Y," (0, 0) (47)

forl = 0,1,2,... and the radial part of the wave function
is the solution for the equation

d’R VA d [posh’r | dR

dr? I sh2 rdr ) dr
(141

+ <2M(E —U) - M)R =0 (48)
py sh”r

4. A particular problem of a rigid rotator in
spaces with constant curvature

As we know, in the case of a constant relative distance
between two points, a mechanical system is obtained, which
is called a rigid rotator. Despite the apparent simplicity, this
model for a flat space, both classical and quantum mechan-
ical [9], find interesting applications, including in the theory
of molecules and nuclear physics. From the approach devel-
oped above, as well as in accordance with works [1-3, 9], it
follows that in spaces of constant curvature, a rigid rotator
has features associated with the dependence of the reduced
mass on the distance hetween points. These features are ex-
plored below. By formulas (21), (25) and the corresponding
formulas in [2,3], the Lagrange function of a rigid rotator in
three spaces: in the Lobachevsky space, on the 3-sphere and
in the Euclidean space has the form

L=A (92 + sin? 94)2) , (49)

where the quantity A has the following expressions in the
three spaces under consideration, respectively
1 To
Aoy = =R jopsh® —
lob = 5 H1iobS R’
1 . To
Asph = §R2/~LLsph Sln2 Ea
1 2
Afjgr = S 11at 70 (50)
where
mimso (m1 + m2)
m32 + m3 + 2mymg ch(rg/R)’

Hilob =

mima(my + ms)

Hisph = m? +m3 + 2myms cos(ro/R)’

mims

M flat = mi + mo .
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Solutions for the corresponding Hamilton-Jacobi equation
in the case of a rigid rotator have the form

M?2 E
f = arccos < 1— 1AE < (\/Zlﬁ)), (54)

¢ = arctg < 14E tg ( it) ) (55)

M

It follows from the last formulas that the period of oscillations
T ~ +/A. Let us analyze how the period of oscillations de-
pends on the ratio of the masses of particles (with a constant
total mass). Denote the mass ratio 5 = my /msy . Then

_ mR* 5, (1o B
Aoy = —5=sh <R62+1+2ﬂch(r0/R)>’ (56)

A, = M (o 8
Ph T g R 32+ 1+2Bcos(ro/R) )’

: (57)
_ Mg
4= (58)

If we fix the values of the constants £ = 1, M = 1 then

from the condition 1 — % > 0 it follows that A > 1/4
and therefore, for the solutions to make sense, the mass ratio
cannot be arbitrary. Let's take the values R = 2.5,y =
2,m = 1. Then the condition A > 1/4 for three spaces
leads to the following restrictions on the mass ratio of the

particles of a rigid rotator

Ay >1/4: 0142 < 8 < 7.04; (59)
Agpp >1/4: 0.207 < 5 < 4.83; (60)
Apjgr > 1/4: 0172 < B < 5.83; (67)

We construct graphs of dependence of periods of oscillations
on the ratio of masses in the range 0.21 < 8 < 4.8. Fig-
ure 1shows that the period of rotation of a rigid rotator, and
hence the magnitude of the angular momentum, depends on
the radius of space curvature R.

T

070 //’_\

~

0.65

0.60 + /

035

— flat space

—  3-—sphere

— Lobachevsky space

0.50 ¢

0.45¢

.

B

1 2

Figure 1. Graphs of rotation period on the ratio of the masses of the con-
stituent particles at a fixed total mass of the rotator. Top graph - Lobachevsky
space, average - flat space, bottom - 3-sphere.

PucyHok 1. Tpadmku nep1opa BpalueHUs B 3aBUCUMOCTY OT OTHOLIEHUS Macc
COCTaBNSIOWMX YaCTUL, NpU (UKCUpOBaHHOM obleit Macce poTaTopa. Bepx-
HWI rpaduK - NpocTpaHcTBo NloGaueBCKoro, CPeLHUN - NNOCKOE NPOCTPaH-
CTBO, HUXHUIA - TpexmepHas cdepa.

For the equal distances between the material points of the
rotator and equal radius of the curvature for the Lobachevsky
and 3-sphere spaces, the rotation periods are maximum for

the Lobachevsky space, minimum for the 3-sphere. The cor-
responding curve for flat space lies between the two men-
tioned curves, with each of them tending to the flat space
curve at R — oo. All three curves are similar.

In the quantum case, the Hamiltonian operator of such
a system has the form

h2
H - ﬂAe’d)’ (62)

where the moment of inertia of the system is

2
Ty = 2mR2sh? 0 mr
lob mR°s 2R7 9 )
L, = 2mR? sin® 2%. (63)
The Schradinger equation Hv = E'1 gives the energy levels
of the rigid rotator

Tiqr =

ﬁ2

E, = QIz(z +1), (64)
and the eigenfunctions of the Hamilton operator are equal to
the spherical functions for all three spaces ¢ = Y,"*(0, ¢).
The levels are degenerate, since each value of the orbital
quantum number corresponds to 2/ + 1 magnetic number
values. Figure 2 shows energy levels for quantum rotator in
the spaces under consideration (we set here R = 2.5,y =
2,m = 1).

Energy
30
— flat space
25
—  3—sphere
20 ) — Lobachevsky space

1 2 3 4 5 6 7

!

Figure 2. Energy levels for rigid rotator in spaces of constant curvature. Top
point - 3-sphere, average - flat space, bottom - Lobachevsky space.
PucyHok 2. YpoBHM 3Hepriv ans XeCTKoro potatopa B NPOCTPaHCTBax NocTo-
AHHOW KPUBM3HbI. BepxHss Touka - TpexmepHas ctepa, CpefHas - NNockoe
NPOCTPAHCTBO, HUXKHSS - NPOCTPaHCTBO JloBayeBcKoro.

Conclusion

The paper solves the classical and quantum problems of
motion of two particles in three-dimensional Lobachevsky
space, relative to the center of mass. The Hamilton-Jacobi
equation of the problem is formulated and its solutions are
found. The corresponding Schrodinger equation allows the
separation of radial and angular variables. Itis shown that the
reduced masses of the system depend on the relative distance
between the particles. The classical and quantum problems
of a rigid rotator in three-dimensional Lobachevsky space are
formulated and solved. The dependences of the rotator oscil-
lation period on the ratio of the masses of the forming par-
ticles at a fixed distance between them and fixed total mass
are obtained for three cases: Lobachevsky space, 3-sphere
and three-dimensional Euclidean space.
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