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Abstract

Recently, models for a spin 1/2 particle with two (or three)
mass parameters were developed. Specific features of
these models are as follows. For corresponding two (or
three) bispinors in absence of external fields, separate Dirac-
like equations are derived, they differ in masses. How-
ever, in presence of external electromagnetic or gravitational
fields with non-vanishing Ricci scalar, the wave equation for
bispinors does not split into separated equations but makes
quite a definite mixing of two (or three) equations arises. In
the present paper, the model of a fermion with three mass pa-
rameters is studied in presence of the external uniform mag-
netics field. After performing a diagonalizing transformation,
three separate equations are obtained for particles with dif-
ferent anomalous magnetic moments. Their exact solutions
and generalized energy spectra are found.
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Introduction

In the context of existence of the similar neutrinos of dif-
ferent masses, we examine a possibility within the theory of
relativistic wave equations to describe particles with several
mass parameters. In general, existence of more general wave
equations than commonly used ones is well known within the
Gel'fand-Yaglom formalism - see references [1-5].

In particular, models for a spin 1/2 particle with two and
three mass parameters were developed [6-15]. Specific fea-
tures of these models are as follows. For two (or three)
bispinors, in absence of external fields separate Dirac-like
equations are derived, they differ in masses. However, in
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AHHoTauua

HepaBHo 6bin1 pasBuTLI MOJENN BAIS YACTHLLbI CO CIUHOM 1/2
¢ AByMsa (unu Tpems) maccoebiMM napametpaMu. OcobeHHo-
CTVW 3TUX MOeNeil 3aKntyaloTcs B cnegyioueM. [ng cooTBet-
CTBYIOWMX ABYX (MAn Tpex) BUCAMHOPOB B OTCYTCTBUE BHELU-
HUX Moneit BbIBORATCS OTAENbHble YpaBHEHUS [UPAKOBCKOIO
TMNa, pasnuuarowmecs Maccamu. OfHaKo NPy HanMUKK BHel -
HUX 3MIeKTPOMarHUTHbIX MU FPaBUTALMOHHbIX Mol C HeHy-
neBbIM cKanspoM Puyuu BonHoBOE ypaBHeHue ans bucnuHo-
poB He pacnapaeTcs Ha OTAeMNbHbIe YPaBHEHUS, @ BO3HUKAET
cBs3aHHasa cucTeMa U3 AByX (Mnu Tpex) ypaBHeHui. B HacTo-
auei pabote uccnepyercs Mofenb (hepMuoHa C TpeMs Mac-
COBbIMW NapaMeTpaMu B NPUCYTCTBUM BHELIHEro OfHOPOAHO-
ro marHutHoro nons. lMocne guaroHanusauuu MaTpuubl cMe-
WMBAHWA NONYYAOTCS TPY OTAENbHbIX YPAaBHEHUS ANS YacTuL,
C pasHbIMW aHOMaNbHbIMU MarHUTHbLIMU MOMEHTaMM; HalfeHbl
UX TOYHblE pelleHUs U nonyueHbl 0606weHHble 3HepreTuye-
CKM1e CMEeKTPbl.

Kniouesble cnosa:

(hepMMOH C TpeMs MacCoBbIMW NapaMeTpaMu, MarHuTHoe no-
ne, aHOManbHbli MarHUTHbIH MOMEHT, TOUHbIE PELIeHNUS, IHep-
reTMYecKui cnekTp

presence of external electromagnetic field or gravitational
field with non-vanishing Ricci scalar, the wave equation for
bispinors does not split into separated equations, instead a
quite definite mixing of two (or three) equations arises. It was
shown that generalized equations for Majorana particle with
several mass parameters exist as well. Such generalized Ma-
jorana equations are not trivial if the Ricci scalar does not
vanish.

In the present paper, the model of a fermion with three
mass parameters is studied in presence of the external uni-
form magnetics field. After applying the diagonalizing trans-
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formation, three separate equations are obtained effectively
for particles with different anomalous magnetic moments.
Their exact solutions and generalized energy spectra are
found.

1. General theory in presence of electromag-
netic and gravitational fields

We start with the system of equations for a fermion with
3 mass parameters [12, 15]:

On + To(z) +ieAy(2)] P (z)—
— M1®4(z) + Y1E(z)®(z) = 0,

iy ()]
" ()00 + Ta(2)ieAa(2)| P2 (2)—

0o +To(z) +ieAy(x)]Ps(z)—
— M3®5(x) + Y3X(x)®(x) =0, (1)

iy ()]

where the notations are used

4c c
Y) = e fc2>,z=1,2,3,L=c1+736,
@(JZ) = L1<I>1(x) + LQ(I)Q(J?) + L3(I)3(l’),
1
Y(z) = —ieFp0°P (z) + ZR(.I),

I — —L|C4|2 —L|C3|2+C% —Cg(/\2+)\3) +/\2/\3

' Lescs(A — A2) (A1 — Ag) ’
Ly — —L|C4|2 —L|C3|2+C§ —CQ(/\3+)\1)+/\3/\1

2 LCQC3()\2 — )\3)()\2 — )\1) ’
L — —L|C4|2 —L|63|2+C% —Cg</\1 —|—)\2) +/\1/\2

3 LCQC3()\3 — )\1)()\3 — )\2) ’

With the notation |c4| = a, |c3| = b, the mixing matrix in
the equation (1) is specified by the relations

Vil = 3?\4“1 — )%
o —L(a +0%) + C% —ca(Aa+ A3) + A3
LA —A2)(M — A3) ’
Yily = 1 (A1 —e2)x
3M
" —L(a* + V%) + 32— ca(A3 + A1) + A3\
LAz —2A3)(Aa — Ny) ’
4
Yils = 3M(/\1 — C2) X
y —L(a? + V%) + 3 — ca(A1 + X2) + Mo

LAz —A)(As — A2)

4

YoL, = 3]\/[(/\2 — C9) %
y —L(a® +b%) + 3 — ca(Aa + A3) + Aoz
LOv — M) — \a) :
YoLo = 1 — (A2 — c2)X
3M
y —L(a® + V%) + 3 — ca(A3 + A1) + A3\
La—23) (e —\) ’
4
YoLs = SM(/\Q - CQ)X
" —L(a® +b%) + 3 — ca(A1 + A2) + Mg
L(As — A1)(As — A2) 7
4
YL, = 3M()\3 —c2)X
y —L(a® + V%) + 3 — ca(Aa + A3) + Aoz
LA — A2)(A1 — A3) ’
Y3Lo = 1 — (A3 — )X
3M
" —L(a*+b*) + 2 — ca(A3 + A1) + A3\
La — 2) e — M) ’
4
Y313 = SM(/\S —C2) %
o —L(a* + bz) + C% — oA+ A2) + Ao

L(As — A1)(A3 — A2)

We will consider eq. (1) in the cylindrical coordinates and

tetrad
dS? = dt? — dr? — r?d¢® —
(t,T’,d),Z),
1 0 0 O
5, [0 1 0 0
€@ =10 o 1/r 0
00 0 1

Ricci rotation coefficients are as follows: .0 = 0, Yap1 =
0, Y122 = —7v212 = 1/7, Yaps = 0. The external magnetic
field directed along the axis x3 is determined as follows

A¢ = —%BTQ,
—ieF,5(z) = —ieFia(x)y" (2)v* ()

— ieB <_“’3 0 ) — eBY.
0 —1i03

Flg(.r) = Fr¢ = —BT’,

= jeBy'y? =

So, the main equation (1) takes the form (we simplify the no-
tation,eB = B)

2
1y a+z’y£—l—— g%—BL 4—1’732 D,—
ot or r \ ¢ 0z

—M®, + BYY; (L1 ®y + Ly®, + Ly®3) = 0,
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1y a—va—i—ﬁ Q—FBL +i732_¢>—
ot or " r \0¢ 9z] °

*M(I)Q + BZYQ(Ll(I)l + LQ(I)Q + qu)g) — 0,
b, —
9o ’
—M®3 + BYY3(L1 Py + Lo®y + Ly®3) = 0.

For three involved bispinors, we will use the following substi-
tutions

0 0 0 v [0 Br? 3 0]
278t+m(97+7 7+7 —I—wg

@1 = e—ieteimlpeikz(f17 f27 f37 f4)t7
Dy = e "™ (g1, 92,93, 94)",
(I)g _ e—ieteimgoeikz(hl’ h27 hg, h4)t,

where () stands for transpose. Then the previous system
reads

ey® + iy 80_'y2u( ) — k’yg—M- o+
+(M — My)®, + BYY1 (L1 Py + La®y + L3<I>3) 0,
ey’ + iy g - 12u( ) =

k’}/ — M| P+

+(M — M3)®; + BYY5(L1 Py + Lo®y + qu)d) 0,
2

e,
ey’ + iy a***ﬂ() k' — M| @3+

(M M3)®s + BYY3(L1®; + Lo®s + L3<I>3) 0,

where
1 0 0 O
1., 0O -1 0 O
u(r)—m+§Br, =10 0 1 o
0O 0 0 -1

Using the shortening notations for elements of the mixing ma-
trix

we present the system as follows

Oy, + Z);®; = 0,

fk'y?’—M

The mixing matrix should be reduced to a diagonal form by
a linear transformation

T =50, 9b=S75"'D,

pr 0 0
SZS_l = 0 M2 0
0 0 ps
As a result we get
(P p 00 [P
SO[ D | [0 pe O Dy | =0,
63 0 0 w3 63

or
1 0 v 3 1= FY
ey’ + iyt o (r)—ky>— M| &1+, 2P =0,
0, .10 72 3 1= =
ey + iy i 7;1(7") — kv’ — M| Po+psX®s =0,
[ 0,.10 7 3 1= =
€y + vy 5 — 7[1,(7’) — ]{7")/ -M @34‘#32@3 =0.

(2)
Thus, after transformation, three separate equations are ob-
tained effectively for particles with different anomalous mag-
netic moments.

2. Solving the basic equation

Let us briefly describe the procedure for solving the basic
equation (2):

fi

) 2
[670 + i’yla — 770(7“) — kv - M+TZ ;z
fa

Using the spinor basis for the Dirac matrices [3, 6], we obtain
four equations

Si (4] it e DA+ 0= ADf =0
“i(ge-n) ot e DA T DR =0,
(5 0) fat e~ R (0= DD fa =0,
i(i—p) i+ (e+k)fe—T+M)fy=0. (3)

d
Let . + p(r) = D4. Equations (3) can be considered as
T
two linear subsystems and their solutions are
£ = Z«(G +k)Difo+ (I'= M)D, fy
: T - M2 (k)
(e—k)D_fi — (T'+ M)D_fs

N U v ey =y =

f :_Z-<F—M)D+f2+(€—k)D+f4
’ (T =M — (k%)
f __i*(F+M)D7f1+(€+k)fo3
N ) S )

Eliminating the variables f1, f3 in the equations above, we
obtain

I'+M € —

D_D. f

k
Troa o T-ME_ (&%)
e—k .D_D+f4

o T ey @
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r+M, D_D, f,
e T—MPE—(@—i2)
r—M D_D,f,

etk (T —MZ— (& k)

Subtract the second equation from the first equation and sub-
stitute the resulting expression for f5 into (4), so we obtain
the fourth order equation for f;:

d4f4 €2B2 )
— i + { r*—eB(2m —1)—
2m(m + 1)) d*f,
2 2 _ 12 .2
217 = M K @)+ } ot
ope.  mm+1D)]dfs | e'B'
+ {e Bor—4 73 dr 16 *
e? B2
+ [eB(2m — 1) +2(I* — M? — k* + €*)] r*—
—eB(2m—1)(T*—M?—k*+e*)—(T*+ M>+k*—€*)*+
2B2
A2 M2 — S22 (6m? — 2m — 1)+
m(m+1)[eB(2m — 1) + 2(I'? — M? — k? + ¢)]
r? B
m(m —2)(m+3)(m+1
_mm = mr D]

r

Similarly, we can obtain the fourth order equation for the
function f5. Equations for fy and f4 turn out to be the same.
To study the fourth order equation, we will use the factoriza-

tion method:
Fy(r) f(r) = F2(r)Ga(r) f(r) = 0,
- 2
fg(T) %—Q—PoT +P1+P
B = Tt Qe 2

Computing the product

~ d? 9 P
F4_(M+P0r +P1+7"72 X

2
(jQ +Qor? +Q1+Q2>

and equating the result to the operator (5), we find two solu-
tions for sets of numerical coefficients:

1
I PQZ—EBQEQ, Pzz—m(m—i—l),
1 2 2
P =eB m—g +I° - M-
— >+ € +2TVe? — k2,
1
Ir Qo= —132627 Q2 = —m(m +1),

1
Q1 =eB <m 2) +I? - M~
— kP 4+ —2lVe2 — k2.

The variant Il differs only in sign at the parameter I'. Thus, we
are to solve two second-order differential equations:

d2 B2€2T2
{er 4

P Ve R — (TZH)} F=0, ()

1
+eB <m—2>—|—F2—M2

orE @fﬂqua

1
+eB <m—2> + I - M? - k*+

— K+

dr? 4

|: d2 B2€2T2

They differ only in sign at the parameter I'. Consider the
equation (6). Let us make the change of the variable z =
eBr? /2. Solutions are constructed in the form f = x%e?* F..
Taking into account the constraints a = —m/2, (m + 1) /2
and b = —1/2, we obtain the equation for F"

(L ar
dez T \2 T )

1
~ B [eB(4a +1)—4I'vVe? — k2 — (2m —1)eB—
e

oI M? k2 4 62)}F —0.

It is an equation of the confluent hypergeometric type with
parameters

— %+ 1
Y= 4a 23
1
a=—7 B{eB 4a+1)—4T'Ve? — k2—(2m—1)eB—
e
oI — M2 — k2 4 62)].

To construct solutions corresponding to bound states, one
should use the positive values of the parameter a (for defi-
niteness, we assume that e B > 0):

m+1

a = ———

(m < 0); 5

. >0 (m>0).

2
The polynomial conditions « = —n (let € — k% = \)
provides us with the quantization rule for energy values
T'vA A
ati- Ty V2 + .
2 2 2eB eB 2eB
Hence, using the notation M? + 2eB(a + 1/2 — m/2 +
n) = N, we obtain

A=(WN-T)2>0. (7

m M?—T?

+n=
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From (7) we find the formula for the energy values

2
2 — k= l\/M2+QeB <a+1_2m+n> —F]

Depending on the value of a , we have two expressions for V:

2
& k2= [\/M2 ¥ 2¢B(1 +n) — r} :

Thus, we obtain two series of energies
I: A=KWN-1)% II: X=(VN+T)%

Let us consider a special case of an electrically neutral
particle with the magnetic moment (neutron). The transition
to the case of a neutral particle can be carried out with the
help of simple formal changes,e — 0, A — oo, eA — A,

so that B B
r= )\%— —T=A—"

mce mc?

No additional calculations are needed. We obtain two second-
order equations:

{dQ L (WETR TR A - Tl 1)] f=0,

dr? r

LZ; F(VE—R-T)2 - M- 77”(”;; 1)] F=0.

General solutions of equations (8) have the form
f(?“) = \/;(Jerl/Q(m) + Ym+1/2(x))a

. \/(M+F)2 .
9(r) = Vr(Tmi12(y) + Yins1/2(v)),

y—\/<M—F)2—M2r.

From the form of these equations, we can conclude that the
magnetic moment manifests itself in an external magnetic
field in a quite definite way: in fact, everything reduces to so-
lutions with cylindrical symmetry for an ordinary free particle
with spin 1/2, but with a certain replacement

2
- M? = (\/62 e iF) — M2,

The main manifestation of the magnetic moment of a neu-
tral particle is the modification (spatial scaling) of the wave
functions in directions transverse to the magnetic field. Ap-
parently, such a modification of the transverse structure of
a neutron beam can be observed experimentally, for exam-
ple, in neutron Bessel beams. Obviously, the transition to the

situation of an electrically neutral particle can also be carried
out in the case of a particle with three mass parameters.

3. Diagonalization of the mixing matrix

Let us turn back to the system of three equations
_ 9 ) -
S ey + iyt == — l,u(r) — kY = M| &+
i or r |
+(d1 L1®y + dy Ly ®o + dy Ly®3 + (M — M;)®,) = 0,
o, .19 7 3 ]

S ley iy — — —u(r) —ky? — M| &0+
i or r |
+(do L1 @y + do Ly ®o + do Lz ®3 + (M — M3)®,) = 0,
_ ) -

0
S ey iyt — - l,u(r) —ky® — M| &5+
i or r

+(dsL1®1 + dsLo®y + d3Ls®s + (M — M;3)P5) =0,

or briefly

a 2
0= er? +iyt — — l,u(r) — kv — M|,
or r

0 + Ty,;®; = 0.

To find the transformation matrix .S, which will diagonal-
ize the mixing matrix, we are to study the following equation
ST = TS, or in detail

S11 S12 S13
S21 S22 S23 | X
$31 S32 833

M — M1 + d1L1 d1L2
X d2L1 M — M2 + dQLQ
dsLy dsLo
di L3
dy L3 =
M — M5+ dsLsg
w00 S11 S12 813
= 0 w2 O S21 S22 823
0 0 w3 831 832 833

Hence we obtain three linear subsystems:

(M — My +diL1)s1y + dyLysiz + dsLysiz = pisin,
diLasiy + (M — My + daLa)si2 + d3Lasiz = pi1512,
diL3s11 +daLssiz + (M — M3z + d3L3)s13 = p1813;

(M — My +dyLy)s11 + doLysia + dsLysi3 = p1S11,
diLosii + (M — My + dyLo)s12 + d3LoSis = f11512,
dyL3si1 + daLssia + (M — Ms 4 dsLs)s13 = jt1513;

(M — My +dyLy)ss; + doLyssa + dsLysss = pssai,
dyLossy + (M — My + dyLy)sse + d3LoSss = ji3Ss2,
dyL3s31 + daLsssa + (M — Ms + dsLs)s33 = jt3S33.
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Here we have three eigenvalue problems

M — M1 + d1L1 - d2L1
dlLQ M — M2 + d2L2 -
diL3 daL3

M — M1 + d1L1 - d2L1
d1L2 M — M2 + d2L2 -
diL3 daL3

M—M1+d1L1— d2L1
d1L2 M — M2 + d2L2
d1L3 d2L3

dsLq S11

dsLo s12 | =0,
M—M3+d3L3 - 513
dsLq S21

dsLo S22 | =0,
M — M3 + d3L3 — M2 523
dsLy 531

— M3 d3L2 S32 =0.
M — M3+ dsLs — 3 S33

Note that the three rows of the matrix S may be found only up to arbitrary multipliers. The condition for the existence of
solutions for these three systems is the vanishing of the determinant

M — M, +dL — do L dslq
det d1L2 M — M2 + d2L2 — K d3L2 =0.
dy L3 dyL3 M — M3+ d3Lz —

Let us get the explicit form of the third order equation for
parameter p:

— 1P+ (3M — My — My~ Ms+dy Ly +do Lo +ds L) 1>+
+[—diLy(2M — My — M3) —dy Ly (2M — My — M3) —
—dsL3(2M — My—My)—3M?+2(My 4 My+Ms) M —
—(MyM; + My Mz + My M;)| p+
+dy Ly (M —My) (M —Mz)+ds Lo (M —Ms) (M—M; )+
+dgLs(M — M) (M — My)+
+(M — M) (M — My)(M — Ms) = 0.

Given the relation M; = M/ \;, the equation can be trans-
formed into the following form

11 1
- M(3—-— - — — Lyidy + Lod
M3 + <3 SV /\3>+ 1+ Lado+
+Lads | p* + | —MLyd oo L 1Y)
3a3 | 4 101 X A3
11 11
~MLydy (2— — — — | —MLsds (2 — — — — ) —
( N A3) ( N A2)
1 1 1
—3M? + 2M? -
+ <A1+A2+A3>
11 11
M ==
(A1A2+A1A3 Amﬂ“*

+ {Mledl ( )\1> <1 +
9 1
+M"Lody |1 — —
3

i)(

»)
Iy,
%)

»—t>"»—l>,

+M?Lsds <1 —

e i-3)(-3) ()] o o

Let us detail the explicit form of the elements of the mixing
matrix. First, we take into account that the parametrization

of possible values of the mass parameters M; = — can be
simplified. Recall that the roots \; are solutions of the char-
acteristic equation
N —(c1+c) A2+ (crea+a? + b)) A — (cra® +cob?) = 0,
where c3 = b > 0, ¢4 = a > 0. Taking into account the
identities

c162% + cob?

Ay = ———,

A+ A =ci+cr— As, Y
3

we find expressions for A1, Ao in terms of A3 :

/\1201+CQ—)\3_
2
c1+cy— A3 2 c1a? + cob?
2 A3 ’
cL+cy— A
ho— ey

C1 a? =+ Co b2

Az

n 14 co— A3 2_
2

The value of the root A3 may be arbitrary, because the phys-
ically meaningful parameter is M3 = M/\3 (at an arbi-
trary M). The simplest expression for )3 is obtained when
c1 = co = 1. In this case, the cubic equation is simplified

N2+ (1+kA—k=0, k=a>+0b>
Its roots are given by the formulas
1 1
Az =1, )\1—5—5 1 — 4k,
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1 oM 1
1—4k, ke (0,2). My=—=" ke(0,=).
( 4) L1+ V1-dk < 4)

Accordingly, the mass parameters M; are specified by the

formulas Let us construct tables of values for \; and )\;1 =
2M : 3 p— - pr— 71 pr— i
Ms = M, M, = , M;/M, i . 1,2, (A3 = A3 1), depending on the
1—+/1—4k parameter k:
Table 1
Parameter values \; = % (1 F /1 — 4k), i = 1,2 depending on k
Tabnuua 1
3HaueHus napaMeTpoB \; = % (1 FVv1 -4k ) i =1, 2 B 3aBucumocTn 0T Kk
k | 024 | 022 | 0209 | 0207 | 0.205 | 0.203 | 0.20 | 0.16 | 0.12 0.08 0.04 0.01
A1 | 04 | 0327 | 0298 | 0.293 | 0.288 | 0.283 | 0.276 | 0.2 | 0139 | 0.088 | 0.042 | 0.01
Aoy | 06 | 0673 | 0702 | 0707 | 0.712 | 0717 | 0.724 | 0.8 | 0.861 | 0.912 | 0.958 | 0.989
) Table 2
Parameter values \; ' = 2 (1 ¥ /1 — 4k) ,i = 1,2 depending on k
Tabnuua 2
3HaueHus napameTpoB )\i_l =2 (1 FV1-— 4k)71,i = 1, 2 B 3aBuCMMOCTH OT k
k 0.24 022 | 0.209 | 0.207 | 0.205 | 0.203 | 0.20 0.16 0.12 0.08 0.04 0.01
1/)\1 25 | 3058 | 3.356 | 3.413 | 3.472 | 3.534 | 3.623 5 7.194 | 11.364 | 23.810 | 100
1/)\2 1667 | 1.486 | 1425 | 1.414 | 1.404 | 1.395 | 1381 | 1.250 | 1.161 1.096 1.044 | 1.0M
Let us detail the coefficients L; in the expression for where
o) L=142 (a>+b*) =k L o<cam<t
e -, a = < E) < < .
@(.T) = L1<I>1(x) + LQCDQ(IL‘) + L3(I)3(l’), \/6 4
L ok 1 N Let us detail the coefficients d;:
G VIS VY5 W W d1=43b<>\1—1>, 4, 4Bb <A2_1>’
1120+ Ag) + 4N 6M 2 6M 2
2Lb (A1 — X)) (A — A3) 4Bb 1
d3 = —— (A3 — = (M)
6M 2
—2k 1
Ly, = b (o — A3)(ha — A1) + Combinations d;L; appear in the mixing matrix, so the pa-

rameter b in the denominators in (10) will be canceled with the

1 1-2(+ A1) + 400 parameter b in (11). Also, since the dimension of the quantity

2Lb (A2 = Az)(A2 — A1) ’ B is M? (inverse square meter), we can introduce substitu-
tions
I —2k 1 n 1B .
T (A=A — ) 4B:6rM2:>di:M6M b<)\ —2> =
N 1 1=2(A 4+ X)) +4M A
2L6 (ha— )0 —Aa) — Mrb (M _ ;) _ MD,,

or (we take into account that A5 = 1)

1 1 1 where the quantities D; are dimensionless. With this in mind,
L == 2k + —(—1 42\ the cubic equation (9) is transformed to the form
: b<A11><A1A2>{ AN 2)} !
1 1 1
1 1 —M3+M 3—>\7—T—)\7+LD1+L2D2+
Ly== % 1 2 3
b (A2 —1)(Aa— A1)
2k:+i( 142)\) +LsDs|p2 4 M2|—L,Dy (2— L - L
oL 1) (> 33| b 141 Ay s
1 1 1 1
L Z —LD<2——)—LD(2——
5T b(1—A )(1 - )\2) 2 A1 A3 o A1
Ao A /\3
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(11,10
A1 Ag

1 1
noy (-5 (13, )+
1 1
wams (1= 1) (1-30) +
1 1
w0 (1-5) (1-5;) +
vli- Y-y L
A1 Ao A3

+M?

The roots of this equation can be found in the form p; =
MA;, where A; are dimensionless quantities; then the

equation for A, A,, A3 takes the form

1 1 1
3————— —+ LD+ LsDs+LsD
N /\3-1- 11+ LolDo+ L3 D3

11
LDy (2 ———)-
o (2-5 1)

_A3_|_

+

1 1 1 1 1
—LsDs (22— ——— | -34+2(—+—+— ] —
3 3( " )\2> + <)\1 +)\2 +>\3>

11,11 11
A A2 A A3 A A3

Allow for that A3 = 1, then we get

1 1
9 - _
A e

1 1
LiD;(1—-— LoDy (1 — —
1 1( )\2>+ 2 2< /\1>+
1 1 1 1
LsDs |2 — — — — 3—-2(—+—+1
+ L3 3( N )\2)+ ()\1+)\2+)+

+11+1+1 A
A A2 AL Ae

A3+ + LDy + LyDy + L3Ds | A%+

+

A%+

1 1
—LyDsy(1—— ) (1——) =0.
2 (15) (- 5) =

Since the parameter b enters as a multiplier into D1, Do, D3
and the denominators of the expressions for the coefficients
L+, Lo, L3, then in comhinations

LDy + LyDy + L3D3, LDy, LoDy, L3Ds

this parameter is reduced. With this in mind, we have the
identities

1
e v T v {—2k+2L(2/\1—1)},

L= 5ya =~

1
X {—Qk—l— ﬁ(l — 2\ — 22X +4)\1)\2)} )

r T r
D, = 5(2/\1 —-1), Dy= 5(2)\2 —1), D3= ok

/\1:%(1— 1—4k), AQ:%(H\/@),

1
k€ (1,4),

Also, we should take into account the identities

L=1+—, (@®+V)=k<

A~ =

9 — 1= —vVI—ak, 2\ —1=+vI_4k,
M= Ao = —VI—dk A — A = +VI— 4k
)\1+)\2:17 )\1_1:_)\27 >‘2_1:_)\17

1—2X\ — 2\ + 4\ \o = 4k — 1,

then we get simpler expressions

)\1)‘2 = ka

2 1
L= 2k + —1— 4k},
YT+ VI— k)1 - dk { 2L }
Ly = 2 {2k:+1 1—4k=}
2T 1+ VI-dk)V1- 4k 2L ’

1 1
Ly=+ {—2k+ 57 (4 — 1)},

D, = —g\/l "Ik, Dy = +g\/1 ik, Dy= %
b 1
L=14+—, 0<b<-.
V6 2
In this way, we arrive at the following cubic equation for A:
A%+ AN + BA +C =0,
where the coefficients are (take into account the properties

of the roots Ay, A\g)

1
A:2— E+L1D1+L2D2+L3D3, C:Lng,
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1—+1—-4k

T+Vi—ak
1++v1—4k 1
—LoDy———F——=+L3Ds |2—— ) + 1.
2 21_ - ik 3 3< /<:>
Using identities
2k — Iv/1 — 4k
LDy = ———F——,
1++1—4k
2k 4+ 11 — 4k
L2D2:—+ T
1—+/1—4k
1—4k
LsD3=—(1+1
33 <+ ok >7";

we transform the cubic equation to a simpler form

A3+72kk:_1A2+ [1+ <1—11;k4k> 7“] A+

we obtain
A3+2]€7];1A2+
V6 1 —4k
+ |1+ 11— r| A+
( 2(V6+0) 2k
V6 1 —4k
+ 1+ r=0, (12
( 2(vV6+b 2k )
where
1
0<k<1, 0<b<2.

For definiteness, we set b; = 0, by = 1, b = 2. The pa-
rameter 7 was introduced by the relation 4B = 6rM?
from physical considerations, we will assume that the dimen-
sionless parameter r is small. Below we will follow several

(1 ll — 4k — situations r = 107°, » = 1073, r = 1. The last value
2k ’ |r| = 1 corresponds to a very strong magnetic field. Nu-
Allowing for the expression for the parameter i: merical study showed.that dgpepdgqce of the rqots A, upon
parameter b € (0, 2) is very insignificant. By this reason be-
[ — 1 _ V6 low we take the value b = 0. Let us construct tables of values
2L 2(v/6+0) ’ for the roots A, Ay, A3 equations (12) (see tables 3-5).
Table 3
The values of the roots A;, i = 1, 2, 3 of equation (12) for b = 0,7 = 102
Tabnuua 3
3nauenns kopHeit A;, i = 1,2, 3 ypaeuenus (12) ana b = 0,7 = 107>
k 0.24 0.22 0.208 0.204 0.20 0.16 0.10 0.06 0.02 0.01
Aq 0.667 0.485 0.419 0.400 0.382 0.250 0127 0.069 0.021 0.010
As 1.500 2.060 2.389 2.502 2.618 3.999 7.873 14.598 47.979 97.990
Az | -0.00001 | -0.00001 | -0.00001 | -0.00001 | -0.00001 | -0.00002 | -0.00002 | -0.00004 | -0.00012 | -0.00024
Table 4
The values of the roots A;, 7 = 1, 2, 3 of equation (12) for b = 0,7 = 103
Tabnuua 4
3nauenns kopHeit A;, i = 1,2, 3 ypasHenus (12) ana b = 0,7 = 103
k 0.24 022 | 0208 | 0204 | 020 0.16 012 0.08 0.04 0.01
A | 0670 | 0.487 | 0.420 | 0.401 | 0384 | 0252 | 0164 | 0099 | 0.049 | 0021
Ay | 1489 | 2059 | 2388 | 2502 | 2617 | 3.999 6171 | 10.404 | 22.957 | 97.990
As | -0.001 | -0001 | -0.001 | -0.001 | -0.001 | -0.002 | -0.002 | -0.003 | -0.005 | -0.012
Finally, with an even greater increase in the parameter r, the roots become complex-valued
Table 5
The values of the roots A;, 7 = 1, 2, 3 of equation (12) for b = 0,r = 1
Tabnuua b
3HaueHus KopHeit A;, 7 = 1,2, 3 ypasHenus (12) pnab = 0,r = 1
k 0.24 0.209 0.206 0.203 018 012 0.06 0.01
Ay | 1265+1.129i | 1.588+0.726i | 1.625+0.656i | 1.662+0.574i | 1173 0695 | 0503 | 0.406
Ay -0.362 -0.392 -0.395 -0.398 2804 | 6128 | 14.727 | 98.221
Az | 1.265-1.129i | 1588-0.726i | 1.625-0.656i | 1662-0.574i | -0.422 | -0.489 | -0.653 | -0.627

This means that at such magnetic field, the model be-
comes non-interpretable.

Conclusions

In the present paper, the model of a fermion with three
mass parameters is studied in presence of the external

uniform magnetic field. After diagonalizing transformation,
three separate equations are obtained effectively for parti-
cles with different anomalous magnetic moments. Their ex-
act solutions and generalized energy spectra are found. Af-
ter diagonalizing the mixing matrix, we reduce the problem
for three separated Dirac-like equations for particles with
different anomalous magnetic moment. It is shown that for
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a very strong magnetic field, the model becomes non-inter-
pretable, because the effective anomalous moments turns out
to be complex-valued.

10.
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