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Abstract

Using two-dimensional recurrence relations, a description of
dynamical X-ray diffraction in crystals is presented. It is
shown that this approach makes it possible to calculate X-
ray fields inside the crystal and reciprocal space maps.
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Introduction

To describe diffraction in lateral crystals of a rectangu-
lar cross section, two-dimensional recurrent relations were
obtained [1, 2], which differ from the one-dimensional Darwin
algebraic equations. On the other hand, diffraction in perfect
crystals of a rectangular cross section can also be consid-
ered using the two-dimensional Takagi-Taupin equations [3].
On the example of a cylindrical crystal, it was shown that two-
dimensional recurrence relations can be used to calculate re-
ciprocal space maps (RSMs) for crystals of arbitrary shape
[4]. It should be noted that numerical integration based on
the Takagi-Taupin equations is not always stable, while cal-
culations based on two-dimensional recurrence relations are
always stable. In this paper, we show that the diffraction of
spatially restricted X-ray beams in periodic structures can be
described using two-dimensional recurrence relations. Us-
ing these recurrence relations, it is possible to calculate the
x-ray fields inside the crystal and RSMs.

Recurrent relations

Two-dimensional recurrent relations can be written in the
following form
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AHHoTauus

MpepcTaBneHo onvcaH1e [UHaMUUYECKON ANPAKLMM PeHTre-
HOBCKUX Nyyel B KpUCTannax ¢ UCMONb30BaHUEM BYMepPHbIX
PeKyppeHTHbIX CooTHowWeHWi. MokasaHo, uTo Takoi noaxop
Mo3BoNSieT PacCUMTLIBaTL MONS PEHTTEHOBCKUX Nyyeill BHYT-
pv KpucTanna.

KnioueBble cnoBa:

PeHTreHOBCKUE NyuW, AUHAMUUeCKan Audpakuus, OﬁpaTHOE
NPOCTPAHCTBO, KapTa pacnpepeneHnqa UHTEHCUBHOCTU

where 77" and S]" are the amplitudes of the transmitted and

diffracted wave, a = (1 — i q,) exp (7, /\32‘23), by =
_ ( 2nd ) b e ( 2md )
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fﬁxg, Xo» X and x_p, — are the Fourier components

of the X-ray polarizability, d = — is the interplanar

Smop
distance, A is the X-ray wave length, 6 is the Bragg angle for

reflective lattice planes. The distance between nodes along
the z axis is ectb Ax = d/ tg 0p.

Figure 1a shows the directions of the transmitted and
diffracted X-ray beam, taking into account the dynamical in-
teraction of X-ray waves. The horizontal lines represent the
crystal planes, which are numbered from top to bottom. Ar-
rows directed down correspond to transmitted waves, arrows
directed up refer to diffracted waves.

According to Figure 1a, the magnitude of the ampli-
tude 77" of the transmitted beam at the node (m;n)
consists of the contributions of the transmitted 77"
and reflected downward S”"~' waves at the node (m —
1;m — 1). This physical process is described by the
first equation of recurrent relations (1). The diffrac-
tion wave S)" at the node (m;n) is formed as a re-
sult of the upward passage of the wave S,Tgll and the
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Figure 1. (a) Scheme of two-dimensional X-ray diffraction on discrete crystal lattice planes. The vertical coordinate (see (b)) is defined as 2 = nd, where n
is the number of the crystal plane. The horizontal coordinate is x = mAx, where Az is the lateral distance between the nodes, m is the node number.
(b) Geometry of X-ray diffraction. The incident restricted beam illuminates the surface of the crystal lgm). The exited beam size is l;ew).

PucyHok 1. (a) Cxema nsyMepHoit AMQIPaKLIMK PEHTTEHOBCKMX Nyueit Ha KPUCTanaMUeckux nnockoctax. BeptukanbHas KoopauHata onpegeneHa Kak z = nd,
rAe m — HOMep KpUCTanNMYecKoit NNockocTy. [opu3oHTanbHas KoopanHata: x = mAwx, rae Ax — paccTosiHie MeXAy y3naMu B laTepanbHOM HanpaBneHum,

o (in) (ex)
m — HoMep yana. (b) leoMeTpust audpaKkLmmM peHTreHoBCKMX nyyei. LnpuHa nagarowero Ha KpucTann nyuka [, . LUMpuHa BbIXOASWEro Nyuka Ly, .

diffraction of the wave 77" at the node (m — 1;n + 1).

The exponential factor exp (z which is included

2md
Asin 63 ) '
in the coefficients of the recurrence relations, takes into ac-
count the phase variation during the passage of X-ray waves
from one crystal plane to the neighboring plane.

To solve the diffraction problem, recurrent relations (1)
must be supplemented with boundary conditions (Figure 1h).
Let the X-ray beam fall on the crystal surface at an angle 6,
, Which, in the general case, may differ from the Bragg angle
0p . We consider the case when an incident X-ray wave illu-
minates the crystal surface I, then the boundary condition
has the form

2 .
T3 = exp (z% cos b, - mAm), mAz < l:(vm),

mAz > ("),

(2)
Ty =0,

It follows from relations (2) that the modulus of the am-
plitude of the incident X-ray beam on the crystal surface is
equal to unity. The exponential factor takes into account the
change in the phase of the incident wave amplitude along the
x axis (Figure 1h).

The calculation of the amplitudes of X-ray fields is per-
formed on the basis of recurrence relations (1) taking into ac-
count the boundary conditions (2) for all nodes of a rectangu-
lar network (m;n), where 0 < m < M, = 1™ /Az and
0<n < N,=L,/d L, is the thickness of the crystal.

In a triple-axis diffraction scheme, the exited beam is reg-

istered, for example, at a different angle 65. In this case, it
is necessary to take into account additional phase variations
©m = —(2m/A)mAz cos 05 for the reflected X-ray wave
at the front of the exited beam, which is shown by the dotted
line in Figure 1b.

The intensity of the diffracted X-ray wave is found from
the relation:

M, 2
Qqu,z - ZSO exp ZSOTFL (3)
9 s
where ¢, = %HQB(A& — Ab), ¢ =
2
—%SHB(A& —+ AHQ), AHl = 01 — HB. A02 -
0y — 0p.

Calculated results

Numerical calculations of X-ray diffraction in a perfect sil-
icon crystal are performed for symmetric (333) reflection of
o-polarized X-ray CuK,,, radiation. The calculation results
are presented taking into account the shift of the coordinate
system by the angular distance associated with the X-ray re-
fraction, which is proportional to the real part of the coef-
ficient aq in the diffraction equations (1). The length of the
primary Bragg extinction for (333) reflection from silicon is
leze = A|sinfp|/(Cr|xn|) = 8.03 um. The Bragg angle
for the selected reflection is 47.476 arc. deg. The interplanar
distance of the reflecting planes is d = 0.1045 nm.

N3BecTna Komu HayuHoro ueHTpa Ypanbckoro otaenequs Poccuitckoit akapemum Hayk N2 4 (62), 2023

Cepust «Dn3nK0-MaTEMaTUUECKME HAYKU»
www.izvestia.komisc.ru

89



90

(a)

(b)

Figure 2. (a) The calculated distribution of the diffraction intensity inside the crystal at a deviation from the Bragg angle by 2 arc. sec. (b) RSM on a logarithmic
scale, calculated on the basis of two-dimensional recurrence relations. The width of the incident and diffraction beams is 110 zem.

PucyHok 2. (a) PacnpeneneHue MHTEHCMBHOCTM AutparMpoBaHHO BONHbI BHYTPU KpUCTanna npu OTKNOHeHWu oT yrna bperra Ha 2 yrnoebie cek. (b) Kapra
MHTEHCUBHOCTY B NOTapuiMMYecKoM MaclTabe, paccuuTaHHas METOL,OM PEKYPPEHTHbIX COOTHOLWEHHU. LnpuHa napatoLero u oTpaxeHHoro nyykos 110 pm.

Using recurrent relations (1), the field of the diffracted
wave inside the crystal was calculated for an arbitrary an-
gle of incidence, which differs slightly from the Bragg angle.
Figure 2a shows the scattering intensity distribution inside the
crystal when the incident beam deviates from the Bragg angle
by 2 arc.sec.

Solution (3) makes it possible to calculate RSMs for var-
ious sizes of X-ray beams. Figure 2b shows the calculated
RSM on a logarithmic scale, which completely coincides with
calculations based on differential diffraction equations. The
width of the incident beam is 110 um. The effective depth of
penetration of X-ray wave into a crystal is 82 pm.

The study was supported by the Russian Science Founda-
tion, grant No. 23-22-00062.
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