HayuHbli1 ypHan

OcHoBaH B 2010 T.
BbixopmT BoceMb pas B rog

Yupeputenb

(De[;lepaanoe rocynapCcTBEHHOE BHIKeTHoe KOMW HAYYHOIO LLEHTPA
upexpeHne Hayku

g)ep,n,epaanbM MyccneuosaTeanKmﬁ LEeHTp VE’AH bPKOFO OTAEJIEHUS

«Komu HayuHbiit LieHTp YpO PAH» POCCUNCKOUN AKAOEMUNN HAYK

N2 4 (62) Cepuga «®U3NKO-MATEMATUYECKUNE HAYKW» 2023

FnaBHbIM pegaKkTop - akan. PAH AM. Acxa6os

3aM. rnaBHoro pepakrtopa - un.-kopp. PAH C.B. [lérteBa
3aM. rnaBHoro pepakTopa - un.-kopp. PAH B.H. JlaxeHues
OTBeTCTBEHHbIN ceKpeTapb - KM.H. [1.B. Munoxu

PepakLMOHHBIN coBeT:

akap. PAH B.B. Anekcees, akaa. PAH A A. bapsx, akaa. PAH B./. Bepapbiwes, o.M.H. E.P. boitko,

un.-kopp. PAH W.H. Bonotos, akap,. PAH B.H. Bonbuwakos, Ph.D. (Econ.) K. bopucoBa-MapwHoBa (Bonrapus),
A..-M.H. TM. Bpeuko (Monblwa), K.r.-M.H. U.H. Bypues, akag. PAH A.[l. [BuwnaHm, A..-M.H. H.A. [pomoB,
A.MH. W.J1. Xepe6uos, 0.6.H. B.I. 3aitHynnuH, un.-kopp. PAH B.A. UnbuH, akan,. PAH C.B. Kpueosuues,

W.B. Kypnsk, akag. PAH A.B. KyunH, un.-kopp. PAH t0.5. MapuH, akapn. PAH B.I. MaTBeeHko,

A.m.H. B, MeHbrosckuit (benapycb), akag. PAH IA. Mecat, un.-kopp. PAH A.A. Mockanes,

0.3.H. J1.A. Tonos.a, un.-kopp. PAH B.H. MNyukos, 4.r.-m.H. AM. lTbicTuH, un.-kopp. PAH .M. Powesckas,

akap. PAH M.N. Powesckuit, o.x.H. C.A. Py6uoBa, .1.H. 3.A. CaBenbeBa, f.1.H. T.C. CapbikoB (KazaxcTaH),
un.-kopp. PAH A.®. Tutos, f.6.H. C.H. XapuH, K.6.H. N.®. YapuH, akan. PAH B.H. YapywwH, o.7.H. H0.9. Yykpees,
n.6.4. E.B. Wampukosa, akap. PAH B.C. Llaukui, o.3.H. Al lenomeHues, K.3.H. A.A. H0auH

PepakuunoHHas Konnerus cepuun «Dusnko-mareMaTuyeckme HaYyKn»;

A.0.-M.H. HA. bengesa, o.g.-M.H. C.I. Bo6kos (CLLIA), a.cb.-m.H. B.A. Bywyes, o.d.-M.H. B.N. Tony6aTHUKOB,
A.7.H. AN. Tocnopapukos, 4.¢.-M.H. O.H. MpaHnumH, A.¢.-M.H. H.A. [poMoB (0TBETCTBEHHbIN pefaKTop),
A..-M.H. AB. Xy6p, g.tb.-M.H. H0.A. Kypoukun (Benapycs), a.¢.-M.H. B.B. Mazanos, f.¢.-M.H. B.A. MaHbo,
0.0.-M.H. B.M. HexxuHckuid, o.b.-M.H. A.B. MeBHbIA, A.¢).-M.H. C.M. Monewwxos, A.¢.-M.H. B.. MyHeros,
A.t.-M.H. B.M. PeibkoB (benapycb), f.¢.-M.H. B.H. CuBkoB, f.¢.-M.H. B.®. Cokonos,

K..-M.H. [L.A. TuMyweB (0TBETCTBEHHbIW CeKpeTapb), A.t.-M.H. A.H. TuxoMupoB, A.th.-M.H. B.B. YnbaHos,
0.0.-M.H. CM. Xpswes, a.¢.-m.H. [1.C. Llep6akoB

Appec pepgakuuu:

167982, TCM-2, Pecnybnuka Komu, r. CbIKTbIBKaPp,
yn. KoMMyHucTUueckas, . 24

OUL, Komu HL, YpO PAH, kab. 317, 318.

Ten. (8212) 24-47-79, daxc (8212) 24-22-64
E-mail: journal@frc.komisc.ru
www.izvestia.komisc.ru

ISSN 1994-5655 MopnucHol nHaekc B katanore «Moyta Poccumn» 52047

3apervcTpuposan GefepanbHoii ciyx6oii Mo Hap3opy JKypHan BKOYEH B NepeyeHb peLieH3npyeMblix HayyHbix uagaqmi BAK

3a co6ntofieH1eM 3aKOHOaTeNbCTBA B ChEpPe MACCOBbIX
KOMMYHUKaLMW 1 0XpaHe KyNnbTypHOro Hacneaus. © DepepanbHoe rocynapcTBeHHoe GHOIKETHOE YUpexaeHue HayKu

CBMA. 0 perucTpaLmm cpefcTs MaccoBOM UHDOPMaLLUK DenepanbHblit MccneaoBaTeNbCKNiA LEHTP
MU N2 ©C 77-26969 ot 11 sHBaps 2007 r. «Komu HayuHbilt LeHTp YpO PAH», 2023



Science Journal

Founded in 2010
Published 8 times a year

Established by

red_eral StatfeSBudgetary OF THE KOMI SCIENCE CENTRE
nstitution of Science

Federal Research Centre URAL BRANCH
«Komi Science Centre, Ural Branch, RAS» RUSSIAN ACADEMY OF SCIENCES
N2 4 (62) «PHYSICAL AND MATHEMATICAL SCIENCES» series 2023

Editor-in-chief - RAS acad. AM. Askhabov

Deputy editor-in-chief - RAS corresp. member SV. Degteva
Deputy editor-in-chief - RAS corresp. member V.N. Lazhentsev
Executive secretary - Cand. Sci. (Hist.) D.V. Milokhin

Editorial Council;

RAS acad. V.V. Alekseev, RAS acad. A.A. Baryakh, RAS acad. V.I. Berdyshev, Dr. Sci. (Med.) E.R. Bojko,

RAS corresp. member |.N. Bolotov, RAS acad. V.N. Bolshakov, Ph.D. (Econ.) K. Borissova-Marinova (Bulgaria),
Dr. Sci. (Phys.-Math.) TM. Brechko (Poland), Cand. Sci. (Geol.-Mineral.) I.N. Burtsev, RAS acad. A.D. Gvishiani,
Dr. Sci. (Phys.-Math.) N.A. Gromov, Dr. Sci. (Hist.) |.L. Zherebtsov, Dr. Sci. (Biol.) V.G. Zainullin,

RAS corresp. member V.A. Ilyin, RAS acad. SV. Krivovichey, LV. Kurlyak, RAS acad. AV. Kuchin,

RAS corresp. member Yu.B. Marin, RAS acad. V.P. Matveenko, Dr. Sci. (Hist.) V.I. Men'kovsky (Belarus),

RAS acad. G.A. Mesyats, RAS corresp. member A.A. Moskalev, Dr. Sci. (Econ.) L.A. Popova,

RAS corresp. member V.N. Puchkov, Dr. Sci. (Geol.-Mineral.) A.M. Pystin, RAS corresp. member |.M. Roshchevskaya,
RAS acad. M.P. Roshchevsky, Dr. Sci. (Chem.) S.A. Rubtsova, Dr. Sci. (Hist.) E.A. Savelyeva,

Dr. Sci. (Hist.) T.S. Sadykov (Kazakhstan), RAS corresp. member A.F. Titov,

Dr. Sci. (Biol.) S.N. Kharin, Cand. Sci. (Biol.) I.F. Chadin, RAS acad. V.N. Charushin,

Dr. Sci. (Tech.) YuYa. Chukreey, Dr. Sci. (Biol.) EV. Shamrikova, RAS acad. V.S. Shatsky,

Dr. Sci. (Econ.) AG. Shelomentsev, Cand. Sci. (Econ.) A.A. Yudin

Editorial Board of the series «Physical and Mathematical Sciences»:

Dr. Sci. (Phys.-Math.) N.A. Belyaeva, Dr. Sci. (Phys.-Math.) S.G. Bobkov (USA), Dr. Sci. (Phys.-Math.) V.A. Bushuey,
Dr. Sci. (Phys.-Math.) V.P. Golubyatnikov, Dr. Sci. (Tech.) A.P. Gospodarikov,

Dr. Sci. (Phys.-Math.) O.N. Granichin, Dr. Sci. (Phys.-Math.) N.A. Gromov (Executive editor),

Dr. Sci. (Phys.-Math.) AV. Zhubr, Dr. Sci. (Phys.-Math.) Yu.A. Kurochkin (Belarus), Dr. Sci. (Phys.-Math.) V.V. Mazalov,
Dr. Sci. (Phys.-Math.) V.I. Man'ko, Dr. Sci. (Phys.-Math.) V.M. Nezhinskij, Dr. Sci. (Phys.-Math.) A.B. Pevnyi,

Dr. Sci. (Phys.-Math.) S.M. Poleshchikov, Dr. Sci. (Phys.-Math.) V.I. Punegoyv,

Dr. Sci. (Phys.-Math.) V.M. Red’kov (Belarus), Dr. Sci. (Phys.-Math.) V.N. Sivkov, Dr. Sci. (Phys.-Math.) V.F. Sokolov,
Cand. Sci. (Phys.-Math.) D.A. Timushev (Executive secretary), Dr. Sci. (Phys.-Math.) A.N. Tikhomirov,

Dr. Sci. (Phys.-Math.) V.V. Ulyanov, Dr. Sci. (Phys.-Math.) S.M. Khryashchev, Dr. Sci. (Phys.-Math.) P.S. Shcherbakov

Editorial Office:

Office 317, 318 Komi Science Centre, Ural Branch, RAS
24, Kommunisticheskaya st., GSP-2,

Syktyvkar 167982, Komi Republic

Tel. +7 8212 244779, Fax +7 8212 242264

E-mail: journal@frc.komisc.ru
www.izvestia.komisc.ru

The “Russian Post” catalogue subscription index 52047

The journal is included in the list of peer-reviewed scientific
publications of the Higher Attestation Commission
of the Russian Federation

ISSN 1994-5655

Registered by the Russian Federal Surveillance Service
for Compliance with the Law in Mass Communications
and Cultural Heritage Protection. Federal State Budgetary Institution

The certificate of mass media registration - of Science Federal Research Centre

MU N2 ©C 77-26969 dated 11 January, 2007 “Komi Science Centre, Ural Branch, RAS”, 2023



COAEPXAHUE

A. Kapab6aHos

TeH30pHbIEe PACIUMPEHUSI YPABHEHUM JTAKCA . .. ... et 5
B.®. Cokonos
OnTuManbHoe £ -poGacTHoe cneXxeHue 419 aBTOperpecCUoHHOro 06beKTa C HeM3BECTHON HOMUHAMNbBHOM MOLeNbIo . . . . .. 10
B.H. Tapacos
BnuaHue nonepeyHon Harpyaku Ha yCTOMUMBOCTb C)XMMAEMOTO MPOLCIBHON CUITON CTEMKHS . ..o\ oee e ee e e 18

B.10. AHpprokoBa
0 BAMAHUM OLLHOCTOPOHHUX CBA3EH Ha YCTOMUMBOCTb U KONEBAHMS YMPYTUX KOMELL . . .. ove oot eee e e e e eeeeeee e 23

B.H. Tapacos, H.0. CMoneBa
KoHTakTHas 3agava Ans KonbLa, NOAKPENIEHHOro YNpyruMn TOHKUMU CriML,amm,

HaXo[ALLErocsa Nof, AeCTBMEM CUMbI, MPUAOKEHHOM K OCU KOMBCA. . . .o .ot et et e et et et et e e e e e e e e e e 30
H.A. TpomoB
CTaHpapTHad MOENb B PaHHEN BCOMEHHOM . . . ... ... e 36

U.B. Koctakos, B.B. Kypatos
MpocTpaHCTBa NOCTOAHHOM KPUBM3HDI, ypaBHeHUe JTMyBUANA U KOHTpaKuMm anrebp Jiu............................... 49

H0.A. Kypouku, H.[1. Waitkoeckas, [1.B. LénkoBbii
0 Knaccuyeckoi U KBaHTOBO-MeXaHWUECKOM 3afiaue ABYX MaTepuanbHbIX TOUeK
B TPEXMEPHOM MPOCTPAHCTBE JIOBAUEBCKOID . . . . . o .o ettt ettt et et et e ettt et e e e 57

0.A. CemeHiok, A.B. UBawkesuy, A.B. bypbiii, B.A. Mnetioxos, B.M. PegbkoB
BesmaccoBoe none LUTiokenbbepra, TouHble pelleHnUs B LEKApTOBbIX KOOPAMHATAX

U KanUBPOBOUHBIE CTEMEHM CBOBOMDBI . . . . oottt t ettt e et e e e et e e e e e e e e e e e e e e e et e e 63

0.A. CemeHiok, B.A. Mnetioxos, A.B. Bypubiit, A.B. UBawkesuy, B.M. PegbkoB
BeaMaccoBad uactuua LUTiokenbGepra, pelweHns ¢ LMIMHAPUYECKON CUMMETPUEM . .. ..o\ o vt 69

E.M. OBcuiok, A.N. CachpoHoB, A.[l. Kopanbkos, §1.A. BoiiHoBa
®epMUOH C TPEMSA MACCOBbIMU NMAPAMETPaMU BO BHELUHEM MAarHUTHOM MOME . . . ..ottt et et et et et e e e ee 71

C.1. Konocos, B.W. NyHeros

LMHaMWuecKas Teopusa aUGpPaKLMUM PEHTIEHOBCKMUX fTyueil Ha OCHOBE [BYMEPHbIX PEKYPPEHTHbIX COOTHOWEHWHA . . . . ... .. 88
A.B. Kapnos
BparroBckue oTpaX<eHUs MHOTOCNOMHOM ANDPAKLMOHHON PELUETKM . . ..\t e e et e e e et e e e e e et e e e ee e 91

MN.A. Makapos, B.A. Yctioros, B.W. lllernos
Oco6eHHOCTM UMCNEHHOTO pelueHUs ypaBHeHuid MakcBenna metogoM FDTD
B O[LHOPOLLHOW Y HEOLHOPORHOM (OPMYIMUPOBKAX . . .« .o\ ettt ettt ettt ettt e e et e et e e e e e 96

l06unewu

Otnen mateMatnku KoMu HLL YpO PAH (K 30-1eTHI0 0BPA30BAHMS) . . ... ..ottt e et e e e e e e 108



CONTENTS

A. Karabanov

Tensor extensions of Lax equations . .. ... ..o 5
V.F. Sokolov
Optimal £, -robust tracking for autoregressive plant with unknown nominalmodel.................................. 10
V.N. Tarasov
Influence of a transversal load on the stability of a rod compressed by a longitudinal force........................... 18

VYu. Andryukova
On the influence of unilateral bonds on the stability and oscillations of elasticrings................................. 23

V.N. Tarasov, N.O. Smoleva
Contact problem for a ring reinforced with elastic thin spokes,

which is under the action of a force applied to the wheelaxle . ... ... .. 30
N.A. Gromov
Standard Model in the arly UNIVErSe . .. ...t e e e 36

LV. Kostyakov, V.V. Kuratov
Spaces of constant curvatere, the Liouville equation and contractions of Lie algebras . ................ ... ... .. ... 49

Yu.A. Kurochkin, N.D. Shaikovskaya, Dz.V. Shoukavy
On classical and quantum mechanical problem of two material points
in three-dimensional LobaChevsky SPace . . . ... ... .o e 57

0.A. Semenyuk, AV. lvashkevich, AV. Bury, V.A. Pletyukhov, V.M. Red’kov
Massless Stueckelberg field, exact solutions in Cartesian coordinates and gauge degrees of freedom ................. 63

0.A. Semenyuk, V.A. Pletyukhov, AV. Bury, AV. lvashkevich, V.M. Red’kov
Massless Stueckelberg particle, solutions with cylindric symmetry. ... 69

E.M. Ovsiyuk, A.P. Safronov, A.D. Koralkov, Ya.A. Voynova
Fermion with three mass parameters in the uniform magneticfield............ ... ... . i 17

S.I. Kolosov, V.I. Punegov

Dynamical theory of X-ray diffraction in crystals based on two-dimensional recurrent relations . ..................... 88
AV. Karpov
Bragg's reflections of a multilayer grating .. ...... ... 9

P.A. Makarov, V.A. Ustyugov, V.I. Shcheglov
Numerical solution features of Maxwell equations by FDTD method
in the homogeneous and non-homogeneous formulations of the problems . ......... .. .. ... . L. 96

Anniversaries
The Department of Mathematics of the Komi SC UB RAS (to the 30th anniversary of foundation)....................... 108



VMK 530.145, 512.81
DOI 10.19110/1994-5655-2023-4-5-9

Tensor extensions
of Lax equations

A. Karabanov

Cryogenic Ltd,
London, W3 7QE, UK

karabanov@hotmail.co.uk

Abstract

The Lax equations dL/dt = [M, L] play animportant role in
the integrability theory of nonlinear evolution equations and
quantum dynamics. In this work, tensor extensions of the
Lax equations are suggested with M/ : V' — V and L :
TF(V) = V,k=1,2,...0nacomplex vector space V.
These extensions belong to the generalised class of Lax equa-
tions (introduced earlier by Bordemann) dL/dt = py(M)L
where py, is arepresentation of a Lie algebra. Thecase k = 1,
p1 = ad corresponds to the usual Lax equations. The ex-
tended Lax pairs are studied from the point of view of iso-
morphic deformations of multilinear structures, conservation
laws, exterior algebras and cochain symmetries.

Keywords:

Lax equations, tensor extensions, multilinear algebra, sym-
metries

Introduction

The idea of symmetry and conservation laws is fundamen-
tal in natural sciences. Mathematically, it is reduced to the
study of algebraic properties that are invariant under groups
of transformations. From this point of view, linear objects are
much simpler and more symmetric than nonlinear ones. For
instance, nonlinear dynamical systems generally do not ad-
mit conservation laws (integrals of the motion) and manifolds
of their solutions are much harder to describe than those of
linear dynamical systems that always are linear spaces. It is
very tempting then to reduce nonlinear dynamical problems
to linear problems.

The most remarkable success in this direction is the in-
verse scattering method of integration of nonlinear evolution
equations. The method is based on including the nonlinear
evolution into a linear operator L that satisfies a linear evo-
lution equation dL/dt = [M, L] such that the eigenvectors
of L satisfy the linear equation with an operator M, while
the eigenvalues of L do not evolve. The latter property en-
ables a reconstruction of the nonlinear evolution using a spa-
tial scattering theory for the operator L. For ordinary differ-
ential equations, the isospectrality of L is used to find conser-
vation laws of the nonlinear dynamics. The pairs (M, L) are
called Lax pairs, the equations for the operator L are called
Lax equations [1-1].

TeH30pHbIe paclMpeHus
ypaBHeHuH Jlakca

A. KapabaHos

000 «KpuoreHuka»,
r. JlongoH, W3 7QE, BenukobputaHus

karabanov@hotmail.co.uk

AHHoTauua

VpaBHenuss Nakca dL/dt = [M, L] wrpalt BaxHyio
ponb B TEOPUM MHTErPUPYEMOCTH HENUHEWHBIX 3BONIOLUOH-
HbIX YpaBHEHWA M KBAaHTOBOM AWHaMuKe. B paHHoit pabote
npeanaraloTca TeH30pHble paclupeHus ypaBHeHuii Jlakca ¢
M:V - VuL:THV) = V,k=1,2,...HaKouM-
MNeKCHOM BEKTOPHOM npocTpaHcTee V. 3Tu pacwmpenus oT-
HocaTcs K 0606uweHHOMy Knaccy ypaBHeHuii Jlakca (BBeaeH-
HoMy paHee BoppemanHomM) dL/dt = p.(M)L, roe py —
npepcraenenue anrebpsl Ju. Cayvait k = 1, p; = ad coort-
BETCTBYET 06bI4YHbIM ypaBHeHUsIM Jlakca. PacwupeHHble napel
Nakca nayyvaroTca ¢ TOUKKU 3peHNs H30MOPdHbIX AetopMaLmil
MONMAUHENHBIX CTPYKTY P, 3aKOHOB COXPaHEHMs], BHEWHUX an-
re6p M KOLEMHbIX CUMMETPHH.

KnioueBble cnosa:

ypaBHeHus Jlakca, TeH30pHble pacluMpeHus, NonunuHetHas
anre6pa, cummeTpum

In many cases, useful nonlinear relations exist between
solutions to linear dynamical systems. These relations shed
extra light to solutions of the relevant nonlinear problems.
The simplest nonlinear extension of a linear operator is a mul-
tilinear operator. In this work, we realise this idea in replac-
ing the Lax operator L by a multilinear operator that maps
solutions to the linear problem with the operator M again to
solutions to the same problem. We call the resulting equa-
tions tensor extensions of the Lax equations.

We show that the extensions thus introduced have a rich
algebraic meaning, closely related to the theory of Lie alge-
bras and more general multilinear algebraic structures. We
reveal that the extensions we suggest are partial cases of the
generalised Lax equations introduced by Bordemann and re-
lated to representations of Lie algebras other than the ad-
joint representation, on which the usual Lax equations are
based [8]. Close connections between the solutions to the ex-
tended Lax equations and Chevalley-Eilenberg cochain com-
plexes [9,10] are pointed out. Also, the basic construction
presented in this work is another language for description of
isomorphic deformations of multilinear algebraic structures
on vector spaces with respect to dynamical groups of trans-
formations. In this sense, this work is a continuation of the
previous work by the author [11].
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1. Basic construction

Let V' be a complex vector space and let V}, denote the
vector space of k-linear operators L : V¥ — V. For any
k=1, 2, ..., any linear evolution equation on V/

dv/dt = Mv, veV, M(t)eW M
generates the linear evolution equation on V},
dL/dt = pp(M)L, LEVy, pr(M(t)) € End(Vy) (2)

such that the solution operator L is a k-symmetry of Eq. (1),
i.e, maps k-tuples

(Ul(t)7 ceey ’Uk(t))

of solutions to Eq. (1) again to solutions to Eq. (1). By multipli-
cation with respect to ¢, we can verify that

pr(M)L(vy,...,v5) =
= ML(vy,...,v5) — L(Mvy,va,...,0,)—
—L(vy, Mvg, ... ;v;) — ... — L(vi,v9, ..., Mvg). (3)
It is evident that
p(M)L = [M,L], M,LeV,

where [, ] denotes the commutator, so for k& = 1 Eq. (2) is the
usual Lax equation. Using the canonical injection

VE - THWV)

of the Cartesian product V¥ into the k-grade of the tensor
algebra 7'(V'), due to the universal property of 7'(V'), any
solution L € V}, to Eq. (2) can be uniquely identified with
a linear operator L : T*(V) — V. We call the series of
Eq.(2), k = 2, 3, ..., tensor extensions of the Lax equation
for k = 1.

2. Isomorphic deformations and conservation
laws

Eg. (3) enables the solutions to Egs. (2) for any & and any
initial operator L(0) € V to be written in the form

Lt)(v1,...,05) = @#)LO)( @ (t)vy, ..., 27  (t)vy)

(8)
where ®(t) € V isthe operator that maps any vectorv € V'
to the solution o(t) = ®(t)v to Eq. (1) with the initial value
0(0) = v,

dd/dt = M®, ®(0)=1€ V. (5)

Due to Egs. (4), (5), solutions L(t) of the extended Lax equa-
tions (2) are k-multiplicative algebraic structures on V' that
are isomorphic to their initial values L(0) under the evolu-
tion of Eq. (1). Egs. (2) describe then isomorphic deformations
of k-multiplicative algebraic structures on V. In fact, Eq. (4)
is equivalent to

L)@ (), ..., ®(t)v) = BE)L(0)(v1, .. ., vp).

(6)

For finite values of time, the fundamental operator ®(t) of
Eq. (1) is an isomorphism between L(0) and L(t). By the ac-
tion (6), the group generated by the operators ®(¢)

G =gen{®(t),t € R} C GL(V) (7

maps any structure L(0) to structures isomorphic to L(0).

Stationary solutions L(¢) = L(0) to Egs. (2) that do not
explicitly depend on time describe k-multiplicative structures
that are automorphic with respect to the operators ®(t) for
all values of ¢,

L(O)(®()vy, ...

The group G of Eq. (7) is then a subgroup of the automor-
phisms group of Z(0),

G C Aut(L(0)).

,P(t)v) = () L(0) (vy, ..., k).

For k > 1, evolutions under Eg. (1) on the vector space
V' generate symmetries of the stationary solutions to Eq. (2)
as multiplicative k-linear algebraic structures on V. On the
other hand, by definition, solutions to Eq. (2) are k-symme-
tries of Eq. (1) as they map k-tuples of solutions to Eq. (1) again
to solutions to Eq. (1) . We can say that Egs. (1), (2) describe
mutual symmetries of the extended Lax pair (M, L).

The operator py, (M) : Vi, — Vj as a linear function of
M defined by Eq. (3) has the property

[ok(M), pi(N)] = pr([M, N])

Hence, the linear map

Pk - Vi— End(Vk)

VYM,N €V,

is a representation of the general Lie algebra V; = g[(V") on
the vector space V;, i.e,, a Lie algebra homomorphism

J gI(V) — g[(Vk) (8)

Thus, each Eq. (2) is a partial case of the generalised Lax
equation suggested by Bordemann [8]. For the usual Lax
equation k = 1, we have p; = ad is the adjoint representa-
tion.

By exponentiation, the representation p;, of the Lie alge-
bra gl(V') generates the linear action (representation) gy, of
the general Lie group GL(V') on the same space Vj. Then
any scalar function f : V;, — C invariant under this action,

f(ﬁk(m)L) = f(L), Vm e GL(V), LeV, 9

is a conservation law for Eq. (2), i.e, the values f(L(t))
are time-independent and do not change along the solutions
L(t). Itis directly seen by differentiation of Eqg. (9) by m at
the identity element e of the group GL(V') and the fact that
M belongs to the tangent space 7.GL(V). For k = 1 and
a finite-dimensional vector space V/, we have
pr =ad, pi(m)L =mLm™*
and the trace polynomial functions
fo(L)=Tr (L"), n=12,...,

are conservation laws for the usual Lax equation.
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In fact, functions f satisfying Eq. (9) are conservation laws
for Eq. (2) with any operator M. For k > 1, the explicit de-
scription and even existence of such functions is a nontrivial
problem even if V' is a finite-dimensional vector space. The
“isospectrality” of Eq. (2) is closely related to symmetries of
the operator M and manifests itself in the following obser-
vations.

Let V' have a finite dimension [V and a basis vy, ..., vy.
Any initial operator L(0) € V} is defined by its values on the
basic vectors of the tensor k-grade T%(V'),

N

’Uik) = Z )\51) 74k

s=1

L(O)(Uil, N (10)

where the indices iq, ..., independently take all values
from the set {1,.. N} and )\21 . are complex coeffi-
cients, the “structure constants” of the multiplicative alge-
braic structure L(0). The solution L(t) to Eqg. (2) with the
initial value L(0) has the property

N

Z)\“ 5 0s(t), ()

where v;(t) are the solutions to Eq. (1) with the initial val-

ues v; and the coefficients A( ?) i, remain time-independent.
This directly follows from Eq. (6) for any k. This does not mean
(even for k = 1) that the structure constants of the initial op-
erator L(0) are conservation laws for the solution L(t). In
fact, according to Eq. (4),

L(t) (v, (1), . ..

7'Ulk

N

L(t)(vil,... ,’Uik) = Z)\El) zk( )’Us —
,q)_l(t>’l}ik).

= (L)@ (t)vyy, - -

The expansion of the initial value by Eq. (10) generates the
evolution

AG)

010

of the structure constants of L(O) to those of L(t). This evo-
lution is another characteristic of the isomorphism between
L(0) and L(t).

The special case where Eq. (2) is explicitly solved is
where the operator M is time-independent and the basis
v1, ..., Uy iscomposed of eigenvectors of M with eigenval-
ues my, ..., my. In this case, ®(t) = e'™ and the group
G defined in Eq. (7) is a 1-parameter subgroup of GL(V):
®(t + s) = D(t)P(s). According to Eg. (&), the evolution
(12) takes the simple form

— )\ i (1) (12)

tﬂf)gi) i )\(,5)

1100

A ()=

1.1k
k
o =my =S m,
910 S ip*
p=1

It follows from Eq. (13) that the structural constants of the ini-
tial operator L(0) that satisfy the condition

(13)

6O A

1. lk 1. lk

=0

do not change under the evolution L(¢), i.e., are conservation
laws of Eq. (2). In particular, the zero structural constants

are always conserved. A nonzero structural constant Agf)lk

is conserved if the “resonance” d)n i, = 0 takes place be-
tween the eigenvalues m, ..., my of the operator M.
The stationary solutions L(O) to Eq. (2) that are automor-
phic with respect to the group G are defined then by the con-
dition
8 WAL

i1oin My Zk—O VS, 01,y k.

It follows, for instance, that if all the eigenvalues are “non-
resonant”

#0 Vs, iy,...,10

then all stationary solutions to Eg. (2) are trivial L(0) = 0.

Note that the case & = 2 with skew-symmetric bilinear
operators L corresponds to Lie algebraic structures if addi-
tionally the Jacobi identity is satisfied. The finite limit transi-
tions

7«1 ik

M) = A

iriz irin t — +o0,

are closely related to Inonii-Wigner contractions and lead to
stationary solutions to Eqg. (2), automorphic with respect to
the “dynamical” group G. This situation has been considered
in more detail in the previous work by the author [11].

For k = 1 (regardless of whether M is time-independent
or not), eigenvectors of the operator L(¢) € V; that evolves
under the usual Lax equation are solutions to Eq. (1) and the
relevant eigenvalues are time-independent (being eigenval-
ues of the initial operator L(0)). This underlies the inverse
scattering method of integration of nonlinear evolution equa-
tions [1-7].

3. Exterior algebras and cochain symmetries

It can be verified that, forany k = 1, 2, ...,if L' €
and L € V,, are solutions to Eq. (2) then the operator compo-
sition 'L € V}, is also a solution to Eq. (2). In this sense, the
left multiplication by the solutions to the usual Lax equation
is a symmetry of the extended Lax equations (2).

For any M and any k, the operator py (M) : Vi, — Vi is
invariant under the action of the symmetric group Sy on V.

For any permutation o € Sy, of the indices 1, ..., k,
pr(M)o(L) = o(px(M)L), o)
O—(L)(,Ulv cee 7Uk) = L(Ua(l)v ey vn(k))-

Thus, S}, is a symmetry group for Eq. (2). For any solution
L(t) and any permutation o € S, the “braided” operator
o(L(t)) is also a solution.

This symmetry and the idea of considering only k-tuples
of linearly independent solutions to Eq. (1) leads to the restric-
tion from the infinite-dimensional tensor algebra 7'(V) to the
finite-dimensional exterior (Grassmann) algebra /\ (V) that
is a quotient of the tensor algebra with respect to the left-
right ideal generated by the tensors of the form v ® v. In
terms of Eq. (2), it means that only alternating &-linear oper-
ators L are to be considered, i.e., those with

o(L) =sgn(o)L, o € Sk.
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The vector spaces Vj will denote now the vector spaces of
alternating operators L : V¥ — V. Each such operator can
be identified with a linear operator from the k-grade of the
exterior algebra, L : A"(V) — V. We assume that the
vector space V is finite-dimensional, dim V' = N.

The construction related to the representation (8) can be
extended to a representation of any Lie algebra. In fact, let
a be a Lie algebra and let

p:a—gl(V) (15)
be its representation on V. Then the composition
T = prp s a = gl(Vi)

is a representation of a on V.. The extended Lax equations
(2) are written then as

dL/dt = mg(a)L, a € a.

Let now the underlying vector space of the Lie algebra
a be V' and the representation p in Eq. (15) be the adjoint
representation. This enables the Chevalley-Eilenberg cochain
complex to be built,

|7AE VAN v AN INSL IR /

where § : Vi,_1 — Vi, 62 = 0, is the exterior derivative

(0L)(v1,...,v) =
k
Z V¥ o(ve)L(v, ..oy Dy e vy UR)+
+Z nggL [Vs, Vst ], U1y« oy Dy vovy Dgry oo Vg )y

s<s’

k>1, (6L)v=p(v)L, LeV.

Here [, ] is the Lie bracket in a and the hat means that the rel-
evant variable should be omitted [9,10]. The solutions L € V},
to Eq. (2) are then naturally identified with (time-dependent)
k-cochains of this complex.

It can be verified that the exterior derivative ¢ is a sym-
metry of the set of the extended Lax equations (2). In fact,
if L € V} is a solution in the k-grade then 0L € Vj, 1 is
a solution in the next (k + 1)-grade. We call this symme-
try cochain symmetry. In the case of the exterior algebra,
according to Egs. (4), (5), for k' = 1, N the extended Lax
equations (2) are solved explicitly as

L(t)=o@)L0)> (), k=1,
(w:dig%Lm% k= N.

4. Conclusion

It has been demonstrated that the classical Lax equations,
important in the integrability theory and quantum dynamics,
can be extended in a manner closely related to symmetries
of multilinear algebraic structures and representations of Lie
algebras other than the adjoint.

10.
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AHHoTauua

B cratbe paccMatpuBaeTcs 3ajaya OnTMManbHoro pobact-
HOrO CNeXeHWs AN AUCKPETHOro 06bekTa C HEeM3BECTHbI-
MW napaMeTpaMu aBTOPErpeccHOHHOM HOMMHaNbHOW Mope-
MU W HeWU3BECTHbIM CMelieHUeM BHEWHEero OrpaHUuYeHHoro
BO3MylieHUs. BepxHue rpaHuLbl HecMewWeHHOro BHELWHero
BO3MYLLEHUS U HOPM OMEpaTopHbIX BO3MYLEHUA MO BbiX0AY
W ynpaBneHvio NPeanonaralTca U3BeCTHbIMU. 3agaya onTu-
ManbHOr0 CNEXEHUs 3aKNMIYaeTcs B MUHUMU3ALMN HauXyp -
Weil rapaHTMPOBaHHOW aCMMNTOTUYECKOW BepXHei rpaHuLbl
OWWBKN OTCNEXMBAHUA 3afLaHHOTO OrPaHUUYEHHOro CUrHana.
PeweHne 3afaun 0CHOBAHO Ha ONTUMaNbHOM MHOXECTBEHHOM
OLEHMBAHUU HEU3BECTHBIX M HeUEeHTUDULUPYEMbIX Napa-
METPOB M UCMONb30BaHMM NOKa3aTens KauecTBa 3afauu cne-
KEHUS KaK MAEHTUGNKALMOHHOTO KpuTepusa. YucnenHas pe-
anu3auus oNTUManbHOro MHOXXECTBEHHOTO OLEHUBAHMS B pe-
XMMe OHNalH OKa3blBaeTcsl BO3MOXHOW Bnarogaps ToMy, uTo
noKasarenb KauecTBa C/IeXeHUs B pacCMaTpuBaeMon 3afave
aBnsetcs Bpo6HO-NMHEAHON (hyHKLMWe OLLeHUBaeMbIX Napa-
MeTpoB.

Kniouesble cnosa:

onTMManbHoe ynpaBneHue, pobacTHoe ynpaBneHue, afanTue-
HOe ynpaBneHue, HeoNpeAeneHHoOCTb, OrpaHNYeHHOe BO3MY-
lleHMe, MHOXECTBEHHOe OLieHUBaHue

BeepeHue

MpemMeToM Teopun afanTMBHOTO YNpaBNeHus, 3apoame-
weiics B 1960-X rr., ABNAOTCH 3afauu yNpaBneHus cucteMa-
MM C Heu3BeCTHbIMM NapameTpaMu. OfUH U3 [BYX U3BECTHbIX
MOOXOAO0B K CMHTE3y afanTUBHOMO YNpaBieHWs 3aKnyaeT-
A B NpAMOIA HAaCTPOWKe MO LaHHbIM U3MEpPeHU NapaMeTpoB
perynatopa v HasblBaeTca NpsMbIM afanTUBHLIM ypaBneHu-
eM. [lpyroi nopxop 6asvpyeTcs Ha OHNaAH OLEHUBaHUM Hens-
BECTHbIX MapaMeTpoB 06bekTa ynpaBneHus ¢ Nocnepytowen
HaCTPOMKOM perynaropa. 3ToT NoAX0[, Ha3biBalOT UAEHTU(M-
KaLMOHHbIM UK HEMPAMbIM afanTUBHbIM yipaBneHueM. Anro-
PUTMaMU OLIEHWBAHMA B paMKaX MLEHTU(MUKALMOHHOTO Nof-
X0fa CNyXaT pasnnuHbie MOBUMUKALMN FPafMeHTHoro (Npo-
€KLMOHHOr0) anropuTMa MMHUMM3aLMK HEBA3KM B YpaBHEHUM

Optimal /;-robust tracking for
autoregressive plant with unknown
nominal model

V.F. Sokolov

Institute of Physics and Mathematics,
Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

sokolov@ipm.komisc.ru

Abstract

This paper addresses the problem of adaptive optimal ro-
bust tracking for a discrete-time plant with unknown param-
eters of autoregressive nominal model and unknown bias of
bounded external disturbance. Upper bounds of unbiased ex-
ternal disturbance and gains of uncertainties in output and
control are assumed to be know. The optimal tracking prob-
lem is to minimize the guaranteed worst-case steady-state
upper bound of the tracking error for a given bounded ref-
erence signal. Solution of the problem is based on optimal
set-membership estimation of unknown non-identifiable pa-
rameters and treating the control criterion as the identifi-
cation criterion. Optimal on-line set-membership estimation
becomes computationally tractable due to a linear-fractional
representation of the control criterion.

Keywords:

optimal control, robust control, adaptive control, uncertainty,
bounded disturbance, set-membership estimation

Mogenu ynpasnsieMoro o6bekTa unu MoputuKauum MeTona
HauMeHblMX KBagpaToB. B cepegmnHe 1980-x rr. B 3HaMeHu-
ToM cratbe [1] 6bIN0 NOKa3aHo, UTo MOMYUYEHHblE K TOMY Bpe-
MEeHW anropuTMbl afanTUBHOM CTabUNM3aLIMK He FrapaHTUpYHT
YCTOMUMBOCTM Aaxe MpW ManblX BHEWHUX UK OMepaTopHbIX
BO3MyLLEHUAX (HeMofenmpyeMoit ouHaMmuKe). 310 CTUMYNUpO-
Bano, C 0QHOW CTOPOHbI, pPa3paboTKy MOLMGUKALMIA anropuT-
MOB OL,EHMBaHWA L9 oBecneyeHus YCTOMUMBOCTM afanTuB-
HbIX CMCTEM NpPU HANMUMK BO3MYLLEHWNA U, C APYrON CTOPOHBI,
pasBuTUE Teopuu poBacTHOro ynpaBneHns, NocBALEHHON CU-
CTeMaM C 0nepaTopHbIMUA BO3MYLLEHUAMM W CTaBLIEH MMaBHbIM
HanpaBneHWeM TeOpMM aBTOMATUUECKOro YNPaBNeHNS C KOH-
ua 1970-x rr. Ha nocnenyowme nsa gecarunetus [2]. OgHa-
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Ko nocnegyrwmue pesynbTtatbl B Teopuu pobacTHoro apan-
TUBHOTO yrnpaBneHus 6asupoBanuMcb B OCHOBHOM Ha amnna-
paTe (yHKUMK JlanyHoBa, orpaHuuMBanuch 3apauyamu obec-
neyeHns YCTOMUMBOCTM M He KOppenupoBanu C pesynbTaTa-
MM TeOpWM poBacTHOro ynpaBieHusl, B 0CHOBE KOTOPOM nexa-
na TeopeMa 0 ManoM KoadtuunenTe ycunenus (small gaim
theorem).

Mogenb BHEWHUX OrpaHUUeHHbIX BO3MYLLEHWUN NOPOAMNaA
HanpaBneHue B TEOPUM MAEHTUGIMKALMM CUCTEM, OCHOBAH-
HOe Ha UCMOMb30BaHWUM MHOXECTBEHHBIX OLLEHOK HEM3BECTHBbIX
napametpoB. [TouT Bce MHOrOYMCNEHHblE NMyBAWKaLWK 3To-
ro HanpaBneHusl OTHOCATCA K cUCTEMaM, aMHHBIM OTHOCK-
TeNbHO HEW3BECTHbIX NapaMeTpoB, M NPeLnonaraoT U3BecT-
HbIMW BEPXHME FPaHMULbl BO3MYLLLEHUIA. MHOXeCTBa He cdanb-
CU(ULIMPOBAHHBIX AAHHBIMM U3MEPEHUIA HEN3BECTHbIX Napa-
METPOB TaKWUX CUCTEM OMUCHIBAITCA OrpaHUUEHHbIMKM MHOTO-
rpaHHUKaMu. NMoCKONbKY YMCIO MHEHHbIX HEePaBEHCTB B OMu-
CaHMM 3TUX MHOFOTPaHHUKOB MOXET HEOrpaHUYeHHo Bo3pac-
TaTb C POCTOM UMCNa U3MEPEHWH, OCHOBHbIE YCUIUA B 3TOM
MopXofe HanpaBmneHbl Ha NONYYEHUE BEPXHUX MO BKITHOUEHWUIO
MHOXECTBEHHbBIX OLLEHOK, MMEIOLMX OMUCaHME OrpaHUUYEHHON
CNOXHOCTM (NapannenoTonbl, 30HOTOMbI, MHOFOrPaHHUKM C 3a-
AaHHBIMU HanpaBNeHWUAMY rpaHei, snauncoutbl v T.n.). OgHa-
KO [10 HACTOSLEro BpeMeH! HeT NPUNOXeHUI 3TUX Uccneno-
BaHMiA K alanTUBHOMY YNpaBeH1I0 CO CTPOrMM MaTeMaTuue-
CKMM 060CHOBaHMEM.

B Hauane 1990-x rr. 6binm nonyyeHbl (yHAaMeHTanbHble
pesynbTaTbl M0 YCTOHUMBOCTM U pOBACTHOMY KauecTBY CUCTEM
C HEOMNpeLeNeHHOCTbI0 U OrpaHUYEHHbIM BHELHUM BO3MyLLe-
HueMm [3]. MosgHee 6biMy MoMyueHbl ABHbIE MPEeACTaBNEeHMS
ANA aCUMNTOTUYECKMX NOKa3aTenei KauecTBa TakuxX CUCTEM,
B TOM uncne Ans cuctem crexenus [4-7]. Teopus poBactHoro
ynpaBneHus NI Takux CUCTEM Mofyuuna HasgaHue £;-Teo-
PWM, NMOCKONbKY MHAYLMPOBaHHbIE HOPMbI IMHEHHbIX CTaLMo-
HapHbIX OMepaTopoB Ha NPOCTPAHCTBE OrpaHUYEHHbIX Nochne-
poBatenbHocTed f., BbIpaXaloTca uepes £1-HOPMbl UX WUM-
NYNbCHbIX XapaKTepucTuk. MonyyeHHble pesynbTaTbl No3BO-
nunu copMynMpoBaTb 06LWMIA METOR CMHTE3a aflanTUBHOIO
ONTUManbHOro pobacTHOro yNpaBeHu s, OCHOBaHHbIN Ha nae-
IX MHO)XECTBEHHOT0 OLLEHMBAHUS U UCMOMb30BaHWA NoKasa-
TENsl KauecTBa 3afauu YNpaBneHus Kak MOeHTU(UKaLWOH-
Horo Kputepus [8]. TpyAHOCTb NPUMEHeHMs MeToAa 3aKiioua-
€TCA B CNOXHOCTM OHMaH MUHUMMU3ALMM HEBbIMYKIIOMo B 06-
LeM Cnyyae rokasaTtens KauecTBa Ha TEKYLLMX OLLeHKaxX MHO-
XECTB He cthanbCU(ULUPOBaHHBIX U3MEPEHUSIMU HEU3BECT-
Hblx napameTpoB. OnHaKO Takas MMHUMW3aLMs OKa3blBAETCS
BO3MOXHOM NS CeLuanbHbIX CUCTEM.

B cratbe [9] pewanack 3agaya afantTueHoi oNTUManbHoM
crabunusaumm aBToperpeccUoHHoro 06bekta ¢ HeM3BEeCTHbI-
MM napaMeTpamMu HOMMHanNbHOro 06beKTa, BHELWHEro BO3My-
LLEHUS U HEOoNPeAeneHHOCTeH No BbIXOQY M YNPaBNeHUIo npu
creusanbHOM [OOMONHUTENbHOM NPEANnofoKeHUM 0 Henpep-
HaMepeHHOCTM HeomnpefeneHHOCTM Mo ynpaBneHuto. bonee
CNOXHas Mo CpaBHEHUIO CO CTabunusauumeit 3ajaya onTu-
ManbHOro CcnexeHus pewanacb B pa6ote [10] gna obbek-
Ta ¢ Apo6HO-pauMoHanbHOW NepenaTouHoi dyHKuuel 6e3
HEeONpedeneHHocTM No ynpaBneHuto. [Ins ykasaHHbIX 06b-
eKTOB MOKa3aTeNb KauyecTBa 3afauu ynpaBneHus SIBNSETCS

LPO6HO-NIMHENHON (DYHKLMEN HEU3BECTHbIX NapaMeTpoB, uTo
L,enaeT BO3MOXHOM ero oHnaitH MUHUMM3aUMI. B HacToswe
cTatbe Gonee CnoxHas 3afava afanTMBHOTO CNEXEHNUS pac-
CMaTpuMBaeTCca Ang aBToperpeccMoHHoro 06beKTa c HeusBecT-
HbIMM MapaMeTpaMu HOMUHANbHOTO 06bEKTa U HEM3BECTHbIM
CMelLeHWeM BHeluHero Bo3MyLeHus. [ing o6ecneuenus npo6-
HO-paLMOHanbHOMo BUAA NoKasaTeNs KauecTBa BEpXHUe rpa-
HWLbI BHELIHEro HECMELLEHHOD BO3MYLEHUS 1 KO3 (MLIMEH-
Tbl YCUNEHUS HeonpeaeneHHOCTe! NPeLNonaralTCca U3BecT-
HbIMU. VI3BECTHO, UTO 3apgaya MUHUMU3ALMKM Opo6HO-paLmo-
HamNbHbIX (MYHKLMUIA NPU NMHENHBIX OFPaHUUEHUSAX CBOAUTCS K
nUHerHoMy nporpamMmupoBanuio [11], uto nossonser npuMe-
HATb COBpEMeHHoe NporpamMmHoe obecneueHune ANs CUHTE3a
aflanTUBHOro ONTUManbHOro YNPaBNeHnsa 419 paccMaTpuBae-
MOro o6beKTa ynpasneHus.

Wcnonb3yemble 0603HaYeHUS:
|| — eBKNKpOBa HopMa BekTopa ¢ € R™;
£, — NWHeNHOe MPOCTPAHCTBO BELECTBEHHbIX MOCNefoBa-
TenbHocTel © = (..., T_o,T_1, %0, T1, T2, .. .),
xt = (s, Tsq1,. .., 1) BNA T € L]
|25 | = max,<nge [T,
{o, — HOPMMPOBAHHOE MPOCTPAHCTBO OrPaHNUEHHbIX Belle-
CTBEHHbIX MocnepoBaTenbHoctel © = (xg, X1, To,...)
C HOPMOW || || oo = sup; |z4|;
||$Hss = limsuptgwroo |xt|'
{1 — HOpPMMpPOBaHHOE MPOCTPAHCTBO aBCOMIOTHO CyMMUpYe-
MbIX MoCrefoBaTenbHocTel ¢ HopMoii ||z, = 30020 o4l
IGI = Y25 lgxl = llglli — wHayumposannas Hopwa
YCTOWUMBOM NIMHEWHOW CTaLMOHapHOM cucTeMbl G @ £, —
L, C NepepatouHoi dyHKumen G () = Z:(’) ge\F.

1. MocTaHoBKa 3agauu

PaccMoTpuM 06beKT ynpaBneHus C GUCKPETHbIM BpeMe-
HeM, ONMCbIBaEMbIi ypaBHEHWUEM

alg )y = bruer +v, t=1,23,..., ()

roe y; € R — Bbixop 06bekTa B MOMeHT BpeMeHun ¢, u; € R —
ynpaenexue, v; € R — cyMMapHoe Bo3MyLeHWe B 06beKTe,

algH=1+ag +...+a,g"

n q~! — oneparop casura Hasap (¢ 'y, = v;_1) Ha nu-
HeMHOM npocTpaHcTBe /.. HauanbHble 3Hauewns y) =~ =
(Y1-ns---,Yo) MPOU3BONbHBIE, Yy, = ONpu k < 1 —n
nu =0npnk < 0.

AnpvopHas nHthopMauus 06 06bekTe ynpaBneHus COCTOUT
W3 yeTbipex anpuopHbIX NpepnonoxeHuit AM-AN4.

AN1. BekTop koatmumeHToB

= (al,...,an,bl)T (2)

HOMWHasbHo¥ Mogeny (T.e. Mofenu 6e3 cyMMapHOro BoaMmylue-
HUWS v) NPUHALNEXMUT U3BECTHOMY OrpaHUUEHHOMY MHOTOrpaH-
HUKY =,

1

Ec=={E|PE=>p}C R, (3)

roe P € R>*(+m) 5 € REnb, # 0 pna nioboro € € Z.
AN2. CymmapHoe BO3MyLLeHME v UMEeT BUL,

Vy = c? + (5“’wt + 5yA1(y>t + 5uA2(’U,)f 5 (4)
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roe w € £o, — HeM3BecTHas NocnenoBaTeNlbHOCTb,

[wlleo <1, (5)

0" > (0 — BepXHss rpaH1L,a HECMELLEHHOTO BHELIHEr0 BO3MY-
WeHusa d* w, ¢ — CMeLeHne 0rpaHMyYeHHOro BHELWHEro Bo3-

MyueHns ¥ + 5V w. Onepatopbl Al : 4, — Lo n A2 : 4, —
(. yO0BNETBOPSIOT NPU BCEX ¢ OrpaHNUeHUsIM
A )l < lyisuly 1A% (W)l < JwiZ,l. (O

Mapametpbl §Y > u 6" > 0 B (4) — BepxHMe rpaHULbl UH-
LYLMPOBaHHbIX HOPM (Koaq)cbmu,weHmB ycuneHusa) oneparop-
HbIX BO3MylleHi (HeonpenenenHocten) Al u A? no Bbixoay
W yNpaBneH1K COOTBETCTBEHHO. [lapaMeTp /4 B HepaBeHCTBaX
(6) xapakTepusyeT namatb HeonpegpeneHHocteir. OHa MoxeT
BbiTb Bbi6paHa KOHCTPYKTOPOM CKOb YrOfHO GONbLWOW, HO He
BeckoHeuHol, Ges yuepba AN KauecTBa CUHTE3UPYEMOTO HH-
e aflanTUBHOrO yNpaBneHus.
AN3. Habop BepxHUX rpaHuLy

0= (8v,06Y,6%) (7
npepnonaraeTcd U3BecTHbIM, BEKTOP NapaMeTpoB
0 = (é—T’Cw)T c Rn+2 (8)

— HEeW3BeCTHbIM, 1 |c¥| <
uen C* > 0.

MpepnonoxeHne 06 WM3BecTHoi BepxHed rpanuue C*
B A3 vcnonbayeTcs TONbKO ANS YNPOLWEHUS [LOKa3aTeNbCTB
W He orpaHuumMTenbHo, nockonbky C* MoxeT BbiTb BbiGpaHo
CKOIb YTOLLHO GonbLumM.

B paspene 2 6yper cthopMynupoBaHO [OMONHUTENBHOE
Heo6XxofMMOe anpuopHoe NpefnonoXeHne o pobacTHoil cTa-
6unuaupyemocTu obbekTa (1).

AnpuopHoe npegnonoxenve A2 cdopMynupoBaHo B Tep-
MUHax Teopuu poBacTHOro ynpaBneHus B 7 NOCTaHOBKE
Ans ypobcTea nocnepytowmx ccbinok. CornacHo atoit Teo-
puu, Npeanonoxexue AM2 Ana KNaccoB NUHENHbIX HECTaLM-
OHapHbIX MK HenHenHbIX onepatopoB A u A2 Moxert 6biTb
NpeacTaBieHo B CNefytoleM KOMNaKTHOM BULE:

8+ 8Yp! + 6"p) 9)

C™ c U3BECTHOI BepxHell rpaHu-

lve — | <

rne

|yt | pf - |u1‘—u : (10)

Cop,ep»(aTeanaﬂ MOCTaHOBKA paccMaTpuBaeMon B CTa-
Tbe 3a[,auu 3aK/N0YAETCA B NOCTPOEHUM NPUUMHHOMN 0GPaTHOIA
ceasv Bupa uy, = Uy (y!_,,, 6 1) (HO C KOHEeYHOoM NaMATbIo),
rapaHTUPYIOLLEeN KaK MOXHO MEHbLUY0 BEPXHIOK FpaHuLy ang

dCMMNTOTMUECKOro NoKasaTtend Kavyectea

J,(0,6) = sup limsup |y, — ], (1
v t——+oo

roe 7 — 3ajaHHblM KOMaHOHbIM CUrHanm, T.e. Xenaemas no-
CnefoBaTenbHOCTb BbIXOLOB 06bekTa ynpasnexua (1), u sup
BepeTca Ha MHOXeCTBe BO3MYWEHWH v, YO,0BNETBOPALLMUX
npegnonoxenuio AM2. To ecTb 3afiaua 3aKNUYaeTCa B MUHM-
MM3aLMM rapaHTUPOBAHHOM acUMNTOTUUECKOW BepxHew rpa-
HWLbI 019 MORYNS OWWBKY CREXeHUs

€t =Yt — Tt (12)

B KMacce BO3MYLIEHWH, yA0BneTBopsatol X HepaseHcTBam (9).
[NaBHas CNOXHOCTb CHOPMYNMPOBAHHOW ONTUManNbHOM
3a[,auUM 3aK/YaeTCa B HEMAEHTUDULMPYEMOCTU HEN3BECT-
HOro BeKTopa napameTpos 6.
CTporas dopMynMpoBKa 3afaun NpuUBeaeHa B KOHLE pas-
fena 2 nocne nonyyeHus NpeacTaBneHus Ang HeKoHcepBa-
TUBHOW BEPXHEW OLLeHKY MoKasaTens KauecTsa .J,,.

2. OnTMManbHas cucTeMa C M3BECTHOW HOMM-
HaNbHOM Mopenbto

[ing o6bekTa c U3BECTHBIM BEKTOPOM £ NapaMeTpoB HOMU-
HanbHO MOENM W NP U3BECTHOM CMeLLEeHUU ¢ perynartop

1

up = E[(a(q_l) = DYey1 + i1 — ] (13)

rapaHTMpyeT Npu BCeX ¢ PaBeHCTBaA

— w o __
Yt+1 — Tt41 = V41 — C =

= 5wwt+1 + 5yA1<y)t+1 + (SUA2(U/)t+1 . (]4)

N3 HenpeacKasyeMocTu U NPOM3BONbHOCTM 3HAUEHMIA NPaBou
yacTy (14) B MOMEHT BblUMCTIEHWNA YNPABNEHNS 1, CNEfYeT, uTo
perynatop (13) aBngeTca onTUManbHbIM 49 NoKasaTena Ka-
vectea (11). Beegem o6osHaueHWe 4N9 NepefaToyHoit thyHK-
LM oT y K u perynaTopa (13):

_a -t
G = = A b Z

Bnarogaps uemy perynartop (13) npuHumaert Bug,

¢ = Gq™ )y + Tes1 /b1 — /by, (15)

Onpepenenue 1. 3amMkHyTada cuctema (1), (13) HasbiBaeTcs
po6acTHo ycTosumMBoK B Knacce BoaMyLeHuI (4), ecnu 3Haue-
HWe noka3satensa KauecTsa (11) KoHeuHo.

Onpepenexue 2. bymeM roeopuTb, UTo MocnepoBaTenb-
HOCTb |r°| paBHOMEpHO YacTo NonafaeT B OKPECTHOCTH BEpX-
Hero npepena ||7||ss, ecnu pas nwboro € > 0 cywecTBytoT
T > 0 v Bo3pacTatowas nocnepoBatenbHocTb (tq,to, . . .)
TaKue, uTo

VJEN 0<tj+1—tj<T/\|7“tj+l|>||’I“Hss—€.

KauecTBo ontumanbHoit cuctembl (1), (13) npeacrasneHo
B Teopeme 1.

Teopema 1. [Ina samkHyToM cuctemsl (1), (13) cnpasegnussi
crepylowye yTBePXAEHUS.

1. CucteMa poBacTHo ycToitumBa npu - = oo Torga
¥ TONbKO TOraa, Koroa

§Y +0"|GE|l < 1. (1
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ﬂﬂﬂ CUCTEMbI C HyneBbIMK HaualbHbIMU OaHHbIMU y(l)—n
5U

8+ 0Yrllss + 5

b1
T= 87— 5G]

(e 4 [l llss)

Jioo(0,0) =
(18)

2. [Insl cUCTEMBI C MH0BbIMU HAYambHbIMK BaHHbIMK i) _
Ju(8,9) < J4o0(6,0)

onga no6oit namatu 1 > 0. Ecnu B N6y OKPECTHOCTb BEpX-
Hero npepena |||, nocnegosatensHocTs || nonapaer pas-
HOMEPHO YacTo, TO NPY NHBbLIX HauanbHbIX fAHHbIX

J(0,8) 7 J4oo(6,8) = J(0,5), (19)

roe 3Hak "' 03HauyaeT MOHOTOHHYH CXOOWMOCTb CHW3Y Mpu
n — +00.

[oka3atenbcTso Teopembl 1. NS poKa3aTenbcTBa Teope-
Mbl npencTaBuM 3amkHyTyio cuctemy (1), (13) B cTaHmapTHoi
M — A dopme, n3o6paxeHHoit Ha puc. 1 u onucbiBaeMoit
ypaBHeHUAMH

. f
( )—M w |, &=Az, (20)
: 3

rae e — ownbka cnexenus (12), z n €& — coOOTBETCTBEHHO BXOA,
W BbIXOL CTPYKTYPUPOBaHHOW HeomnpeneneHHocTh A,

=(2)e- (% 2)-(28)

f — (MKCMpOBaHHBIN BXOQHOM CUTHanN, BKKOUAILWMIA OTCe-
XMBAEMbIA CUrHaN 7 ¥ NOCTOAHHBIA CUTHan, PaBHbIA 1:

f= ( 71“ ) 1:=(1,1,...) € los .

f— y-r
v M
¢ z
A

Pucynok 1. M — A chopma cuctemsi (1), (13).
Figure 1. M — A form of system (1), (13)

Matpuuy M B (20) npencTaBuM B 6royHOM (hopMe, COOT-
BETCTBYIOLEI BXOAHBIM U BbIXOLHbIM CUrHanaM Ha puc. T:

_ Mef Mew Mef
M= ( Mzr Mzw Mz{ > ' (21)

Lna cuctemsl (1), (13) aTa 6nouHas thopMa UMeeT BUL,
0 0 \ oY \ oY o

M = glz (iw o 0 o , (22
22 |svGE | svGE 5uGE
b, by

rie g — onepatop caBura Bnepeg, (gr; = 7;.1). llepsas cTpo-
Ka Matpuubl M B (22) cooTBeTCTBYeT NPaBOM YacT pPaBeH-
ctBa (14), a BTopas CTpoKa NofyyaeTcs nepeHocoM r; B npa-
BYI0 YaCTb 3TOro paBeHCTBa. TpeTbs cTpoka M cooTBeTCTBYET
NpeLCcTaBNeHNIo onTUManbHoro perynaropa B suge (15).

Heo6xomuMoe 1 focTaTtouHoe ycnoeue poBacTHOM yCTon-
unsoctu (17) cnenyet u3 TeopeMmbl 7 B [6], NpUMEHEHHOM K Cu-
creme (1), (13).

Iina pokasatenbcTea npepctasnexns (18) ana nokasarens
KauecTBa Jy (6, ) BOCTAaTOUHO NPUMEHUTL TeopeMbl 5 1 6
n3 ctatby [6] (unu Teopembl 2.18 n 2.22 paborbl [7]). BeepeM
0603HaueHne

[l A11l[1 [ A1qllx
[A]1 = : :
[ Ap 11 [ Apqll1

7S NPOM3BONbHON P X ¢ MaTpuLibl A UMMYTbCHBIX OTKNKOB
A;; € £41. Ons 6nounoit Matpuubl M 13 (21) nonoxum

P [ME f]ss + [Mew]l [Me ]1
M”W‘<WLm+WM1méh>

CornacHo Teopeme 5 u3 [6],
J+oo (97 5) = [Mer{r]ss + [Mew]1+ (23)
+ [Myeh (I = [Mee) ) ([Merr]ss + [Mw]r) -

Llna paccMaTpuBaeMoit cucTeMbl C MaTpuuen (22) matpuua
Ms(f) npuHumaet Bup,

oY oY o
17l + 16" oY o
(Irllss + 1e®)/br + 0 [IGEl d¥IIGE] - 6“(IGH]
(24)

MpumenuB dopmyny (23) k MaTpuue (24), nonyyaem
J(0,6) =
. 5 g N
=04+ (Y o) (T — u X
@) (1= i e )
% < [[7ss ]| + 6% ) _
(I7llss + le) /by + 61 GX|

=5 + (8v 6%)x

1
T 60— G

« 1-— 5“HG£|| oY «
5yHG§|| 1—6Y
% < ||T€9|| +0® )
(Irllss 4l D /by 401 GE ||

YuntbiBag, uto
<WW(

nonyyaem npepcraeneHue (18)

1—84|Gs|| o ey osu
olGe 1-av )00

1
1= ov — o]l Ge]
Y su HTSSH +0* _
x (8% 0% ( (Ul + [ /b + 8% GEN ) =
6% 4 0Vl + 8 s/ Ior | + 6% /bl
60— 6u[|C¥] |

J(0,6) = 6" +

(25)
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HepageHctBo J,(0,0) < Jys(0,5) BO BTOpOM yTBEp-
XOEeHWW TeopeMbl 1 0ueBMIHO CNEAyeT U3 TOro, YTO MHOXECTBO
0MepaTopHbIX BO3MYLLEHWH C OFPaHUUYEHHOMN NaMsTbiO (i ABNA-
€TCS MOLLMHOXXECTBOM OMepaTopHbIX BO3MYLLEHUI C BecKoHeu-
HOM namsTbi. MoHOTOHHOCTb nocnepoBatensHoctn J,, (6, 9)
OTHOCMTENBHO /4 CNEdyeT U3 CTPOroro Bo3pacTaHus No Lt MHO-
XECTB AONYCTUMbIX ONepaTopHbIX BO3MYLLEHMI. HakoHeL, cxo-
pumoctb J,, (0, ) k J (6, §) rapaHTupyetcs Teopemoii 6 u3 [6].
TeopeMa 1 gokasaHa.

MocnegHee anpuopHoe npegnonoxeHue Al4 06 ynpasns-
eMoM 06beKTe LMKTyeTCs ycnoBueM poGacTHol cTabunusmpy-
emocty (17).

AN4. HensBecTHbIi BeKTOp NapamMeTpoB ¢ yaoBneTBopser
HepaBeHCTBY

&Y+ 04|GE| < s < 1 (26)

C U3BECTHbIM YKCNOM 5_

Uncno & > O MoxXeT BbiTb CKOMb YrofHO BNM3KMM K
1 1 BbIBMpAETCA KOHCTPYKTOPOM Ha OCHOBE arnpUOpHON MH-
thopMaLMm unu BoBCe Be3 Hee W MCKMIOYAET U3 paccMoTpe-
HWSl HenpueMneMble NS NMPAKTUUECKUX MPUITOXEHUIA MoLLenH,
CNWWKOM BAK3KKUe K rpaHuue obnactu pobacTHo cTabunusu-
pyeMbixX 06bEKTOB.

3apaua. TpebyeTcs nocTpouTh 06paTHYIO CBSA3b BUAA Uy =
Uy(yt_,,ub™"), uMerolwyro KoHeUHyto NaMsiTb U rapaHTUpy-
IOLLYI0 BbINONHEHWE C 3aB,aHHOW TOUYHOCTbH) HEPaBEHCTBA

limsup |y, — ¢ < J(6,0) (27)

t——+o0

npwu CNpaBeaMBOCTY anpuOpHbIX Npeanonoxequin AMT-A4,

[NaBHas CNOXHOCTb 3aflauM 3aKNHYAETCS B HEMTEHTUDM-
LLMPYEMOCTM BEKTOPA KO3(HULMEHTOB & HOMUHANBHOW Mofe-
N1 U cMelLeHus ¢, Heo6XoAMMbIX NS UCMONb30BaHWS ONTU-
ManbHoro perynatopa (13).

3. CybonTuManbHoe cnexxeHue

PeweHne noctaBneHHoW 3apjaun Gasupyetca Ha oNTU-
ManbHOM OLLEHWBAHWW, B KOTOPOM MOKasaTeslb KayecTBa 3a-
[auu ynpaBneHUs MCMonb3yeTcs Kak MOEHTU(HMUKALMOHHbIN
KPUTEPUIA U MUHUMU3MPYETCS Ha TEKYLWMX OLLEHKAX MHOXe-
CTBa HEM3BECTHbIX MapaMeTPoB, COrNacoBaHHbIX C BaHHbIMMU
U3MepeHuin. BblucneHne MHOXKECTBEHHbIX OLLEHOK 0CHOBaHO
Ha cnenytoLWeM NPoCcToM YTBEPXKAEHNUM.

Nemma 1. Ecnn ong HEeKOTOPOW OLEHKM

€= (ay,..

HEN3BECTHOro BEKTOpPa 0 npu BCex ¢ cnpaBefnunBbl HepaBeH-
CTBa

é _ (§T7éw)T7

Lan,b)T €=

laq™" Yye — brue—y — €| < 6" + 6¥pY + 8"py', (28)

70 06beKT ynpasneHus (1) c BEKTOpOM NapaMeTpoB 6 ynoBne-
TBOpAET ypaBHeHuio (1) 1 anpuopHbiM npegnonoxeHuam A1,
AN2 npu BCex t.

NemMa 1 aBnsetca yacTHbIM criyuaeM Jlemmbl 1 paborbl [9],
B KOTOPOW LOMONHMTENbHO MPeAnonaraloTcs HeM3BEeCTHbIMU
napameTpbl 0%, 8Y, 6.

U3 INemmbl 1 cnepyert, uto npu NtoboM ynpaBneHnmn obbek-
ToM (1) nonHas MHMOPMaLMa 0 BEKTOPE HEeM3BECTHbIX napa-
METPOB 6 K MOMEHTY BPeMeHM ¢ UMeeT BUL, BKNOUEHUS

0€S, ={0€0|lalg )yr —brug_ — & <
< 0"+ 0pp + 0"py VE <t}
roe
Oy ={0=("e")T|{eE, || <Cv,
U 8UGE <8} (@9)

— anpuopHOe MHOXECTBO AO0MNYCTUMbIX NapaMeTpoB 6.

3aMeTUM, UTO0 HWUKaKMM OrpaHWUYEHHbIM YrpaBieHUeM
Henb3s 06ecrneyunTb CXOLMMOCTU MHOXECTB S; K MHOXECTBY
C O[LHUM 3NeMeHTOM 6, MOCKOMbKY anpuopHble BepXHUe rpa-
HULBI 6™, 0Y, 6", KaK NpaBKNO, ABNSOTCA HETOUHBIMU, U KOH-
KpeTHble peanu3aLuu BCeX BO3MYLEHMIA Jaxe MpU TOUHbIX
BEPXHMUX rPaHMLLAX TONbKO B UCKIIOUMTENbHBIX Clyuasx Heom -
HOKPATHO W OHOBPEMEHHO MPUHMMAIOT 3HaUYeHWs, COOTBET-
CTBYIOWME UX BEPXHUM rpaHuLLaM. 3TO 03HauaeT, UTo BEKTOp
HEeW3BEeCTHbIX NapaMeTpoB 6 He UAEHTUMMLMPYEM C MOMOLLbIO
OrpaHUUYeHHOro yNpaBneHus.

MeTon peKyppeHTHbIX LENeBbiX HEpaBEHCTB CUHTE3a
aflanTUBHOTO YNpaBNeHUs 3aKNiouyaeTcs B MOCTPOEHUU CXO-
AslWencs nocnesoBaTeNbHOCTU OLEHOK 6, — O, nput —
00, AOCTAaTOYHO TOUHO YOBNETBOPSAIOWMNX LETeBbIM Hepa-
BeHcTBaMm (28) npu Bcex poctaTouHo Gonbmx t. B oTnmume ot
3afay apanTuBHOM cTabunuaaLny, 3TOr0 HEOOCTaTOuHO s
peLleH1s NoCTaBEeHHOI ONTUManbHO 3afaun. [ledcTBuUTeNb-
HO, ecnn 6; — 6., W BbINONHEHDI LIeNIeBble HEPABEHCTBA, TO
B cuny TeopeMbl 11 HenpepbIBHOCTH yHKUuK J (6, §) cnepy-
€T HepaBeHCTBO

limsup |y < J (00, 0)-
t——+o0

OpHaKo ANnq pelleHns NOCTaBNEHHOM oNTUManbHoM 3aaa-
UM 3TOr0 HepaBeHCTBA Hel0CTaTOUHO U He0BXO0AMMO rapaHTu-
pOBaTb BbINONHEHWE C 3af;aHHON TOUHOCTbI0 [AOMONHUTENbHO-
ro HepaBeHCTBa

J(0,6) < J(0,0) (30)

C HEM3BECTHbIM U He MIEHTU(MLIMPYEMbIM BEKTOPOM 6. W13 3To-
ro cnegyeT Heo6XoLMMOCTb UCMONb30BAHWA MOKa3aTensa Ka-
yectBa J (6, ) 3apaum ynpaBneHus B poiu MOEHTUDMKALM-
OHHOTO KpUTEPHS, T.€. UCMONb30BAHWS OMTUMANbHOTO OLEHN-
BaHus BUAA R
0, = argmin J(6). (31)
0e Sy
HenocpencTBeHHoe UCMONb30BaHWe ONTUMaNbHOW UAEH-
TUGMKaumm (31) B peXxuMe OHNaitH HEBO3MOXHO, BBUAY BO3-
MOXHOT0 HEOrpaHWUEHHOT0 pPOCTa uuCna LeNeBbiX Hepa-
BEHCTB B OMUCaHWM MHOXeCTB .S;. [lng npeoponeHus 3Tou
TPyAHOCTM BymyT MCMONb30BaHbl BEPXHWE MO BKITHOUEHMIO
OLLEHKM MHOXECTB S; C OrpaHWUUYeHHbIM UMCIIOM 0GHOBNEHMUIA
3a CueT BBE[IeHWS MepTBOIA 30HbI NPY 06HOBNEHUM OLLEHOK.
Bbibepem uucno ¢ > 0 B KauecTBe mapameTpa MepTBoOM
30Hbl, NPY 3TOM TOYHOCTb PELIeHUs NOCTaBEHHO! ONTUMaNb-
HOM 3a[,aun CneXxeHns ByLeT NponopLMoHanbHa €. B Kaxabin
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MOMEHT BPeMeHHU t 6yﬂ,yT BblYNCNATbCHA BEKTOPHbIE OLLEHKU
T T t t 3
et: (St 70?) ’ ft: (alv"'aa’nvbl)

1 MHOXECTBEHHble OLLeHKM ©; HeW3BeCTHOro BeKTopa &.
ApanTueHblit perynarop. Ynpasnexue u; B MOMEHT ¢ onpe-
Lendetca aganTuBHbIM Perynaropom

1
Uy = bft(a’iyt —|— . + azyt_n_l'_l —|— rt+1 — C;U) . (32)
1

BbibepeM B kKauecTBe HauanbHOW MHOXECTBEHHOW OLIEHKM
MHOXeCTBO O, onpegeneHHoe B (29), a KauecTse HauamnbHOM
BEKTOPHOW OLIEHKM

0o = argmin J(6,4) .
éE@o

Beenem cnepyrowue o6o3Hauenus. Mocne nopauu ynpasne-
HWS 1y B MOMEHT BPEMEHU ¢ U M3MEPEHWS BbIXOLA ;11 B MO-
MEHT ¢ + 1 Nonoxum

()031 = (_ytv —Yt—15-5 —Yt—n+1, ut)v
N1 = Sign(ye1 — f & — ¢)

Y1 = (77t+1<PtTa77t+1)Ta

hiy1 = 06" +6Ypl iy +0"piyy -

3aMeTUM, UTo 3HaUeHWs BCeX BBEAEHHbIX MepeMeHHbIX Bbl-
UACNAKOTCH MO AaHHbIM W3MEPeHUM, [OCTYMHbLIX K MOMEHTY
t + 1. Bo BBefeHHbIX 0603HaueHMaX LieNleBoe HepaBeHCTBO
(28) B MOMeHT ¢ + 1 onq TeKylLei oLeHKn O; NpUHAMaeT BuA,

T
[Yer1 — ;& — | =
T
= Met1Ye+1 — Y108 < Meprhag,
YTO 3KBMBAJIEHTHO
T
Vip10e 2 Nep1 (Yerr — heg) - (33)

AHFOpMTM o6HoBNEHNS BEKTOPHbIX OLEHOK Gt N MHOXe-
CTBEHHbIX OL,EHOK @t nMmeer cnep,yroumﬁ BUL:

01 =0,, Oy =06y, (34)
ecnu th_Hgt > N1 (Yerr — Pegr) — 5|¢t+1‘ . (39)

B NPOTUBHOM Cliy4yae nonoxumm

O141 =0, NQy4q, (36)

Qo =1{0 | ¢;T+19A > g1 (Yer1 — hugr } (37

0,1 = argmin J(0,0). (38)
éE@t+1

Anroput™M onTMManbHoOro oueHuBaHus (34)-(38) umeer
NPOCTYI0 reoMeTPUUECKYH0 MHTepnpeTaLunio. Kaxpoe Lenesoe
HepaBeHCTBO (28) npepcTasnsieT coboit nonocky 8 R™ 1 3a-
AaHHYI0 Napoi NIMHENHbIX HEPABEHCTB OTHOCUTENbHO BEKTO-
pa 0. TonbKO 0LHO U3 3TUX HEpPaBEHCTB, UMEHHO HEPABEHCTBO
(33), MoxeT HapywaTbCca Ang BekTopa #;. HepaBeHcTBO B (35)
03HayaeT, YTo eBKNWLO0BO PacCTosHMe 0T BeKTopa #; po no-
nynpoctpaHcTBa €2, 1, onpegenexHoro B (37), He Gonblue &,
W Torga, cornacHo (34), BEeKTopHas oLeHKa ; N MHOXeCTBEH-
Hasl oLeHKa O, He 06HoBRSOTCS. B npoTUBHOM Cnyyae xenae-
Moe HepaBeHCTBO (37) no6aBnaeTcs K CIUCKY HePaBeHCTB, 3a-
[AWMX MHOXECTBEHHYH OLLeHKY O, 06pasys 06HOBNEHHYIO

OLeHKY ©; 1. lpu 3TOM HeKoTopble HepaBeHCTBa W3 CTapo-
r0 CMMCKa MOTYT 0Ka3aTbCs NUWHUMU. OAMH U3 3hEKTUBHBIX
anropuTMOB YLaNeHUs NUWHAX HepaBeHCTB onucaH B pabo-
Te [12].

3aMeuanue 1. BBeneHue MepTBOM 30HBI C NapaMeTpoM &
rapaHTMpYeT orpaHUUeHHOCTb UMCIa BO3MOXKHbIX 0GHOBNEHMIA
OLEHOK s 1 ©; ¥ TeM CaMblM CXOLMMOCTb OLIEHOK 33 KOHeu-
Hoe Bpema. Gopmyna (38) BbIUMCIEHNS ONTUMANbHOW OLLEHKU
;.1 ABNAETCA MaBHOM B 3af,aue CUHTE3a afanTUBHOMO ON-
TMManbHOro ynpaeneHus B YCNOBUAX HEMAEHTUDULMPYEMO-
CTM BekTopa napameTpoB 6. OHa oBecneunBaeT BbiNoAHEHWE
Tpebyemoro HepaBeHcTBa (30) ¢ 3afaHHOW TOUHOCTbIO, Mpo-
NopLMOHaNbHOI NapaMeTpy MepTBON 30HbI &.

Cy6onTuManbHOCTb apanTuBHoro perynsaropa (32) ycra-
HaBNWBaETCH CnefylolLei TeopeMon.

TeopeMa 2. [TyCTb BbINOMHEHbI anpPUOPHble MPeLnonoxXe-
Hus A1-A4, v napameTp MepTBO¥A 30HbI & B (35) BbIBpaH U3 UH-
Tepsana

0 <e< i ,
Vn+ Gy
Torma ANA 3aMKHYTOM CUCTEMbl YNpaBneHus, BKMOUaloLien
o6bekT (1), aganTueHbIi perynsTop (32) 1 anropuT™ oLeHnBa-
Hus (34)-(38) cnpaBennvBbl yTBEPXAEHUS:

1) MHOXeCTBeHHbIE OLEHKN ©; 1 BEKTOPHbIE OLEHKMU O
CXOAATCH K CBOMM NpefenbHbIM 3HaueHusaM O v 6, 3a Ko-
HeuHoe BpeMs

G, = max ||G¢||.
¢eE

J(0u,8) < J(0,0) (39)

limsup [y:| < J (00, 0) + O(e) , (40)
t——+o0
rie O(e) — Onpue — 0.

LlokasatenbcTBo TeopeMbl 2 aHaNnorMyHo [LOKa3aTenbCTBy
Teopembl 2 B cratbe [10]. Mpueegnem ero Kpatkywo cxemy. Co-
rMacHo [aHHOW Bbllle reOMeTPUUYECKOM MHTEpnpeTaLuu an-
rOpuTMa OLLEHMBAHWUS, NpU HapyLEHUaX HepaBeHCTBa (35) u3
MHOXECTBEHHbBIX OLEHOK ©; 3aBefloMO yoanaTcs Wapbl pa-
puyca € c UeHTpamu 6; u B onucaHue ©,,; pobaBnsTCs
HepaBeHcTBa w3 (37). B pesynbTate 3T0r0 Wapbl paguyca /2
C ueHTpamu 6, He nepecekatoTcs. B cuny ontumusauum (38)

J(0,,8) < J(6,0)

Npw BCeX ¢, TaK UTO OLLEHKM @, 0CTalTC B OrpaHUUEHHOM MHO-
wectee B R”12 | [lo3aToMy uMCNO MCKMIOYAEMbIX U3 OLLEHOK
©; He NepeceKalLLMXca WapoB paguyca &,/2 KOHeUHo BBUAY
OrPaHWUYEHHOCTU MHOXECTBA BEKTOPOB 0, YLLOBNETBOPSIOLLUX
HepaseHctsy .J (0, 8) < J(6,6). CnenoBaTenbHo KoHeUHo
1 UMCNO BO3MOXHbIX 0GHOBNEHUI OLEHOK O, 1 6.

[ins nokasatenbcTBa HepaBeHcTBa (40) 3aMeTuM, uTo no-
cne cxXopmMMocTu 0; K 0., 3a KOHeUHoe BPeMa A1t OLLeHKM O
BbINOMNHAOTCS HepaBeHcTBa (35). HetpyaHo nokasatb, uto

elYiia] < 5(\/";]9;,@1 + i+ 1), (4

W3 (41) n (35) Tenepb cnepyer, uto ANA OLEHKU 6, BbINOMHA-
toTCA HepaBeHCTBa (28) ¢ NpaBoit YacTbio

8" + e+ (6Y +evn)p! + (6“ +e)p} , (42)
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KOTOpOi4 COOTBETCTBYET Habop BEPXHUX rPaHML, BO3MYLLEHNI
5. = (60" +¢,0Y +ev/n, 6" +¢).

Torpa B cuny JlemMbl 1BbIXO, 1/; MOXHO CUUTaTb BbIXOA0M 06b-
exra (1) c BekTopoM napametpos 0, = (£ ¢ )T, nabopom

BEPXHUX FPaHML, O M yNpaBnsieMoro COOTBETCTBYHLMM OLLeH-
Ke 6., onTUManbHbIM perynatopoM. [lanee no Teopeme 1

limsup |y; — | < JO,0¢) . (43)
t—+oo
Ocraetcs 3aMeTuTb, 410 J (0, 0c) = JOs0,0)+O(). AHa-
noruuHo [10] MOXHO BbIUMCTITL MOCTOSIHHYIO £, MpeacTaBns-
towyto BennumnHy O(€) B npsiMoit thopme Ke.
3ameuanue 2. Mokasatenb kauectsa J (6, §), onpeneneH-
Hblii B (18), 3anuweM, ucnonbays (16), B BULe

(0" + 0¥||rlss)[ba] 4 8 [I7[lss + 0%[c*])

J(0,6) = (1 —6v)[bu] — 6% >, lau|

(44)
HeTpyoHo 3aMeTuTb, YTO 3TOT MOKasaTenb aBnsieTca Apo6-
HO-JIMHEHOW (hyHKLMel oLeHBaeMoro BekTopa # (anq atoro
Kaxxpyto abCoNKTHYI0 BENMUMHY || cnedyeT 3anucatb B BULE
x =z —x7,raex™ > 0,2z~ > 0. W3 atoro cnenyer,
uTo onTuMusaums (38) npegcraenser cobon sapauy Apo6Ho-
NIMHEMHOTO NPOrpPaMMMPOBaHMS MPU NIMHEAHBIX OrPaHUYEHHUAX.
3Ta 3afaua CTaHAapTHbIM 06Pa3oM CBOAMTCH K 3afaue fu-
HeiHoro nporpamMmmpoBanqus [11], Lna peweHns KoTopon ume-
eTCSl BbICOKO3(h(hEeKTUBHOE COBPEMEHHOE NporpaMMHoe obec-
neuenue. B cratbe [10] npuBeneHbl NpUMepbl YACIEHHOMD MO-
LEeNnUpoBaHug, UCTpuUpytoWwme 3hMEKTUBHOCTb anropuT-
MOB MHOXECTBEHHOMO OLeHWBaHWS Ans 06beKTOB ynpaBneHu1s
C [EeBATbI0 HEW3BECTHbIMW NapaMeTpamu. 3aMeTUM, UTo OH-
NanH yMeHblUeHWe NapaMeTpa & A8 MoBblWEeHWS rapaHTUpo-
BaHHOM TOUHOCTU pellieHns onTUManbHoi 3agaun (38) Bneuer
POCT uMCra BO3MOXKHbIX 0BHOBNEHUIM OLLEHOK W uncna Hepa-
BEHCTB B OMUCaHNN MHOXXECTBEHHbIX OLLEHOK O, T.€. K NOBbI-
IIEHMIO BbIUNCTIMTENBHOM CIOXHOCTW ONTUMANbHOM 3a,auu.
3ameuaHue 3. [naBHOE [OCTOMHCTBO PaCcCMOTPEHHOMO
afanTMBHOrO YNpaBeHns 3akniouaeTca B 0BecneyeHnm on-
TUMaNbHOM C 3a4aHHOW TOUHOCTbID aCMMMTOTUUECKOH BepX-
HeWn OLLeHKM MoKasaTens Kauectsa Ans nw6oro fonycTuMo-
ro ¥ He WAEHTUMMLMPYEMOro BekTopa 6. MMaBHbI Xe Hego-
CTaTOK 3aK/0uaeTcs B eAMHON 06NacTM AOMYCTMMbIX 3Haue-
HUIt KO3hIULLMEHTOB YCUNEHUA HeonpeaeneHHocTen 6 u o™
B BMfe HepaBeHcTBa (26). B To e BpeMs 3Ta eanHan (yHusep-
carnbHag) Ans BCeX JonycTUMbIX € 06nactb ABNAETCH CKOMb
yrogHo BRM3KoM K onTUManbHoM yHMBepcanbHoW obnacTu 3a
cuet BbiBopa [,OCTaTOUHO BAN3KOrO K eAMHULE NapaMeTpa o.
TpaAMLMOHHbIE anropUTMbl OLEHWUBaHWA Ha Base rpaMeHTHo-
ro anropuTMa UM MeTofla HauMeHbLWX KBaApaToB He TONbKO
He MOFMY rapaHTUPOBaTb HMKAKOW ONTUMaNbHOCTM afanTuB-
HOrO YNpaBNeHus, HO W LONYCKanW TONbKO A0CTAaTOYHO Ma-
nble o6nacti po6acTHOM YCTOWUMBOCTM, MOCKONbKY 060CHO-
BblBaNMCb C MOMOLLbI0 MeTofa (yHKUMA JlanyHoBa, BHOCKB-
Iero 3HauUTeNbHbIA KOHCEPBATU3M B pesynbTaTbl MO YCTOM-
UMBOCTM MO CpaBHEHWIo ¢ £1-Teopuen pobacTHoOro ynpasne-
HWE. 3T0 NPOABNANOCH, B YAaCTHOCTM, M B TOM, UTO B Tpaau-
LLMOHHOM poBaCTHOM afanTMBHOM YNpaBneHuu BMECTO CTPYK-
TYPUPOBAHHOM HeONPeAeneHHOCTH No BLIXOAY W YNpaBneHuIo

paccMaTpuBanach HeCTpPYKTYpUPOBaHHAA HEONPeLeneHHOCTb
0 = max(§¥,0"), BHOCUBLIAA LOMONHUTENbHBIA KOHCEPBa-
TM3M. [INg TaKoi HECTPYKTYpUPOBaHHOM HeonpeneneHHoCTH
HanGonee NPOLBMHYTbLIA Pe3yNbTaT Ha OCHOBE FPafMeHTHO-
ro anropuTMa oLeHMBaHus Gbin nonyueH B ctatbe [13] uMeHHoO
B KOHTEKCTe £1-Teopun Npu LLeHTPUPOBAHHOM BHELHEM BO3-
MyweHuu (T.e. npu ¢ = 0) Ang aBToperpeccmMoHHoro o6bekTa
C 3ana3fblBaHWEM B YNPaBIEHUM.

3aknyeHue

TpafMUUOHHbIE aNrOpPUTMbl OLEHMBAHMS HEU3BECTHbIX Na-
pameTpoB 06beKTa ynpaBneHus C AeTepPMUHUPOBAHHbBIMU BO3-
MYLLLEHUAMM NPELCTaBNAT CO6OM MOAMDUKALUM rpagueHT-
HOrO anropuUTMa Uy anropuTMa MeTof,a HauMeHbLUX KBaapa-
TOB M HE MOryT rapaHTMpoBaTb ONTMMaNbHOCTK afanTUBHO-
ro ynpaenenus. bonee cnoxHble anropuTMbl MHOXECTBEHHO-
0 OLEHMBAaHMs OTKPbIBAT BO3MOXHOCTM CUHTE3a afanTuB-
HOrO OMTWUManbHOMO YNpaBNeHWs NPU UCMONb30BaHMM MOKa-
3aTens KauyecTBa 3a[iauu ynpaBneHus Kak UoeHTUtUKALMOH-
HOro KpuTepud. B paHHoit paboTe paccMoTpeHa 3afaua on-
TUMarnbHOro pobacTHOro CHEXeHUs A9 aBTOPErpeccUoHHOro
06beKTa C HEeU3BECTHOW HOMUHANbHOW MOMENbIO0 U HEU3BECT-
HbIM CMELLEHWEM OFPaHUYEHHOr0 BHEWHEro BO3MYLEHUS, HO
C U3BECTHbIMM KO3(MLMEHTAMU YCUIIEHUS HEONPeaeNeHHo-
CTei1 Mo BbIXOAY 4 YNPaBNEHWI0 U U3BECTHOM BEPXHEN rpaHu-
Lieit HeCMelLeHHOro BHelHero Bo3MyleHns. bnarogaps apo6-
HO-NIMHEMHOMY BMAY MOKasaTens KauecTBa B BUAE acUMMTO-
TUYECKM HaMXY[Wero BOBMOXHOMO OTKNOHEHUS BbIXOAa 06b-
€KTa 0T OTCNEXMBAEMOr0 CUrHana, BblYMCNIEHUE TEKYLMX On-
TUMarbHbIX OLLEHOK CBOAMTCS K NIMHEMHOMY NporpaMMupoBa-
HWI0 W peanuayeMo B PeXXMMe OHMatH No KpaiHen Mepe ang
06bEKTOB HEBbICOKOIO NOPALKa.
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AHHoTauua

Pa6ota nocBsueHa uccnefoBaH1I0 BAUAHUS HOPManbHoM Ha-
FPY3KM Ha YCTOMYMBOCTb CXMMAeMoro NpofoNbHOIA CHUMOiA
cTepxHs. PaccmatpuBaloTcs fBa BUAA FPaHUUHBIX YCNOBUIA:
rpaHWYHbIe YCNOBUS XECTKOW 3afieNKK1 U YCNOoBUS WapHUPHO-
ro onupanus. OTMeuaetcs, Uto B Clyyae rpaHNUYHbIX YCIOBHiA
WaPHMPHOTO ONMUPaHUS hopMa YNPYroii IMHUM CTEPXKHS Kaue-
CTBEHHO 3aBMCUT OT BENMYUHbI NPOACILHON CUTbI.

KnioueBble cnosa:

ynpyras 3Heprusl, BapuaLMOHHAa 3afaua, Ynpyras NUHuS,
ypaBHeHue Jiinepa, KpUTMUECKas cuna

BeepeHue

WccnepoBaHue 3apfay yCTOAUMBOCTM TMBKMX 3NEMEHTOB
KOHCTPYKLMIA W YNPYrux CUCTEM B HacTosLiee BpeMs 3aHUMa-
€T OLHO M3 LieHTpanbHbIX MECT B MexaHuKe AedopMUpyeMoro
TBEPAOro Tena v NpencTaBnseT 3HauuTenbHbli MHTEpec. Teo-
pusl YCTOMUMBOCTM YNpYrux cucTeM Bepet cBoe Hadano ¢ pabot
3Jiinepa no Teopuu npogonbHoro uaruba [1]. NMpobnemb ynpyroit
YCTOMUMBOCTM UCCNEfoBanucb MHOrMMKM asTopamu [2-5). Ba-
pUaLMOHHbBIN NOAX0M K AaHHbIM 3aauam 6bin passut C.M. Tu-
MOLLUEHKO [6], KOTOpbIN pelwnn psia 3a4ay YCTOMUMBOCTY CTEPXK-
HeW, NNacTuH 1 o6onoyek. Ha ocHoBe BapuaLMOHHOMO NOLX0-
[,a MOXXHO [l0Ka3aTb TEOPEMY CYLLECTBOBaHUS PELIEHUS ypaB-
HeHU paBHOBecKs. TakKe MOXHO y6eouTbCs, UTO B YCTOM-
YWMBOM MONOXKEHWUM PAaBHOBECHUS (hYHKLIMOHAN MONHOW 3HEPTUM
LOCTUraeT nokanbHoro MuHumMyma. 06was KoHuenuus ynpy-
rov 6MthypKaLMOHHON YCTOMUMBOCTM NPEeAsIoKeHa B MOHOrpa-
(uu B.B. HooxwunoBa [7]. B cBA3M CO CTPEMUTENbHBIM pa3Bu-
TMEM BbIUMCTIUTENBHOM TEXHUKK W NMOSIBNEHWUEM YHUBEPCANb-
HbIX UACNEHHBIX aNrOPUTMOB PelleHUs KpaeBblx 3afay (MeToq,
rPaHUUHbIX 3M1EMEHTOB, METOf, KOHEUHbIX 3IeMEHTOB), K HacTo-
ALeMy BPEMEHU UMEIOTCS KOMMNEKChl MPOrpamM, no3Bonsio-
lMe paccuMTbiBaTb YNpyre KOHCTPYKLWW Ha YCTOWUMBOCTD,
Hanpumep [3].

B o6uwem cnyuae npo6neMbl ynpyroit yCToAUMBOCTM CBO-
LATCA K HAaXOKAEHWI0 ToueK BMdiypKaLuu HEeKOTOpPbIX Henu-
HEMHBbIX YPaBHEHWH, UM K HAXOXEHWI0 NapaMeTpoB, Npu Ko-
TOPbIX HEKOTOpasi BapuaLMOHHas 3afaya MMEeT HEeCKONbKO
peLeHuI.

Influence of a transversal load
on the stability of a rod
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Abstract

The work is devoted to the study of the effect of normal load
on the stability of a rod compressed by a longitudinal force.
Two types of boundary conditions are considered: the bound-
ary conditions of rigid sealing and the conditions of hinge sup-
port. It is noted that in the case of the boundary conditions of
the hinge bearing, the shape of the elastic line of the rod qual-
itatively depends on the magnitude of the longitudinal force.
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MpeLnonoxmM, uto NoNHasi NOTEHLMaNbHas 3HepPrus yrpy-
rOM KOHCTPYKLMW UMeeT BUf,

D(u, \) = Fu) + G(u, A), M

FAe u - QYHKLMS, XapaKTepuayiowwas cocTosHue ynpyroi cu-
cTeMbl (3T0 MOXKET GbiTb, HampuMep, BEKTOP nepeMeLLeHus,
TeH3op getopMaumun U 1.4.), F'(u) - ynpyrasi aHeprus cucte-
Mbl, G (u, \) - pabota BHeWHUX cun, A - napameTp, xapakTte-
PU3YIOLLMIA BHELLHIOK Harpysky. [ycTb ypaBHeHue inepa ans
hyHKuMoHana (1) sanuceiBaeTcs B BUAE

L(u,\) =0, 2)

roe L - audhepeHumManbHblid, BooGlLE roBops, HENMHENHBIN
onepartop. [MoucK KpUTUUECKOro napaMeTpa A\ CBOAMUTCS K Ha-
XOX[EHUI0 ToueK ButypKaLuu ypaBHerus (2).

OpHo# M3 BaXKHbIX NpoBrneM ABNSETCS 3afiauya U3yuyeHus
BAUSIHUSA O HOCTOPOHHWUX CBSI3€/ Ha YCTOWUMBOCTb YNpYroii
KOHCTPYKLMU. Hanuume Takux CBA3er NPUBOLMT K NOSIBNIEHMIO
HepaBEeHCTB, KOTOPbIM JOMKHbI YL,0BNIETBOPATb NEPEMELLEHMS.

WHTepecHble 3apauu yCTOMUMBOCTM YNpYrUX CUCTEM NpU
OLHOCTOPOHHUX OFPaHUUEHUSIX Ha MEpPEMELLeHUs peLleHbl
B.M. ®eopocbesbiM [4]. OH paccMoTpen 3amauy MAOCKOro
u3rnuba ynpyroro CTEpXHsl, HaXORSLWErocs B MepBOHayanb-
HOM Hefle)OPMUPOBAHHOM COCTOSIHWAM MEXAY LBYMS XXeCTKU-
MM CTEHKaMW Ha O[LMHAKOBOM PACCTOSHUW OT KaX[OW U3 HUX,
WccrenoBaHa 3afiaya YCTOMUMBOCTM TOHKOCTEHHOIO KOMNbLLa,
CXKMMaeMOro HaknHYTOM Ha Hero aBcomoTHO rbKoit HepacTa-
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XXMMOIA HUTbIO, HAaTArMBAEMOM CUMOM, @ TaKXe KOMblia, BCTaB-
NIEHHOTO B XKECTKylo 060iMy. BnuaHue ofHOCTOPOHHMUX CBSI-
3ell Ha YCTOMUMBOCTb LMNMHAPUYECKUX 06ONOYEK Npu oce-
BOM CXKaTuu usyuyanocb B pabote [8]. AHanus ynpyrux cu-
CTEM Ha YCTOWUMBOCTb NPU HaNMUMK O[HOCTOPOHHUX (Heyaep-
XMBaIOWMX) CBA3EN CBOAUTCS K OMpefeneH o napaMeTpos,
NpX KOTOPbIX 3afaya ONTUMM3aLMUKU UMEET He eUHCTBEHHOe
peweHue. 370, B CBOK 04epefb, NPUMBOLMT K HeobxopguMo-
CTVW pelwaTb HeBbINyK/ble 3afaYM MaTeMaTMUYecKoro nporpam-
MMPOBaHUS C NPUMEHEHUEeM MeTOf0B rnoBanbHoit onNTUMM3a-
uuu. O6was Teopusa M METOAbl pelleHns 3afay YCTOMUMBOCTH
YNpYrux CUCTEM MpU HaNMuUKU OQHOCTOPOHHWX CBA3EW W3N0-
eHbl B pabote [9]. Bo MHOrMx cnyyasix CUCTEMbI, OrpaH1yeH-
Hble OLLHOCTOPOHHUMM CBS3SIMM, CBOAATCA K MLEHTUMUKALMM
YCNOBHOW MONOXWUTENbHOCTU KBAaAPaTUUHbIX (OPM Ha KOHY-
cax. Anre6panuecknit KpUTepUiA YCIIOBHOM NONOXMTENbHOCTY
B CaMOM BaXKHOM Cllyyae, KOrfa KOHYC ecTb HeoTpuuaTesb-
HbIW opTaHT B R™, npeanoxeH B pa6otax B.J1. Kpenca [10]
n J1.6. Panonopra [11]. CucteMaTueckoMy npUMeHeHUo Hepa-
BEHCTB B MexaHMKe NocealeHa MoHorpadua M. MaHaruotony-
noca [12].

HekoTopble KOHTaKTHble 3afauu, B TOM YuUCNe M 3apaum
YCTOMUMBOCTM YNPYruxX CUCTEM MPU HaNMUUK OBHOCTOPOHHMX
OrpaHUuUeHW Ha NepeMelLleHuns, U MeTOAbl UX PelleHui pac-
cMoTpeHb! B Tpyaax [13], [14].

B naHHoi1 paboTe noKasaHo BNUSHME NOMNEPEUHOM Harpys-
KM Ha YCTOWUMBOCTb C)XMMAEMOro NpOLONbHON CUION CTEPXK-
Hq. pegnonaetcs, uto NPOrubbl CTEPXKHA C OBHOW CTOPOHDI
OrPaHWYEeHbl XXECTKUM NPensTCTBUEM.

TM6KMIA CTepXKeHb, Harpy)XeHHblIH NpPOAONbHOM
C)KMMaIOLLEN CUIION M MOMepeyHoi Harpy3Kou

PaccMoTpuM cTepKeHb [NUHbI [, HarpyXeHHbIA NpoLonb-
HOM CXXMMalowwen cunoi P v nonepeuHoit cunoit g > 0. MycTb
w = w(s), z = z(s) — KOOPAMHATbI TOUEK YNIPYroi NUHWK,
$ — BAMHa oyru, w(s) — Nporu6, ocb z COBNaJaeT C NepBo-
HauanbHOM Hefle(hopMUPOBAHHOM 0Cbio CTepXHs (puc. 1).

w

|
b,
|

’ l

P Pz

PucyHok 1. Hanpaenexure fencTByiowWwmx cui 1 hopMa nporuba crepyHs.

Figure 1. The direction of the acting forces and the shape of the deflection of
the rod.

MpennonoxmM, uto Nporné CTEePXHS OrpaHUyeH C OfHO
CTOPOHbI XXECTKUM MpensTcTBUeM, Tak uto w(s) > 0. 06o-
3HauUMM Yepes  Yron Mexy KacaTeNlbHOW K YNpyroi NuHumM
W ocbio z. [Ins onpeneneHHocTU NpeanonoXxuM, Uto Bbinon-
HEHbI FPaHWUYHbIE YCTOBMS XXECTKOMN 3af,enku

=0, w=0 npus=0,l1. 3)
Onpegenex1e ynpyroi NUHUM CTEPKHS CBOLMTCS K Credyio-

len Bap1aLMoHHON Npobneme

l
EJ 5 .
U(lyw) = /(2‘10/5 —P(1—cos p)+qw |ds — min,
w,p
0
roe E — mopynb HOHra, J — MOMEHT UHepLMUu NonepeyHoro
CeYEHMUs CTePXKHS, | — BnuHa cTepxHs. Tpy 3TOM BbINONHA-
t0TCS reOMETPUYECKME PaBEHCTBA

w'y =sinp, 2, =cosp. (4)

MpennonoxuM, uto cuna P Gonblue Nepeoit KPUTUYECKOM
cunbl inepa u BbINONHeHo HepaBeHcTBo 42 E.J /12 < P <
1672 EJ /12 Nyctb (14, lo) — uHTepBan MakcuManbHoM An-
Hbl, Ha KoTopoM w(s) > 0. fcHo, uto (l1) = @(l3) =
0, w(ly) = w(lz) = 0, NO3TOMy MOXHO CUMTaTb, UTO
li = 0,1 >1/2nw(s) = 0,s & [0,l3]. Onpepene-
Hue nepeMeLeHnit Ha uHTepBane [0, lo] cBOAMTCS K 3ajaue
W30MepUMETPUYECKOTO TUMA

l2

/sin pds =0 (5)

0

U(w,ly) — min,
w,p,la

npu ycnosuax (3), (4).
CocTaBuM Mo 06bIYHbIM NPaBUNaM BapuaLIMOHHOIO MCUMC-
neHus dyHKLMoHan JlarpaHxa

L(’LU, P l2) = U(’U), l2)+
lo
+ /()\(w'q —sinp) +mq sinp)ds. (6)
0

CucTema ypaBHeHui Jinepa ana dyHkumoHana L(w, ¢, ls)
UMeet Bug

EJy{, 4+ Psing —m; cosg + Acosg = 0,

N =gq. (7)

W3 BTOpOro ypaBHeHus nonyyaeM A = —qs + mo. Coenaem
3aMeHY NepeMeHHbIX s = l27— 1 BBeOeM 0603HaueHus
Pl 3 (my —mg)l3 1
R R o S L LY R

V=R T Er ™ ;. T ®

MepBoe 13 ypaBHeHui (7) 3anucbiBaeTcq B BUAE

" = —k*sinp — p(1 — %) cosp +mcosep, (9)
roe wrpux o6o3Hauyaet Npom3BogHyto o 7. 13 ycnoBus MUHK-
MyMa thyHKLMOoHana (6) no nepeMenHon I, (ecnu Iy < 1) nony-
yaeM elle 0fiHO rpaHnyHoe ycnosue ¢’ (1) = 0. YpaBHeHue
(9) He uHTErpUMpYETCA B KBa@paTypax.

YMHoxas o6e uactu ypasHeHusa (9) Ha ¢’ (7) u uHTerpu-
pys B npegenax ot 0 go 1, nonyunm ¢©'2(1) = ¢"?(0). Ac-
Ho, uTo (0) > 0 u (1) > 0, n6o B NPOTMBHOM Clyyae
B JLOCTATOYHO Manoi OKPecTHOCTW KOHLOB uHTepBana [0, 1]
nporu6 Gynet NpuHUMaTh OTpULaTeNbHble 3HaueHus. Ho To-
roa ¢’ (0) = ¢'(1). U3 nocnepHero paBeHcTBa CneayeT, uto
(yHKUMA w(T) CUMMETPUUHA OTHOCHUTENbHO CEPefUHb WUH-
tepsana [0, 1], Te. ana 7 € [0, 1]

1 1 1 1

w(i—f):w(§+7)7 @(5—7):—90(54'7)-
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Wuterpupys ypasHenue (7) B npegenax ot 0 go 1, nonyuum, uto
1

m [ cospdr =0, asHaunt,um = 0.
0

rpaHMLIHble ycnoBus JKECTKOM 3aeJKn
Myctb (o 7) — pewenue ypaBHerus (9) npu m = 0
¢ HauanbHbiMKM yenosuamn p(0) = 0, ¢’(0) = « (pewenne

3apaun Kown) u w(a; 7) = [ sin(p(a;t))dt. 0603HaunM
0

w(a) = p(a; 1), Y(a) = w(a; 1), Torpa

§(a) = Vw?(a) +w?(a).

Mpy hUKCMPOBAHHBIX 3HAUEHUSAX k U p HAXOLMM BCE 3HaUEHMS
napameTpa cv, Npy KOTOPbIX

&(a) =0, (10)
T.e. ofiHoBpeMeHHo 1 («) = O nw(a) = 0. Ecnm w(a; 1) >
0 pns Bcex 3HaueHunit T € [0, 1], To npu 3afaHHbIX k U p Hail-
[LeHO [LOMYCTUMOE MONOXKEHWUE PABHOBECHS.

Ipacmku dyHKumm & () npepcTaBneHsbl Ha puc. 2 1 3. Pe-
3yNbTaTbl BblUMCNEHUN ana k = 2.057 npueedeHsbl B Tabn. 1.

0.4
0.31
0.2

0.1

chyHot( 2. rpalhEIK dyHkumn & (o) npu k = 2.057, ¢ = O AN rpaHnuHbIX

YCNOBUHM XECTKOM 3afieNnKu.

Figure 2. Graph of the function &(«) for k = 2.057, ¢ = 0 for boundary

conditions of rigid termination.
0.09
0.08+
0.071
0.06+
0.05+
0.04
0.03
0.02
0.01

o 1 2 3 4 5

PucyHok 3. Mpadmk dyHkumn & (o) npu k = 2.057, ¢ = 0.5 pns rpaHny-
HbIX YCNIOBUIA XXECTKOM 3aAENKU.
Figure 3. Graph of the function & («) for k = 2.057, ¢ = 0.5 for boundary
conditions of rigid termination.

Tabnuua 1
Peaynbrarbl BbluucneHuit npu k = 2.057, rpaHUuHble YCNOBUS KECTKOH

3afienku
Table 1
Calculation results for &k = 2.057r, boundary conditions of rigid termination
p 0 0.5 1 1.3 px = 1.6
at 0 0.471 0.414 1.414 2.26
Uy 0 —0.05 | —0.268 | —0.499 —1.27
Wmaz 0 0.025 0.054 0.1285 0.115
a2 3.958 3.02 6.55 6.4 2.26
Us —3.868 | —2.693 | —2.69 | —2.256 | —1.274
Wmaz | 0.1909 0.179 0.163 0.151 0.115

Mpu p = O cywecTtBylT ABa KopHa ypaeHeHus (10): nep-
BbIA KopeHb «v; = (0 COOTBETCTBYET TPMBMANbHOMY pelue-
Ho (1) =0, w(r) =0, 7 € [0,1], BTOPON KOpPEHD
[LaeT HeTPUBMANbHOE NONOXKEHUE paBHOBECUS CTepXHS. [pu
Mpu YBENMUEHUM p NOSIBNSETCS 1BA HETPUBUATBHBIX PELLEHMS
ypaBHeHus (10) (puc. 3).

Mpu p > p* y ypaBHenus (10) HeT peweHuit. Npn MeHb-
WMX 3HAUEHMSIX ) UMEIOTCS [IBA KOPHS (i U (ra, (7 < (uo,
(ag — 1) — 0npu p — p*. MepBbIi KOpeHb oy Bo3pacTa-
€T, BTOPOM KOpEHb (x5 YBbIBAET, @ MpU p = p* OHU CIUBALOTCS

B ofuH. B Tabn. 1 npusepeHsl Uy u Uy — 3HaueHWs uHTerpana
1

U(w) = f(ap’Z — k%1 — cosp) — pw) dr. 3T0T uHTE-
0

rpan ¢ TOYHOCTbIO [0 MONOXMTENbHON KOHCTaHTbI COBNaAaeT
C MOMHOI 3Hepruei cuctembl. Uy COOTBETCTBYET KOPHIO (v,
a Us — KopHIo s

Ha puc. 4 npeacTaeneHa ynpyras KpuBasi npu rpaHUuHbIX
YCNOBUSAX XECTKOM 3afenku. Ha 3ToM 1 nocnepyowux pucyH-
Kax Mo ocu abcumce OTNOXEHa KoOpAMHaTa z(7), a mo ocu
OpAMHaT — KoopauHaTta w(T).

0.16
0.141
0.121
0.101
0.08+
0.061
0.04
0.02

0
0 0.10.20.30.40.50.60.70.80.9

PucyHok 4. Ynpyras kpusas {z(7); w(7)}, T € [0,1], k = 2.05m,

p = 0.5 Ans rpaHNuHbIX YCIOBUIA XKECTKOM 3aNKM.

Figure 4. Elastic curve {z(7);w(7)}, 7 € [0,1], k = 2.057, p =
0.5, for boundary conditions of rigid termination.

lpaHMuUHble YyCNOBUS WaPHUPHOTO ONMpaHUs

3 YCNnoBMa 03Ha4aKT, YTO Ha KOHLAX CTEePXHA OTCYT-
CTBYHT nepeMelleHna un narnbaroLime MOMEHTbI PaBHbl HYJIO,
T.e.

w(0) =0, w’(0) =0, w(l) =0, w’(1)=0. (M)
W3 (4) cnepyer, uto (11) 3KBUBaNEHTHO YCNOBUAM
¢'(s) =0, w(s)=0

Ha puc. 5 npepcraBneHa ynpyras kpuBas npu k =
1.3m, ¢=0.

npus =0,1.
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PucyHok 5. Ynpyras kpusas {z(7); w(7)}, 7 € [0,1], k = 1.3,
p = 0 AN rpaHnuHbIX YCIOBUI WAPHUPHOO ONMPaHus.
Figure 5. Elastic curve {z(7);w(7)}, 7 € [0,1], k = 1.3m,p =0
for boundary conditions of the hinge support.

Mpy faHHbIX 3HaueHuax napametpos (k = 1.3w,q = 0)
cyulecTsyeT eAMHCTBEHHaa KpuBagq, KoTopaa aABngetcd CbOp-

Moii paBHoBecHsl. Kak W B criyuae rpaHuuHbIX YCOBUIA KecT-

Kol 3amenku npu ¢ > 0, o6osHaumM w(a) = ¢'(a; 1),
Y(a) = w(wl), &(a) = Jw?(a) + w?(a). lanee Ha-
XOAMM BCE 3HaueHus napametpa c, npu kotopbix &(a) = 0,

Te.
w(0) =0, w”"(0) =0, w(l)=0,w"(1)=0. (12)

Pe3ynbTaTbl BoluMCneHWA Npu k& = 1.3 npuBefeHbl B Tabn. 2.

Tabnuua 2
PesynbTarbl BbluMcnenui npu k = 1.37 Ans rpaHuuHbIX yCnoBuit
LIapHUPHOTO ONMpaHus

Table 2
Calculation results for £ = 1.3 for boundary conditions of the hinge
support

p 0 20 30 30.45 40

aq 0 1.05 1.38 1.38 1.55

Uy 0 —0.381 | —0.116 | 0.0089 | 1.05
Wmaz 0 0.297 0.353 0.373 | 0.358

g 1.93 2.12 2.30 2.325 2.56

Uz —11.9 | —8.79 —8.39 | —8.45 | —9.07
Wmaz | 0.403 0.396 0.38 0.373 | 0.358

Kak 1 B cnyuae XecTkon 3agenku npu ¢ > 0 (He oueHb
Bonbluux), HauaeTcs ABa peweHus ypasHerus (12) aq U ao,
rpatvK1 KoTOpbIX MpefcTaBneHbl Ha puc. 6 u 7 npu k =
1.3m, p=30.

0 01 02 03 04 05

PucyHok 6. Ynpyras kpusas {z(7); w(7)}, 7 € [0,1],k = 1.3,

q = 30, a1 = 1.38 @na rpaHnuHbIX YCNOBUM WapHUPHOTO ONUPaHHS.
Figure 6. Elastic curve {z(7); w(r)}, 7 € [0,1], k = 1.3m,

q = 30, oy = 1.38 for boundary conditions of the hinge support.

-0.10 -0.05 0 0.05 0.10 0.15

PucyHok 7. Vnpyras kpusas {z(7); w(T)}, 7 € [0,1], k = 1.3,
q = 30, ag = 2.30 Ana rpaHUYHbIX YCNOBUI WAPHUPHOTO ONUPAHHS.
Figure 7. Elastic curve {z(7); w(7)}, 7 € [0,1], k = 1.3m,

q = 30, a2 = 2.30 for boundary conditions of the hinge support.

Tabnuua 3
PesynbTatbl BbluucneHuit npu k = 1.17r pns rpaHUUHbIX YCNOBUHA
LWapHUPHOTO ONMpanus

Table 3
Calculation results for k& = 1.1 for boundary conditions of the hinge
support

p 0 2 2.5 3.0 4.0

at 0 0.408 .5495 - -

Uy 0 —0.291 | —0.546 — —
Wmaz 0 0.128 0.549 — —

s 1.21 1.07 0.801 0.801 | 0.801

Uz —3.67 | —2.55 —-2.09 | —1.24 | —1.15
Wmae | 0.329 0.301 0.284 0.23 0.241

Pe3ynbTaTbl BbIUMCIIEHWI CYLLECTBEHHO 3aBUCAT OT BENU-
UWHbI NPOLONBHOM CUnbl k. 1N HeBonblMX 3HAUEHWH k npw
YBENMUEHUM MOMEePeyYHOI HarpysKku ¢ NepBblil KOPEHb oy UC-
yesaet (tabn. 3). B uactHoctu, npu & = 1.1w, ¢ > 3
0CTaeTca TONbKO OfMH KopeHb ypaBHewusa (12). Ecnu k& po-
CTaTOYHO BENMKO, TO HaUYMHas C HEKOTOPbIX ¢ MEePBOMY Kop-
Ht0 By[1eT COOTBETCTBOBATb MONOXKMTENbHOE 3HAUEHME MOJHOIA
aHepruun. Hanpumep, npn k = 1.37, p > 301.45, uto rosoput
0 HEYCTOUMBOCTM TaKOro NONOXeHMUsl paBHoBecus. [ToaToMy Ha
NPaKTMKe OHO He peanusyertcs.
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0 BAMSHUM OQHOCTOPOHHUX CBSA3EH
Ha YCTOMYMBOCTb U KonebaHus
yNpyrux Konew,
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AHHoTauua

B pabote paccMaTpuBaloTCa BONpOChl yCTOMYMBOCTU KpYroBo-
ro KofbL,a, CMMaeMoro paBHOMEPHO pacnpefeneHHbIMM LieH-
TpanbHbIMU CHAAMK, NIPYU HANMUNN OLHOCTOPOHHMUX OrpaHnUe-
HWi Ha nepeMeleHns. Bo BTOpoit YacTu cTaTbyu peleHa 3a-
payva o Kone6aHuax KonbLa, NOAKPENNEHHOr0 HUTAMMU OfHO-
CTOPOHHEro feicTBUA. 3afaun CBOAATCA K PeLleHNIo HeKoTo-
poit BapuaLLMOHHOI NPpo6aeMbl NPY OrpaHNYEHNSAX Ha UCKOMbIe
(hYHKUWM B BULE NIMHENHDBIX YPABHEHHUIA U HEPABEHCTB.

KnioueBble cnosa:

YCTOHUMBOCTb, KONbLLO, BapUaLMOHHASA 3afaua, TOUKK Budyp-
KaLluu, O[HOCTOPOHHME OrpaHuyeHus, konebanus

BeepeHue

B HacTodweit pabote paccMaTpUBaOTCA KOHCTPYKTUBHO-
HeNuHeliHble 3aaum YCTOMUMBOCTHU U CBOGOAHBIX KoneBaHwuil
koneu, [1], NOAKPENNEHHbIX HEPACTSHKUMBIMU HUTAMM, TaK uTo
PACcCTOSIHME MEXIY TOUKAMU NPUKPENNEHUS KOHLLOB HUTK He
MOXET YBENUUMUBATLCS, U OHU HE BbIGEPXMBAKOT CMMAIOLLUX
ycunuii. 3T1 3agaum He MoryT GbiTb NUHeapu30BaHbl, 06na-
[.as HENMWHEHOCTBI0 KaK CYLLeCTBEHHbIM CBOUCTBOM, TaK Kak
WX HanpsXkeHHo-aedopMUPOBaHHOE COCTOSIHUE OMMCHIBAET-
Csl Hernagkumu tyHkuuamu. Mpu MaTeMaTuueckoi thopma-
NU3aLMK pacyeT Ha YCTOMYMBOCTb CBOOMTCA K OTbICKaHUIO
napaMeTpa Harpyaku, Npy KOTOPOM NPOMCXOAMUT BUdypkaLus
PELleHNs 3afauM BapuaLMOHHOMO UCUYMCIIEHUS NPU HaNKUUWK
OrpaHWUYeHW Ha UCKOMble (hYHKLIMM B BUE HepaBeHCTB. Mpu
KOHEUHOMEPHOW annpoKCUMaLMKM NofyyaeM 3afauy Haxox-
LEHWs MapaMeTpa Harpyak, npu KOTOPOW MPOUCXORMT 6u-
(hypKaLus peleHuit 3aay HelIMHEHHOro NporpaMMUpPOBaHHMS.
MocnepHsas 3afaya MOXET 6biTb CBeLEHa K UAEHTUdMKALUM
YCNOBHOW MONOXWTENbHOM OMPeLeneHHOCTU KBafLpaTUUHbIX
thopM Ha KoHycax. B obwem cnyuae Tpebyercs npumeHsTb
MeToabl rnobanbHoi oNTUMM3aLMK, HanpuMep MeTOf BETBEIA
W rpanuL [2]. Hekotopble 3a,aumn YCTONUMBOCTY U 3aKpUTUUE-
CKOro MOBEAEHNs MPU HanWuM1 OLLHOCTOPOHHUX OFpaHNYeHuI
Ha nepeMellLeHNs paccMoTpeHbl B pabotax [3-6).

1. YcTouMBOCTbL KOMel, C OQHOCTOPOHHMM Noj-
KpenneHuem
PaCCMOTpMM 3afiavy yCTO[:NVIBOCTVI ynpyrux Konew, nog-

On the influence of unilateral bonds
on the stability and oscillations
of elastic rings

VYu. Andryukova

Institute of Physics and Mathematics,
Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

veran@list.ru

Abstract

The paper deals with the issues of stability of a circular ring
compressed by uniformly distributed central forces in the
presence of one-sided restrictions on displacements. In the
second part of the article, the problem of oscillations of a ring
supported by single-acting threads is solved. The problems
are reduced to solving some variational problem under re-
strictions on the desired functions in the form of linear equa-
tions and inequalities

Keywords:

stability, ring, variational problem, bifurcation points, one-
sided constraints, oscillation

KPEnneHHbIX YNpYruMU HUTIMK, KOTOpble He BOCMPUHWMALOT
CKMMAWMX ycunmid. TlycTb OfMH KOHEL, HATU MPUKPenneH
K HEMoABIKHOMY LIEHTpY KOMbLLa, APYroi — K HEKOTOPO#A Tou-
Ke KonbLa. [IpennonokuM, uto HUTb SBNSETCS HEPACTSHKUMON,
T.e. B pesynbTate fedopMaLu paccTosiHue MeXSY LIEHTPOM
KOMbLi@ M TOUKOI MPUKPENNEHUS HE MOXET YBENMUMBATHCS.
O6o3HauuM yepes ?) LeHTpanbHbIi yron, w(v) - paguanb-
Hoe nepeMelyeHue (nporuB), v(1))- KacaTenbHoe nepeMelle-

HWe TOYeK KonbLa.
YA
V 4W

2 J

OTMETUM, UTO M3 YCNOBMA HECKMMAEMOCTM OCM KOfblia
Cnefyet paBeHCTBO

v = —w. 0]

MycTb HATW PacnoNoXeHbl TaK YaCTo, YTO UX MOXHO Cuu-
TaTb HEMPEepbIBHO pacnpefeneHHbIMU Mo Komblly. Torpa 3apa-
Ya Ha YCTOMUMBOCTb CBORMTCS K OTbICKAHMIO TaKUX 3HAUeHMUil
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cunbl P, npu KoTopbix BapuaLuoHHas npobnema

D 2m )
J(w) = — (w” + w)*dy—
P 2m
—2/ (w'” — w?)dY — min (2)
0 w

MMEET HeTpMBUalibHOE peLleHne NPU rPaHUYHbIX yCnoBUaxX ne-
PMOONYHOCTM U OrpaHUYEeHNax

w(¥) <0. (3)

3necb D — xecTKoCcTb Ha M3rnb B NMNOCKOCTM Konbua, R —
paguyc Konbua. Mepsbit uHTerpan B (2) npencrasnser cobou
YNpYryto 3Heprutg, BTOpon — paboTy Cun HopManbHOMo faB-
NeHus.

Bbinuwem ypasHeHue Jinepa 4na dyHKuuoHana (2):

w + 2+ E)Hw” + (14 E)w =0, (4)

3
rie k* = ZI-. CootsercTayiolee XapaKTepucTuyeckoe
ypaBHeHue

M+ 2+EHN+(1+k%) =0
UMeeT pelleHus
Ao = %4, A3y = £ivV1+ k2.
Torpa dyHKuus npornba npefcraBuma B BUaE
w = A;sint + Ay cosd + Az sin ad + A4 cos atd, (5)
re o = /1 + k2.

3adukcupyeM Hekotopblit yron 3 > 0. Bynem cuutats,
uro w(¥) < 0, ¥ € (0,8) nw(¥) =0, ¥ € (B,2m).
MepBas npoussogHas w’ (1)) ROMKHa BbITb HEMPEPbIBHO NPy
¥ € (0,27), Toraa yHKUMS w YAOBNETBOPSET FPAHUUHBIM
YCNoBUAM

w(0) =0, w'(0) =0, w(B) =0, w'(B)=0. (6

Moacrasnss (5) B (6), nonyuum cucTeMy NMHERHBIX ypaBHe-
HUiA

Ay + Ay =0,

AL+ ads3 =0,

A sin B+ As cos B+ )
+Assin(af) + Ay cos(af) =0,

Ajcos 8 — Aysin 8+
+aAs cos(af) — aAysin(af) = 0.

Bbipaas 13 nepBbIX ABYX YPaBHEHWA NocnefHel cucteMbl A
n Ay, nonyumm
A4 = _A27
{ Ay = —GAs, )
TpeTbe 1 ueTBepTOE ypaBHeHUa B cucteme (7) npuMyT BUA,

—aAssin § + A, cos S+

+Assin(af) — Az cos(af) =0,
—aAs cos B — Ay sin B+

+aA;cos(af) + aAssin(af) = 0.

©)

Mocne ynpoweHns uMeeM

As(sin(af) — asin §)+
+As(cos f — cos(af)) =0,
As(acos(af) — acos B)+
+As(asin(af) —sin §) = 0.

Cucrema ypaBHEHMl\& MMEeeT HETpUBManbHOe pelleHne, ecnu ee
onpepenutenb paBeH HYNH, T.e.

Ala) = (sin(aB) — asin f)(a sin(af) — sin §)—
—(cos B — cos(af))(acos(aff) — acos B) =
= —2a + 2accos(af) cos B + sin(af) sin S+
+a?sin(a3) sin B = 0. (m)

Pewas ypaBHeHue (11) oTHOCUTENbHO HEW3BECTHOM «v, No-
nyunM tyHkumio « = «(B). MNpu 3apaHHoM 3 ypaBHeHue
“MeeT GecKoHeuHoe uncno KopHelt. QueBMaHo, uto ov = 1 9B-
NFIeTCA KOPHEM YypaBHeHWs npu nboM (5. 3aMeTuM, uTo npu
o = 1 napametp k = 0, 3HauuT, U cuna P paBHa HynH.
Lanee HaxoguM dopMy nporuba no dopmynam (5). Hecnox-
Ho yBeauTbes, uto dopMyna (5) npu o = 1 maet nepeme-
LieHWe KoMblia Kak ecTkoro uenoro. CnepoBatenbHo, Hago
HaxXo@MTb MUHWUManbHbIA KopeHb ypaeHeHua (11), ynoenetso-
psilowumin yenosuio o > 1. Takke He0BXOAWUMO BbINOAHEHUE
3HaKOBbIX OrpaHnueHun (3). Yem Gonbuwe yron 3, TeM MeHblue
k2, a sHaunT v cuna P. 3HaueHns KpUTMYeckoro napametpa P
B 3aBMCMMOCTM OT 3HauUeHuit yrna 5 npueegeHsbl B Tabn. 1.

(10)

Tabnuua 1
3HaueHHs KpUTUUECKOrD NapaMeTpa < B 3aBUCMMOCTH OT yrna [
Table 1

Values of critical parameter « depending on angle 3
™ T 3T

573
Pl 2 L s x| ™| 7

4.2915 2.4841

« 4.9801 3.2136 3

YncneHHble aKCNepuMeHTbl Npu 3 > 7T NOKasanu, uto rpagmk
w BymeT MeHsTb 3HaK Ha unTepBane (0, 3), T.e. orpaHUyeHus
HEeOTPULLATENbHOCTH Ha YHKLMIO w He BypyT BbIMOMAHATLCS.

Takum 06pa3oM, MMHMManNbHOE KPpUTMUECKOE 3HaueHue na-
pametpa o = 3, 0TKyfa HaxouM: k2 = 8, uTo cooTBeTCTByeT
paseHcTBy P = 8D/ R3. 3ameTuM, uto KpuTMUeCKoe Aasne-
HWe [N HEMOJKPEmNeHHOro Kofblia onpefenseTcs hopMynoil
P=3D/R3.

Cnyuail LeHTpanbHoOil Harpysku.PaccMoTpuM cHauana
cnyuai nnockoit gecopmauuu. Toraa 3afaya C 0GHOCTOPOH-
HUMM OTPaHNYEHNSMU Ha NepeMelLieHns MOXET BbiTb CBefeHa
K BapuaLMOHHOI npobneme

_ .D 27
J= S5 (w” + w)?d¥ — min (12)
0
Npn orpaHnUYeHnax
1 27
P P
0
w = 0. (14)

HetpyaHo nokasatb, uto pewenue 3agauu (12)-(14) MoxHo
UCKaTb CPpeay BYHKLMN CTPOro NONOXKMUTENbHBIX Ha HEKOTOPOM
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uHtepsane [0, Jo] v paBHbix Hynio, ecnn ¥ ¢ [0, Yo]. OyHK-
umio npornba yneM cuntaTb paBHOi

w = A; sinad + A, cos ad+
+ Ay sin 89 + Ay cos B9, (15)

roe

\/2+k2_¢m
"

= 5 ,

_ P
 EJ’

B\/2+k2+\/m y
_ , ,

OyHKuMA w (1) BOMKHA YLOBNETBOPSTb MPaHUUHBIM YCNOBH-
aMm

w(0) = w(¥g) =0, w'(0) =w'(9) =0. (16)
Mopcraenag (15) B (16), nonyunM cucTeMy ypaBHEHUH

A2 —|‘ A4 - O,
&Al + 5143 = O,
Ay sinady + As cos ady+
+ A3 sin 5190 + Ay cos 5190,
A cos ady — Axasin adg+
+A3§cos 5190 — A4Esin 5190.

(17)

HeussecTHbiMn B cucteMe (17) BymyT KoadduLMEHTbI
Ay, Ay, A3, A,. Bolpaxas U3 nepBbiX ABYX YPaBHEHMUI no-
cregHei cuctembl A, A4, nonyumm

{ A4 = _A2a

4, = —f/ads. 18

Torma nocnegHue ABa ypasHenus cuctembl (17) MoxHo ynpo-
CTUTb

Ag(—g sin atg + sin 5190)+
+As(cos ady — cos Bg) = 0,
Ag(ECOS 5190 — asin ady)+
+A4,(Bsin By — asinady) = 0.

(19

Onpenenutensb cuctemsl (19) umeet sug

A = (sin B9y — gsin o) (B sin By — disin ady)—

—(cos @ty — cos By)(f cos By — arsindndy).  (20)

[lng cywecTBOBaHWS HETPUBMANbHOTO PelleHUs KpaeBoit 3a-
f,aun Heob6X0oMMO W [OCTATOYUHO, UTOGbI

A = A(k; 09) = 0. (21)

HetpuBuanbHble pewenuns cuctemsl (19) npu k& = ki unm
k = ko HaxopuM cnepytolum obpasom. Monaraa Az = 1,
HaxogouMm

A, — sin(ak) — sin(ék) .
cos(ak) — cos(Bk)

Mepsble ABa KopHa ypaBHeHus (21) npusepeHsl B Tabn. 2.

Tabnuua 2
3HaueHus KpuTMuecKoro napametpa k
Table 2
Critical parameter values &k
P A
3 4 4.3
k1 4.3154 4.0463 4.3132
ko 4.4849 4.3099 4.3132

Ha puc. 1 npepctasneHbl rpaguku nporu6os w(¥) npu
o = £ Ha puc. 2 - rpacmky nporu6os w(v) npu ) = 3.

(A)
Pucynok 1. ®opma nporuba w () npu 9o
rnba w () npudg = 2?", k = ko (B).
Figure 1. Deflection shape w(¥) at o = =

’LU(7.9) at 190 = %,k = kz (B)

(B)

PucyHok 2. ®opma nporuba w(d) npu do = =2, k = k1 (A); hopma npo-
rnba w(Y) npudg = %’“, k = ko (B).

Figure 2. Deflection shape w(¥) at ¥g = 37“, k = ki (A); deflection
shape w () at ¥ = %Tﬂ’ k = ko (B).

Mpu k = ki anst 9o # 3T nporn6 w(v) Mensiet 3Hak
(puc. 2 A), cnenoBatenbHo, orpaHuyenue (14) He BbinonHseTcs.
Moaxog4AwmM (T.e. YAOBNETBOPAIOWNM OGHOCTOPOHHNM Orpa-
HWUUEHNAM) SBNSETCA BTOPOM KopeHb k = ko npn 1y < 3@{
(puc. 2 B). PaccMotpeB rpaduk npoussogHoi w’ (1), 3ame-
yaem, uto npu 9y = 3T npoussopHas oBpawlaeTCs B HOMb
Ha WHTepBane [a, b] poBHO Tpu pasa. 370 03Hauaer, yTo ca-
Ma thyHKUus w(1)) Ha 3TOM MHTepBane MMeeT TPU TOUKM IKC-
TpeMyMa, 0TKyf,a CnegyeT, Uto PyYHKLMA MEHSET 3HaK Ha 3TOM
uutepeane (puc. 2 B). Ecnn 9y = 2—7; TO KOPHYW ypaBHEHMs
(21) BynyT KpaTHbIMK. C Apyroi CTOpoHbI, yeM Bonble g, TeM
MeHblUe 3HaUeHWe KpUTMYecKoro napamertpa k. Takum obpa-
30M, 3HaueHue 6e3pa3MepHOro NapaMeTpa KPUTMUECKOH CUMbl
MPY HanUuUMK OLHOCTOPOHHMX OFPaHUUYEHWI Ha NepeMeLLeHus
(14) 6ypmet paBHoO

PR?

K =k?=k%= = 18.6044. (22)

B cnyyae nnockoit fedopMauuu npu annpoKcvMaLmMu
cnnadHamu nporuba w () npu m = 72 nony4eHo cnepy-
loliee 3HaueH1e GeapasmepHoro napameTpa:
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~ PR}
P =
D

CpaBHu1Bag 310 3HaueHue ¢ (22), Haxo[ MM, UTO TOUHOCTb UNC-
NEHHOTr0 pPelleHUs 3aaum paBHa

18.6044 — 18.5854
18.6044

% = 4.1301. A us dopmynbl (22)
= 4.1343. TakuM 06pa3oM, NOAKpPenIeHne HUTAMM

yBENMUMBaET KPUTUUECKYIO HarpyaKy KonbLa B 4.13 pasa.

= 18.5854.

= 0.00102 = 0.1%.

OTHoweHue 5 =
1
18.6044
4.5

2. KonebaHuga Konew,

KoopauHaTbl ToueK Aed)0pMUPOBAHHOMO KoMblia WMMET
BUA,

z(9) =

y(v) =
Vnpyras aHeprus fedopMUpOBaHHOTO KoMbLia, NOAKPeneH-
HOro HATAMU C XXEeCTKOCTbHO ¢, 3alUCbiBAeTCHd B BUAe

(R+w(1)) cos — v(¥) sin ¥,

(R4 w(¥))sin® + v(¥) cos V. 23)

2
D o " 2 c 2
0

KnuHeTnueckas 3HEeprua KonbLa onucbiBaeTcqa ypaBHeHUeEM

27

R
T= 2” (0 + 9%)do. (25)
0
3[ecb p - NMHeHHas NNOTHOCTb MaTepuana. Ycnoeue HeCKu-
2 2
MaeMocTu ocu Konbua '~ + 1/~ = R? nocne npeobpasosa-
HWit NpuMeT Bua: v' = —w.

LLnq nonyueHus ypaBHeHUit Kone6aHus KonbLa NpUMeHuM
MPUHLMN HauUMeHblero AehcTBua: ecnn T’ - KMHETMUecKas
3Heprua cucteMbl, U - noTeHUManbHas aHeprus, Heobxoam-
MO HaWUTWU MUHUMYM (hYHKLMOHaNa AenCTBnS:

t1
J = /(T —U)dt
to
B HaweMm cnyuae
t1
J:/ B;p/(u + %) dI—
to 0
2m 2w
—2% / (0" +v')2d9 — ; / V29| dt. (26)
0 0

Bbinuwem ypaBHeHue Jitnepa-0cTporpaacKoro:

Rp(v — ") = R3( oV 420"V ") . (27)
PeweHue ypaBHeHna (27) uwem B BUAE:
v(d,t) = £(t)n(9). (28)

MpuMeHaq MeTop, pa3feneHns nepeMeHHbIX, NPUXOAUM K LBYM
yPaBHEHUAM:

£+ —AZS (29)

,'7VI 4 2,'71V T En// + )\2(77 _ 77//) —0. (30)

VpaBHeHue (29) o3HauaeT, uTo IBMXEHME HOCUT KonebaTtenb-
Hblit XapakTep, a ypaBHeHue (30) onucbiBaeT dopMy Koneba-
HUM.

Pewenue (29) nmeert Bug,

& = Cysinwit + Cs cos wyt, (31

2
roe wy = R4 - yacroTa co6CcTBeHHbIX KonebaHun. Pewe-

H1e ypaBHeHus (30) DOMKHO BbITb 277-NepUoLUUYECKUM. ITOMY
YCIOBWIO YL0BNETBOPSET YHKLMUS BUAA:

o0

e =Y _(ax(t)sin(kd) + by(t) cos(k9)).  (32)

k=1
MopcraensaeMm psag (32) B (30) v ¢ yueToM OpTOroHanbHOCTM No-
nyyaem
- [—kG okt
L (E— )k A?} (sin(k9) + cos(k9)). (33)
HeTpuBManbHoe pelueHue CywecTByer, eciu
—kS 42kt — (C— P2+ A2 =0.

OTKWJ,a Haxo04MM 3aBUCUMOCTb YacTOThl KoneBaHuit ot HOoMepa
rapMOHUKK

kS — 2kt 4 ok?
2
S 4
Ak k241 (34)

O6uwee pewenue (27) paetcs hopMynoi:

Z (C1k sin(wgt) +Cay cos(wkt)) sin(kd)+

k=1

+ Z (6’; sin(wit) + Cay cos(wk.t)) cos(k). (35)

[lng onpeneneHus ABUXeHUS HeoBX0LMMbI HauasbHble YCro-
Busnput = 0:

v(9,0) = vo(¥), 0(9,0) = 0(¥), (36)
rAe vg U U9 — WM3BECTHble 3HaueHWa. Pasnaraq ux B pep
Oypbe 4 ucnonbaya (35), MOXHO HaWTU Ko3(hULMEHT

Clka Cka Clkv CQk'
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KonebaHua Konblia, NOAKPENNEHHOr0 HUTAMW OfHOCTO-
poHHero gencTeus. [IPpeanonoXxuM, UTo KombLio NOAKPENNeHo
HWUTAMM, KOTOpble He BOCMPUHUMALOT CXMMALOWMX YCUIUI, T.€.
ynpyrasa aHeprus HUTei onpepenaerca opMynoi

2w
% / w? dv, (37)
0
rOe w,y — NONOXUTENbHas CPe3Ka thyHKLUM
wy = max{0,w} = %ﬁu\
B naHHoM cnyuae cyHKumMoHan J npuHUMaeT Bug,
t1 R 27
J= / 2 / (02 + 0?)di—
2
to 0
D 27 27
/ / C
0 0
MNepeMelLeHns TOUEK KoMbLLa WILEM B BULE
N
= > (Ax(t)sin(kv) + Bi(t) cos(kv)),  (39)

k=1

N
= (kAg(t) cos(kv) — kBy(t) sin(kd)).  (40)
k=1

®yHkumoHan (38) npuHMMaeT cTauuoHapHoe 3HaueHue. Bbi-
MWWeM [ HEro ypaBHeHUs Jinepa oTHocUTeNbHO Ay n By,

D
Rpm(1 + k) Ay + —-m(k® —

73 k)2 Ap+

2m

+C/S+k‘cos(k:19)d19 =0, (4)

D
Rpm(1+ k*)By, + ﬁw(kz‘3 k)’ Bj—
—c/S+ksin(k19)d19 =0, (42
rme Sy = [0, (74, cos(39) - B, sin(iv))|
BbipaxaeM BTOpble NPOU3BOLHbIE
_ D k",
f O RP(1+R?)
m / S+k COS(k”&) ’19 (43)

. D(k? —k)?
By,=————>0B
k Rip(1+ K2 kT

W/S+k sin kﬁ)dﬁ (44)
7T

BeeneMm BekTop

V = (Ay,...,An, By, ..., By)T. (45)
VpasHeHus (43), (44) sanvwem B BUOe
V= f(V), (46)
roe
[ D2
T Rip(1+k?)
C
—— [ S,k k) dd 47
Rpm(1 + k2) / +h cos(kv) (“7)
0
npuj=1,....,Nwu
D(k3 — k)2
=\ v B
L= "R et
2m
—_— k sin(kd)dv 48
Rp7r1+k:2 /S+ sin(k?) )
npuj = N+1,...,2N. CucteMa (46) aKBMBaNeHTHa cucte-

Me, cocToslen U3 auddepeHLUanbHbIX YpaBHEHUI NepBoro

nopsgka
V=2,
Z=fV).

[ina pewexus nocnepgHen ucnonb3oBancs MeTof PyHre-KyTTa
4-ro nopapka.

(49)

Pesynbtatbl 1 ux 0b6cyxpeHus

Ha puc. 3 npencraBneHbl rpadimku cob6cTBEHHbIX hOpM KO-
nebanuit Konbla paguyca R = 10 M C XeCTKOCTbIO HUTEN
¢ = 35 H/MM, unnuHapuueckoit xectkoctblo D = 66.7 H-M
MpY PasHbIX HauanbHbIX ycnoBusx wy = 1.5sin(29) pns
rpatmKoB cneBa u wy = 2 cos(34) Ans rpaduKoB crpasa.

1] w©

59 QO
B AR PR TENAC
5
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(E)
PucyHok 3. Tpachuk cobeTaeHHbIX dopM KoneGaHuit Konbua npu A) ¢ = 0,
B)t =2.8,C)t =6.0,0)t = 8.0,E) t = 16.
Figure 3. Graph of the eigenmodes of the ring at A) ¢ = 0,B) ¢t = 2.8,
Ct=6.0,0)t =8.0,E)t = 16.
Ha6niopaetcs athdexT Bo3BpaTa B HauanbHoe cocToaHue (3d-
tekt ®epmu-Macra-Ynama). IHeprua ocraetcs NoKanuso-
BaHHOM B HauamnbHbIX M HECKOMbKMUX COCEAHMUX FapMOHMKaX.
Mpu Gonblumx 3HaUYeHUsX ¢ HabnopaeTca NoUTH NOMHbIA BO3-
BpaT 3Hepruu B HauyanbHy rapMoHuky. K npumepy, ans pu-
CYHKOB CfieBa pa3HuLLa MeXAy HayanbHbIM ¥ KOHEYHbIM COCTO-
aHuamMu paBHa max{v — vg} < 0.039, max{w — wp} <
0.074. LOna pucyHkoB cnpaBa max{v — vg} < 0.040,
max{w — wg} < 0.036.

TakuM 06pasoM, nogKpenneHne Konew, HepacTsHKUMbIMU
HUTSIMM CMOXET CYLLECTBEHHO YBENUUUTb KPUTUUECKYH Ha-
rpy3ky. PesynbTaTbl paboTbl MOTYT 0Ka3aTbCs NONE3HbIMU NPH
pacueTax M NPOEKTUPOBAHMM Ha MPOYHOCTb M YCTOMUMBOCTb
TOHKOCTEHHBIX KOHCTPYKLMA.

Nutepartypa

1. MaHoBko, A.I. OcHoBbI NPUKNAAHON TEOPUM YNPYTUX KO-
ne6aumi / A.T. MaHoBKo. - MockBea: MawmnHocTpoeHue,
1967.

Cyxapes, Al. noGanbHbiii 3KCTPEMyM M MeTodbl €ro
otbickaHus / AT. Cyxapes // MaTemaTuueckue MeTofbl 1
uccnepnoBaHua onepauuid. - Mocksa: Magatenscteo MY,
1981. - C. 4-37.

AndyTos, H.A. BniugHue 04HOCTOPOHHMX CBA3EM Ha YCTOM-
UMBOCTb LMNMHAPUYECKUX 060N0YEK NMpU OCEBOM CXa-
tvmn [ HA. AndyTos, A.H. Epemnues // Pacuetbl Ha npou-
HoCTb. - MockBa: MawuHocTpoenue, 1989. - C. 179-180.
®eopocbeB, B.W. U3bpaHHble 3apaumn ¥ BONpOChI Mo CO-
npotuenenuio matepuanos / B.M. ®eogocbes. - Mocksa:
Hayka, 1967. - 376 c.

Andryukova, VY. Nonsmooth problem of stability for
elastic rings / VY. Andryukova, V.N. Tarasov // Abstracts
of the Int. Conf. “Constructive Nonsmooth Analysis and
Related Topics” dedicated to the memory of Professor
V.F. Demyanov. Part I. - Saint-Petersburg: Institute of
Electrical and Electronic Engineers, 2017. - P. 213-218.
Tarasov, V.N. Nonsmooth problems in the mechanics of
elastic systems / V.N. Tarasov // Abstracts of the Int. Conf.
“Constructive Nonsmooth Analysis and Related Topics”
dedicated to the memory of Professor V.F. Demyanov.
Part I. - Saint-Petersburg: Institute of Electrical and
Electronic Engineers, 2017. - P. 252-256.

References

Panovko, Ya.G. Osnovy prikladnoy teorii uprugikh kole-
baniy [Fundamentals of the applied theory of elastic vi-
brations] / Ya.G. Panovko. - Moscow: Mashinostroyeniye,
1967.

Sukharev, AG. Globalnyy ekstremum i metody yego
otyskaniya [Global extremum and methods for finding
it] // A.G. Sukharev. - Mathematical methods and oper-
ations research. - Moscow: Publishing House of Moscow
State University, 1983. - P. 4-317.

Alfutov, N.A. Vliyaniye odnostoronnikh svyazey na ustoy-
chivost’ tsilindricheskikh obolochek pri osevom szhatii
[Influence of unilateral bonds on the stability of cylindri-
cal shells under axial compression] // N.A. Alfutov, AN.
Eremichev. - Strength calculations. - Moscow: Engineer-
ing, 1989. - P. 179-180.

Feodosiev, V.I. I1zbrannyye zadachi i voprosy po sopro-
tivleniyu materialov [Selected problems and questions
on the strength of materials] / V.|.Feodosiev. - Moscow:
Nauka, 1967. - 376 p.

Andryukova, VY. Nonsmooth problem of stability for elas-
tic rings / VY. Andryukova, V.N. Tarasov // Abstracts of
the Int. Conf. “Constructive Nonsmooth Analysis and Re-
lated Topics” dedicated to the memory of Professor V.F.
Demyanov. Part I. - Saint-Petersburg: Institute of Elec-
trical and Electronic Engineers, 2017. - P. 213-218.
Tarasov, V.N. Nonsmooth problems in the mechanics of
elastic systems / V.N. Tarasov // Abstracts of the Int. Conf.
“Constructive Nonsmooth Analysis and Related Topics”
dedicated to the memory of Professor V.F. Demyanov.
Part |. - Saint-Petersburg: Institute of Electrical and
Electronic Engineers, 2017. - P. 252-256.

N3BecTna Kommu HayuHoro ueHTpa Ypanbckoro otaenequs Poccuitckoit akapemum Hayk N2 4 (62), 2023

Cepust «Dn3nKo-MaTEMaTUUECKUE HAYKU»
www.izvestia.komisc.ru



Iins uuTUpoBaHus:

AnpprokoBa, B.H0. O BNMSIHUM OLHOCTOPOHHMX CBS3€H Ha YCTOMUMBOCTb M KoneBaHus ynpyrux koney, / B.10. ApptokoBa // Usse-

ctna KoMu HayuHoro LeHTpa Ypanbckoro otaeneHns Poccuickon akapemum Hayk. Cepus «Ousnko-MaTeMaTMueckne HayKux». -
2023. - N2 4 (62). - C. 23-29.

For citation:

Andryukova, VYu. 0 vliyanii odnostoronnih svyazej na ustojchivost’ i kolebaniya uprugih kolec [On the influence of unilateral
bonds on the stability and oscillations of elastic rings] / VYu. Andryukova // Proceedings of the Komi Science Centre of the Ural
Branch of the Russian Academy of Sciences. Series “Physical and Mathematical Sciences”. - 2023. - N2 4 (62). - P. 23-29.

[ara noctynnenus pykonucu: 23.06.2023
Received: 23.06.2023

N3BecTna Komu HayuHoro ueHTpa Ypanbckoro otaenequs Poccuitckoit akapemum Hayk N2 4 (62), 2023
Cepust «Dn3nK0-MaTEMaTUUECKME HAYKU»
www.izvestia.komisc.ru

29



30

VMK 539.3
DOI 10.19110/1994-5655-2023-4-30-35

KoHTaKTHas 3afiaua ans Konblia,
NOLKPenneHHoro ynpyrumu

TOHKMMU CNULLaMMK,

HaxopAlerocsa nog LEeMcTBUEM CUNbI,
NPUNOXEHHOU K OCU Koneca

B.H. Tapacos, H.0. Cvonesa

®u3nKo-MaTeMaTUUECKUI UHCTUTYT
®UL, Komu HL, YpO PAH,
r. CbIKTbIBKap
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AHHoTauua

B pabore paccMatpuBaeTcs 3afaua 0 HanpsHKeHHo-pedopMu-
POBAHOM COCTOSIHMM KONeca CO CMMLLaMu, HaXoAaWeroca nog
AeHCTBUEM CHUMbl, NPUNOKEHHOH K ocK Koneca. Wcnonbayer-
CS BapMaLMOHHasA NOCTaHOBKa, UTO MO3BONAET yUecTb nepe-
MeleHNs TOUKW npunoxeHus cunbl (LeHTpa Koneca). Takxke
paccMoTpeHa BOXMOXHOCTb NOTEPH YCTOMYMBOCTM CIMLL, €CIU
CKMMalOWas CUNa A0CTaTOYHO BenuKa. B aToM cnyuae BosHU-
KaeT KOHTaKTHasl 3af,a4ya C HeM3BECTHOI 061acTbi0 aKTUBHOIO
B3aUMOAEMCTBMUA 3NEMEHTOB KOHCTPYKLMM.

KnioueBble cnosa:

KOnbLO, BapuMauUOHHAA 3ajaya, MOMEHT, ynpyrag 3aHeprus,
yCTOﬁl-IMBOCTb, KBagpaTuuyHoe nporpaMMupoBaHune, KOHTAKT-
Haqa 3afava

BeepeHune

VnyulieHne NPOUHOCTHBIX XapaKTePUCTUK TPaLULMOHHbIX
MaTepuanoB M MCMOfb30BaHUE HOBBIX BbICOKOMPOUHbIX
KOMMO3ULIMOHHbIX ~ MaTepuanoB  06YCnoBUNO  MosiBREHUe
NErKMX,  3KOHOMUUHbIX TOHKOCTEHHBIX KOHCTPYKUMA B
COBPEMEHHOM MallMHOCTPoeHUU. B cBowo ouepedp, 3T0
Np1BENo K He0BX0LMMOCTU UCNONb30BaTh BCE Bonee TOUHbIE
METOfbl pacyeTa Ha NpoyHocTb. WHTEpec K uccnepoBaHuio
KOHTaKTHbIX 3afiay TeopuM YNpyrocTi C HEU3BECTHOIA
06nacTbl0  aKTMBHOMO B3aUMOJENCTBUS  KOHTAKTUPYHOLUX
3MeMeHTOB 0BYCMOBINEH, C OJHON CTOPOHbI, HE06X0LMMOCTbIO
pacueta Bce Gonee CNoXHbIX KOHCTPYKLMI, BCTpeYaloLLmxcs
B MHXEHEePHOW NpaKTUKe, C ApPYroi — QyHAaMeHTanbHbIMU
pesynbTaTaMu, MONMYYEHHbIMA CPaBHWUTENbHO HEOABHO B
TEOpPWM ONTUMM3ALMK, HEFMALKOT0 BbIMYKIIOMO U HEBBIMYKIIOTO
aHanusoB. OCHOBHOE OTNMUME TaKWUX 3afay OT 3afay C
W3BECTHOW TpaHMLEe KOHTAaKTa 3aKmiuyaetcs B TOM, uTO
MpM MX MaTeMaTWUecKoW (opManu3aLuv MWCronb3yTcs
HepaBeHCTBAa unu (MpM  BapuaLMOHHOW  MOCTaHOBKe)
MOTYT BO3HUKHYTb Hernagkue (yHKLMOHANbI. Takue
3aflauM He MOryT ObiTb NKMHEapW30BaHbl, OHU SBNSKOTCS
KOHCTPYKTUBHO-HENMHEeNHbIMK. pu pacuetax Ha NpPOYHOCTb

Contact problem for a ring
reinforced with elastic thin spokes,
which is under the action

of a force applied to the wheel axle

V.N. Tarasov, N.O. Smoleva

Institute of Physics and Mathematics,
Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

vntarasov@ipm.komisc.ru
nataljafilippb@gmail.com

Abstract

The paper considers the problem of the stress-strain state
spoked wheel, which is under the action of a force applied
to the wheel axle. A variational formulation is used, which
makes it possible to take into account the displacement of
the point of application of force (wheel center). The possibil-
ity of loss of stability of the spokes is also considered if the
compressive force is sufficiently large. In this case, a contact
problem arises with an unknown area of active interaction of
structural elements.

Keywords:

ring, variational problem, moment, elastic energy, stability,
quadratic programming, contact problem

MPU  KOHEUHOMEPHOM  annpoKCMMauuWM  OHM  CBOAATCA
K HeKoTOpoi 3apaue KBaApaTUUHOTO MNpOrpaMMUpoOBaHUA.
MeTofam pelleHns 3aay KBagpaTUUYHOro NPorpaMMUpoBaHms
nocesueHa knura [1). B nocnegHee Bpems (MpUMEHUTENbHO,
B UacTHOCTM, K 3afayaM KOHCTPYKTWUBHO-HENWHEAHOM
MEeXaHMKM) UHTEHCWUBHO Pa3BUBAETCA Teopus BapUaLMOHHbIX
HepaBeHCTB. (OCHOBbI TEOpPMM BapUaALMOHHbIX HEPABEHCTB
3anoxeHbl B pa6otax X.-Jl. Jluouca, I. [woso u ap. [2].
PasHoo6pa3sHbIM  MPUNOXKEHWUSAM  TEOPUM  BapUALLMOHHbIX
HepaBeHCTB, B TOM UMCIIE U K 3alayaM MeXaHMKU, NOCBSILLEHbI
MoHorpatum [3, 4]. WHTepecHble 3apjauM B MexaHuke
YNPYruX KOHCTPYKLMA C HEeW3BECTHOA 06NacTbio aKTUBHOIO
B3aMMOAENCTBUA  3MIEMEHTOB  KOHCTPYKLMM PacCMOTPEHbI
B pa6ote [5]. CucTeMaTMuecKoMy MPUMEHEHWI0 METO[0B
ONTUMU3ALMM B  PELEHWN  KOHCTPYKTUBHO-HENMHENHBIX
3aflay, B TOM uuclle M 3afay YCTOMUMBOCTM YNPYrux CUCTEM
C HeYOEePKMBAIOWNMM CBA3AMM, NOCBSLEHA KHUra [6).

B pabore paccmatpuBaeTcd 3ajava 0 HanpsXKEHHO-
0eopMMPOBaHHOM  COCTOSIHUM — Komeca €O Chvuami,
HaxopAWeroca oA [LeilCTBMEM CHIbl, MNPUNOXKEHHOR K
ocu Koneca. Mcnomb3yeTrcs BapuauMOHHas MOCTAHOBKA,
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UTO MO3BONHET YUecTb MNEepeMelieHUs TOUKW MpPUIIoKeHNs
cunbl (LeHTpa Koreca). PaccMoTpeHa BO3MOXHOCTb MoTepw
YCTONUMBOCTM CMML, €CAM CXKUMAlOWas Cuia [OCTaTouHo
BenMKa. B 3TOM criyuae BO3HMKAeT KOHTaKTHas 3ajaua
C HewsBecTHOM 06nacTbil0 aKTMBHOTO B3aUMOAENCTBMA
3MEMEHTOB  KOHCTPYKLMK. HenssecTHble nepeMeleHus
NPeAcTaBnsaioTCca B BUAE YACTMUHOM CyMMbl papoe Oypbe.
Torpa BO3HMKaeT 3afaya BbINYKNOro KBafpaTUUHOro
NPOrpaMMMUPOBaHNSA MPU HANMUNM IMHEAHBIX OrpaHUUeHni
HepaBeHCTB.

1. MocTaHoBKa 3apauu

PaccMoTpuM  3apauy Ha  ONpefeneHWe  YCUIWW,
LEeACTBYlOWMX B CNMLaxX BENOCWMELHOM0 Koneca, U
HanpsXeHus, BO3HMKaloLLEero B 060fie My MPUOXEHUM K OCH
koneca cunbl P (puc. 1). OcHoBaHue, Ha KOTopoe onupaetcs
KONEeco, MOXHO CUMTaTb XeCTKUM. Uucno cnuy, m Benuko
HaCTOMbKO, UTO MO3BONAET PaccMaTpuBaTh CMULbI HE Kak
OTOENbHbIE CTEPXKHW, @ KaK HEmpepbiBHYK YMpyryw cpemy
xecTkocTv C' (MpocToe BUHKNEPOBCKOE OCHOBaHME).

PucyHok 1. KonbLio, NofKpenneHHoe CNuLaMmu 1 HarpyxeHHoe cunoit P.
Figure 1. Ring backed by spokes and loaded with force P.

nyCTb KOnbLO B Heﬂ,edJopMMpOBaHHOM COCTOSAHUU
aBndeTca KpyroM paguyca R, [EeKapToBbl KOOpOMHAaTbI
KOTOpOro onpenensoTcs opmynammu

x = Rcos,

) 2 1
y = Rsin 1, € [0, 2], U

ree 0 < 9 < 2w — ueHTpanbHblit yron. 0Bo3HaunM

vepes & = (—cos¥, —sin) HopManb, a yepes n =
(—sind, cos1?) — KacaTenbHbid BekTop. [lepeMelieHve
TOUEK Konbla B pesynbTate MnocKoW pedopMauuu

OMUCbIBAeTCH BEKTOPOM

W = w(9)€ + w(®)n.

3pecb nop, w NPUHMMaeTCs HOpPManbHoe MNepeMelleHue
TOUEK Kofblia, a Moj, w — TaHreHuManbHoe nepeMelleHme.
Torna [eKapToBbl KOOPAMHATbl [ethopMUPOBAHHOMO Kombla
OMUCBIBAKOTCA YPABHEHMAMH

x=(R-—
y=(R-

u) cos ¥ — wsin v,

2
w) sin v + w cos V. @

0603HauMM nocne  getopMaUMWM  HOpManbHbIA U
KacaTenbHbIl BEKTOpPbl K YMpyron nuHuM uepes &, 7).
BekTopbl £, 7 MOryT 6bITb NepeBefeHbl B BEKTOPbI &, , 1), NYTEM
noBopoTa Ha Manblit yron 5. Mpepnonarasl, UTo NepeMeLLeHns
SBNSKOTCS ManbIMK, MOXHO 3anucatb

du
ﬁ—<d19+w> (3)

KPUBU3HbI  [yrun

5—l Cl27u+d7w
T=p\a2 " )

KpOMe TOrO, BbIMOJ/IHEHO YCNOBME HECXKNMAEMOCTH

a u3MeHeHue
thopmynoi [7]

KojibLla onpependercd

u=w. (4)
PaClJETHblMVl XapaKTepMCTMKaMM |'|le ﬂ,e(bopMaLl,MFIX
KpMBUﬂMHelele CTEp)KHEﬁ ABNATCA
EJ 1dM
M=- =
R? T+, Q= Rdv

— MOMEHT M nepepesblBalolias Cuna, pacnpegeneHHble no
obopy konbua. [lo w3BecTHeiIM M u () BblUUCHSHOTCS
HanpsbkeHus.  [lyctb J — MOMEHT MHepUMM CeuyeHus
Konbua, F' — nnowanb NonepeyHoro cevenuns cnuubl, £ —
mogynb tOHra, B = FE.J. 3Heprus ynpyroi getopMaumuu
KOnbLa, C YYETOM YCNOBUS HEC)KMMAEMOCTH, B KBaAPaTUUHOM
npubnuxeHnu onpenensercs qjopMynoﬁ

2 d2 ?
(5)
3HeprMﬂ ,D,etbopMau.MM cnuy, B Cniyyae HENoaBUXKHOIO LLEeHTPa

KOonbLla UMeeT BUA
C 2
= — u?dy
2 0
[MonHaga 3Hepruga 3anucbiBaeTcd CrnenyruiMm 06pa30M

B 27 ) ) C 27
= ! dd + — 2d9. (6
U+, 2R3/0 (u" 4+ u)*dd + 2/0 u (6)

KpoMme Toro, OMmKHbI GbiTb BbINOMHEHbI FPaHUUHbIE YCTIOBHUS
nepuopmuHocTn 1 ycnosust y (37) > —R, uto npusopmT
K HepaseHcTBy u (37) > 0.

B nonoxeHun paBHOBECMS nonHas  3Heprus  (6)
MWUHWUManbHa, NO3TOMY BbINONHEHO ypaBHeHue Jitnepa

IV "
R3( +2u” +u) 4+ Cu = 0. ¥)
Ecnu npoaudhepeHumnpoBath nocnegHee ypasHeue no 1J, To
OHO coBrnapet C ypaBHeHNeM paBHOBeECUA

d®°w 3w dw
G0 o8 W . 2%y 8
a0 Tl T g = ®)
roe \
9 i EFm
! 1 _
“=TF7 TR’

a m - uucno cnuu. PeweHue 3ToM 3apgauu npuBeneHo
B kHure B.M. ®eopocbesa [5], roe oTMeueHo, uTo Briepsble
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OHa 6bina paccmotpeHa H.E. Xykosckum.  [pepnonaras,

YTO CMMUbl PacnonoXeHbl [OCTAaTOYHO YacTo, WX MOXHO

NPencTaBuTb Kak HenmpepbiBHYK YNpYryw cpepy, Toraa ans

ntoBoi Touku obofa Koneca cuna, LenCTBYIOWAs CO CTOPOHbI

CMuW, NponopLMoHanbHa paguanbHoMy cMelueHuio u ().

Takxe B pabore [5] nonyueHo ypaBHeHWe paBHoBecus (8).
PewweHuneM atoro ypaBHeHus bynert

w = Cy + Cy ch(a?) cos(BI) + Cq sh(ad) sin(SI)+
+C5 ch(ad) sin(BY) + Cysh(add) cos(B1),  (9)

a—1 a+1
2 ’5_\/ 2

MoctositHbie Cg, ...,
rPaHUUHbIX YCNOBUM:

roe

o =

Cy HaxopsTcA U3 cnepyrwumnx

npwﬂ:g %:O, (10)
o= Q=1 M
/ " udd =0, (12)

2

HepmocTaTkoM ypaBHeHus (8) aBnsetcs npennonoxexue,
UTO LLEeHTp Koneca HemofBMXeH. YUeT nepeMelieHns LeHTpa
Koneca MOXET CYILEeCTBEHHO MOBNWATb Ha BENIUUMHY YCUNUIA
B CMULAX M Ha HanpshKeHHO-[etopPMUPOBaHHOE COCTOSIHUE
obopna Koneca.

0603HauMM yepes t NepeMeLLeH1e LeHTpa Kofbla BAOMb
OCH Y, €; — OTHOCUTENbHOE YANWUHEHWEe j-i Chuubl, j €
1..m. Tocne petopMauun paccTosiHie MeXhy LEeHTPOM
Koneca ¥ TouKoit o6oaa onpepensetcs thopMynoun

p= <u2 — 2uR + w? + R* 4 2ut sin 1) —

[N

—2wtcosV — 2Rt sin v + t2> . (13)

B nMHeHOM NpUBNUKEHNM OTHOCUTENBHOE YANUHEHUE CTIULLbI
(p — R)/R 6ypet nMeTb BUL,
1
g5 = E (—U(ﬁj) — tsin 19]) . (14)

PaboTa BHelWHWX cun paBHa
V = Pt, (15)

a 3Heprus fedopMaLMM CnuLbl NPONopLUMOHanbHa KBagpaty
OTHOCUTENbHOI0 yANNHEeHU]

v, = EE o 16

IZ SR 1o

B nonoxeHuu paBHOBeCcuMsd MNoONHaa NOTeHUWaNlbHasa

3Heprua Cuctembl nNpuUHUMaeT MUHUMaNbHOE 3Ha4YeHue,

Mo3TOMy NPUXOLMM K 3aflaue Ha IKCTPEMYM

B [*/(d%u 2
m 1 ) ]
+ ; g EFel = Pt— min. (17)

MepeMeweHus ByneM McKaTb B BMAE YACTUUHBIX CYyMM
pana Oypbe

w = Z z; sin(i¥) + 24y, cos(i), (18)
i=1
u = Z iz; cos(i¥) — 2y nisin(id). (19)
i=1

anI 3TOM LLO/DKHO BbINONHATLCA yCnoBue

y (32”) > _R, (20)

YTO NPUBORMT K OrpaHUUEHUsIM Ha NepeMeHHble z. Hanpumep,
npu n. = 20 HepaBeHCTBO NPUHUMAET BUL,

—229 + 424 — 626 + 828 — 10210 + 12219 —

—14z14 + 16216 — 18218 + 20299 + 221 —

—3293 + D225 — T2o7 + 9299 — 11231 +
413233 — 15235 + 17237 — 19239 > 0. (21)

UTobbl UCKNHOUMTD nepemelleHna Konbua BAONb OCU I KaK
)XKeCTKoro renaro, I'IOTpEﬁyEM BbIMO/THEHWE paBEeHCTBa

z(0) + x(g) +z(m) + m(g?ﬁ) =0, (22)

0TKyAa nonyuaem (npu n = 20)

—4z1 —4z3 — 1225 — 1227 — 2029 —
—202’11 - 28213 — 28215 - 362’17 =0. (23)

Mopcrasnasa (18),(19) B (17) npuxomMM K HeKOTopoW 3apaue
BbIMYKNOM ONTUMU3ALUN.

Takum obpasoM, npuUxoouM
KBaflpaTUYHOro NporpaMMMpoBaHus

K 3afaye BbliNyknoro

B n ) )
F2) = o 2P = 1P+ ) +
i=1

EF & :
+ = (—u('l%) — Slnﬁj22n,+1)2 B
2R 2
—Zoni1 P —  min | (24)
z€R2n+1
2n(j —1
ﬂj:%’ j:17"'7m7 22n+1:t

npw orpaHnuenusx (20), (22).
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2. PesynbTaTbl YUCNEHHbIX 3KCNEPUMEHTOB Boluncnenus no dopMynam (9)-(12) pakor aHanoruuHble
pesynbTarbl. B pa6otre [5] npuBemeHbl rpatnku

PesynbTaTbl pacueros npusepeHsl Ha puc. 2-4 npu pacnpepeneHus ycunui no CnuuaM W rpatiuk MOMEHTOB.

cnepywwWwmMx paHHeix: = 2.05 x 106 K P = 40 «r,

3l cM2! 6 MakcuManbHbI MOMEHT NpU 3afaHHbIX NapaMeTpax paBeH
Baswyff Koneca — 31 cu, ZOMEHTOM;‘EPU'”“ CEUEHNA 000AA = gg 4,0 kr-cM, MaKCUMANbHOE CXUMalOLLEE ycunue Ha cnuuy —
.3 cM*, guameTp cuy — 2r = 0.2 cM. 12 kr
/\ f\ OTpuuaTenbHble  YCMAMS  Ha  CMMLAX  ABMAOTCS
0 ; ; ; ; ; ; CKMMAIOLLMMK, MOITOMY NMPW AOCTATOUHO GoMblIOM Harpyske
1 2 3 4 6 CMMLbl MOTYT MOTEpPATb YCTOWUMBOCTb. KpuTuueckas cuna
—21 ) 3iinepa Npu rpaHMyUHbIX YCNOBUAX WAPHUPHOTO ONMUPaHKS aas
UL, paBHa
— 4
2 6.2
mEJ.  2.05-10% - J,
— 6 Py = - = - = 0.53 kr
p 6 3d 2 312 ’
Cc
4
— 81 FAe MOMEHT UHEpLMM CeueHust ciuupl J, = - = =82
10 MpepnonoxuM, YTo CMULbl NOTEPAnM YCToHuMBOCTb. Torga
ynpyras aHeprua Cnuu, BbIYMCNALTCA Mo opMyne
—_— 12‘ m
v EESS
— 141 “ 2R I+
j=1
PucyHok 2. PacnpepeneHue yCUANIA Mo CivLiaM Koneca. roe | |
Figure 2. The distribution of forces on the spokes of the wheel. 2 Ejl +€j
g5 = max{0,¢e;} = —
0.006
BBefeM [LononHUTENbHbIE NEPEMEHHDIE 2o, 1 2, 29543, - - - 5
0.0041 Z9n+m-+1 W PACCMOTPUM 3afauy
B = -2 (2 2.2 2
0.0021 () = 55 D6 = 1% + 20+
u i=1
0 , , 1™
. 2 .
1 2 +ﬁ Z(—u(ﬁ]) — Zop+1 5111'19]- + Z2n+1+j) — lel]fl7
—0.002+ J=1
(25)
NPy OrpaHUueHmnsX
—0.0041 puorp
2204145 Z 07 ] = 1, e, (26)
—0.006+ .
W Mpu BbinonHeHun orpaHuuerni (20) u (22). PesynbTaThbl

PucyHok 3. PapmanbHoe nepemelyeHne Touek obopa Koneca. Pewenns sanaqn (25)' (26)' (21) " (23) MPEACTaBNEHbI Ha

Figure 3. Radial movement of wheel rim points. puc. 3-5.
101 8
74
0 T ~ T \vag 6
1 2 3 415 6
) 51
—10{ p
c 4-
M
2-
— 30-
11
— 401 0 : ; . ; ;
1 2 3 4 5 6
9
PucyHok 4. PacnpeneneHune MoMeHTOB BLoMnb 06ofa Koneca. PucyHok 5. PacnpegeneHue ycunuid no cnuuam Koneca.
Figure 4. Moment distribution along the wheel rim. Figure 5. The distribution of forces on the spokes of the wheel.
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PucyHok 6. PapmanbHoe nepeMelyeHne Touek obopa Koneca.
Figure 6. Radial movement of wheel rim points.
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—20 0
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PucyHok 7. PacnpepeneHue MoMeHTOB BLONb 060fa Koneca.
Figure 7. Moment distribution along the wheel rim.

MoTepa YCTOMUMBOCTM CMML  CYWECTBEHHO BAugeT
Ha HanpsXKeHHo-#etopMUPOBAHHOE COCTOSHUE  Koneca:
papuanbHble NepeMelLeHns No BeNMUMHe OTNIMYAKTCS B TpH
pasa. 9CHo, uTO B 3TOM Cflyyae CMWLbl He WCMbITbIBAKT
CXKMMAIOWMX YCUIMIA, MaKCUManbHbIA MOMEHT B fABa pasa
Bonblue, ueM B cnyyae pewwenund sagaum (25), (22), (23), (26).

MoTepa YCTOMUMBOCTM CMUL ABRAETCA HeXenaTeNbHbIM
ABNeHMeM, MoatoMy npu cbopke Komey, UCMonbyetcs
npepBapuTeNbHOE HaTsKeHue cnuy.  [pepsnonoxuM, uto
nepBoHayanbHas [JiMHA ChWLbl [ MeHblule paguyca KonbLa:
Il = R — d. Nocne pedopMauuv fivHa Cnuubl U3MEHSETCS
Ha BENUUUHY

p= <u2 — 2uR + w? + R* + 2utsin —

1
2

—2wtcos?d — 2Rt sin 9 + t2> . (27

Torga 4ng OTHOCUTENbHOMO YANMHEHWUS BMecTo dopMynbl (14)
HaJ0 Ucnonb3oBaTh GopMyny

&= 5 (—u(ﬁj) — tSiIl’l9j + d) .

Takum 06pa3oM, NpUXOpMM K 3apaye KBagpaTUUHOro
NporpaMMMpoBaHus

B n

F2) = 5 SR — 1R+ 22, +
i=1

Z(—U(ﬁj) — Zon+1 sin 19.7‘ + d>2 —

Jj=1

. BF
2(R — d)

—Zop 1P — min , (28)
zER2n+1

2m(g — 1
19j = #7 22n+1 — t.
Ha puc. 8 v 10 npeacTaBneHbl pesynbTaThl BblUMCTEHMIA
npud = i = 3L = 0.0078. B naHHoM cnyyae criuubl

BOO6LLE HE UCTLITHIBAKOT CKUMAIOLLMX YCUIUA, MOMEHT B [Ba
pa3a MeHbllUe, YeM B Cryuae, Korga CnuLbl MOTYT MOTepsiTh
ycToitumsocTb (puc. 7).

167
144
121
101

3

6
4
2

0o 1 2 3 4 5 6

PucyHok 8. Pacnpepenenue ycunuii no cnuuam Koneca.
Figure 8. The distribution of forces on the spokes of the wheel.

Ha puc. 9 npepcTaBrneHbl pesynbTaThbl BbIUMCTEHUIA NpU
_ _R _ 31 _
d = 555 = 1505 = 0-0069. CpasHeHue aTux pesynbratos

MOKa3bIBET, UTO Hebonbloe M3MeHeHue npenBaputenbHoro
HaTAXeHUa Cnul, He3HauuTenbHO BNMAeT Ha HanpsXeHHOo-
pecopMMpoOBaHHOE COCTOSIHWE Koneca.

15
101
P,
5_
o
1 2 3 4 's ¢
9

PucyHok 9. PacnipeaeneHuye ycunui no cnuuaM Koneca.
Figure 9. The distribution of forces on the spokes of the wheel.
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AHHoTauua

BobipBuraetcsa runotesa o ToM, uto KanubpoBouHas rpynna
CTaHAApTHOW MOAENM CTaHOBMTCA Mpolie C poCTOM TeMnepa-
Typbl BceneHHoi, T.e. npu ABWKEHUM Ha3af, BO BPEMEHHU K MO-
MeHTy ee BO3HMKHOBeHus. lpepnonaraercs, uto 310 ynpo-
lieHWe [OCTUraeTCs C NOMOLLbI0 KOHTPAKLMW KanubpoBoUHOiA
FPynnbl C NapaMeTpoM KOHTPaKLMKM, KOTOPblA yMeHblaeTcs
C pocToM TeMmnepartypbl. JlarpaHXuaH cTaHpapTHoi Mogenu
npu 3toM pasbuBaeTca Ha cnaraeMble, pasnuyalowmecs cre-
MeHsIMA KOHTPaKLLMOHHOTO NapaMeTpa, uTo No3BoNseT ynops-
[0UUTb BO BPEMEHU CTaiuu ee PasBUTUS N0 Mepe OCTbiBaHMs
BceneHHou. 3BoNIOLMA CBOUCTB YacTUL, U X B3aUMOAEHCTBUN
6a3supyeTcs Ha BHOM BUAE NMPOMEXYTOUHbIX NarpaHX1aHoB
W POUCXOAUT B €CTECTBEHHOM NOpSAKe OT MPOCTOr0 K CNOX-
HOMy, HauMHas C NnaHKoBcKoro Macwraba 101° M3B. Mnotesa
0 KOHTPaKLMM KanubpoBOYHOMN rpynmnbl CTaHAAPTHON MOAENH
He NpOTUBOPEYMT 3KCMepuMeHTanbHbIM faHHbiM BAK no ce-
ueHuaM poxpeHus 6o3oHa Xurrca.

KnioueBble cnosa:

CTaHpapTHas Mopenb, KOHTpaKuus KanubpoBOuHOM rpynnbl,
BbICOKOTEMNepaTypHbIi Npefen, paHHss BcenenHas

BeepeHue

CoBpeMeHHas Teopus 3NIEMEHTapHbIX YacTuL, U UX B3au-
MOEHCTBUIA — CTaHJapTHas MofleNb — C NPUEMNEMoi TOUHO-
CTbl0 0GbSCHSAET UMEIOWMECS IKCNIEPUMEHTaNIbHbIE [LaHHbIE.
OHa 6bina nopTBepXAEHa OTKPbITMEM 6030Ha Xurrca B 3KC-
nepuMeHTax Ha bonblom appoHHOM Konnaiipepe (nanee —
BAK). CtaHpapTHas Mopenb npefcrasnger coboit kanubpo-
BOUHYIO TEOPUIO, B OCHOBE KOTOPOW NIEXMT rpynna CUMMeTpuu
SU(3) x SU(2) x U(1), aensioweitcs npsiMbiM NponsBe-
AEHWEM YHUTAPHbIX rpynn. Ka bl MHOXUTENb NpAMOro npo-
W3BefeHMs 0TBEeYaeT 3a OnpefeneHHbIN BUL, YacTUL, U UX B3a-
UMoAeicTBUN. CunbHble B3aMMOLLEACTBUSA KBAPKOB OMUCHIBA-
toTCS KBaHTOBOW XPOMOZMHAMUKOM C KanuBpoBoYHOH rpynnoil
SU(3) n xapaktepHoit Temnepatypoit 0.2 I3B. B anekTpo-
cnaboit Mopenu ¢ kanubposouHoii rpynnoit SU(2) x U(1)
rpynna SU (2) otBeyvaet 3a cnabble B3aMMOAeHCTBUS C Xa-
pakTepHoi Temnepatypoit 100 3B, Torga kak rpynna U(1)
acCcoLMMpoBaHa C JanbHOAEACTBYIOLMMM 3NEKTPOMAarHUTHbI-
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Abstract

A new hypothesis is put forward that the gauge group of the
Standard Model becomes simpler with increasing tempera-
ture of the Universe, i.e. when moving back in time to the mo-
ment of its occurrence. It is assumed that this simplification
is achieved by contracting the gauge group with the contrac-
tion parameter, which decreases with increasing tempera-
ture. In this case, the Lagrangian of the Standard Model is
divided into terms that differ in powers of the contraction pa-
rameter. This makes it possible to arrange in time the stages
of development of the Standard Model as the Universe cools.
The evolution of the properties of elementary particles and
their interactions, starting from the Planck scale of 10'° GeV,
is based on the explicit form of intermediate Lagrangians and
explain the development of the Universe from simpler to more
complicated structures - and not vice versa. The contraction
hypothesis of the gauge group of the Standard Model contra-
dicts the available experimental data on the Higgs boson pro-
duction cross section.

Keywords:

standard model, contractions of gauge group, high tempera-
ture limit, early Universe

MU B3auMofleCTBUSIMU. BcnecTBue HyneBoil Macchl oToHa -
NepeHoCyYMKa 3Toro B3aMMOLENCTBHUS - ero XapakTepHas TeM-
nepatypa NpocTUpaeTcs [0 NNaHKoBCKoi aHeprn 1019 T3B,
T.e. [10 TOT0 Npefena, rae CTaHOBSATCA CYUECTBEHHbIMU MpaBu-
TaLWOHHbIE B3aUMOJENCTBHS.

HecMoTps Ha Hanuuue B Teopuu Gombloro KonMuecTsa
cBo6opaHbIx napametpos [1], cpeay HUX HeT napameTpa, CBA-
3aHHOro C Temnepatypoit BceneHHon U perynupytowero no-
PSAOK 3HEPruiA, Npu KOTOpbIX CTaHAAPTHas Mofesb afeKBsar-
HO OMWCLIBAET MUP 3NIEMEHTApPHbIX YacTUL, U UX B3aUMOpeNl-
cTBUA. Ha 3ape ee thopMupoBaHua Gbina BbIGBUHYTA rUMoTe-
3a [2, 3], nonyuuBlwas Ha3BaHWe TEOPUM BENUKOTO 06beamnHe-
Hua (nanee — TBO), cornacHo KoTopoit Npu HeKoTopoil 6onb-
oW aHepruv (Temnepatype) BceneHHow Bce Tpu B3auMopeii-
CTBUS — CWIbHOE, cnaboe M 3neKTpoMarHuTHoe — obbeau-
HAKTCA B OfHO FMMOTETMYECKOe B3aWMOLENACTBUE B paMKax
onee cnoxHoit kanubposoyuHoit rpynnbl SU(5) unu eit no-
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n06HbIX. HecMoTps Ha o6unue 3a nocnepHWe nonBeka Bneyar-
NAWKUX TeopeTuueckux pa3paboTok, npepckasanus TBO He
NOATBEPAMINCE B COBPEMEHHBIX IKCMEPUMEHTAX, B TOM UMC-
ne B 3KcnepuMeHTax Ha bAK [4].

Onupasich Ha 3HaueHWe XapaKTepHbIX IHEPTUM, BbILBUHY-
Ta [5-7] HoBaga runoTesa: KanubpoBoYHasa rpynna cTaHAapT-
HOW MOJenu CTAHOBUTCA Mpolie C YBeNMYEHUeM TeMnepary-
pbl BcenenHoid. MHbIMM cnoBamu, no Mepe ocTbiBaHWs Beenex-
HOM MMKPOMMP 3BONIOLMOHMPYET eCTECTBEHHbIM 06pa3oM oT
NPOCTbIX CTPYKTYp K Gonee CnoxHbiM. B KauecTBe MexaHus-
Ma M3MeHeHUs KanuBpoBOUYHOI rpynnbl NPefnoXeHa onepa-
uus Kotpakumu rpynnbl SU(3) x SU(2) x U(1), napa-
MeTp KOTOpOi YMeHbLIaeTcs Npu yBennuYeHuu Temneparypbi.
MockonbKy cpeaHas aHeprusa (Temnepatypa 1) ropaueit Bee-
NeHHOM CBA3aHa C ee BO3pacToM [8], To napaMeTp KOHTpaKLmu
e ~T79 q > 0 cTpemutca K Hynto npu IT' — oo, T.e. NpK
NPUBNMKEHUN K MOMEHTY ee pOXAeHUa B pesynbTate bonb-
LIOro B3pbiBa.

Onepauma KOHTpaKuMu (MnW npepenbHoro nepexopa)
rpynn (anre6p) Jn nasHo nssecTHa B duauke [9]. B pesynb-
TaTe npefenbHOro npoecca ucxopgHas rpynna (anre6pa) cra-
HOBMTCS NpOLLE, YaCTb KOMMYTALMOHHBIX COOTHOWEHMIA 06pa-
LLaeTcs B HOMb, B YACTHOCTH, MPOCTas rpynna npeobpasyercs
B HenmonynpocTyto. [o3gHee NOHATUE KOHTpaKLMK Bbino pac-
npoctpaHeHo [10] Ha anre6panueckue CTPYKTYpbI, TakMe Kak
KBaHTOBble rpynnbl, anre6pbl Bupacopo, cyneprpynnbl u cy-
nepanre6pbl Jlu, a Takke Ha (yHOaMeHTanbHble NPeAcTaB-
NIEHNUS YHUTapHbIX TPy, KOTOpble UMEKT HenocpeLCTBEHHoe
OTHOLIEHME K CTaHLapTHOM Moaenu. ing cMMMeTpUUHOM tu-
3MYECKOW CUCTEMbI KOHTPaKLMA Fpynnbl CUMMETPUM 03Haua-
€T Nepexof K HeKOTOPOMY NMPefesibHOMY COCTOAHUIO CUCTEMDI.
B cnyuae cnoxHoii cUcTeMbI, KaKOBOW ABNAETCA CTaHAAPTHas
Mofefb, U3yueHWe ee MpedenbHbIX COCTOSHWIA MpU Tex WUiu
WHBIX NPeAenbHbIX 3HAUEHUAX (hU3NYECKUX NapaMeTpoB Nos-
BONAET NyuLle NOHSATb NOBEJEHWE CUCTEMbI B LienoM. Mbl o6cy-
OMM Ha YPOBHE KNacCUuecKux KannbposouHbix nomei [11] Mo-
AN(ULMPOBaHHYIO CTaHOAPTHYI0 MOfENb C KOHTPAKTUPOBaH-
HOM KanuBpoBOYHOI Fpynnow.

[ethopMauna B WMPOKOM CMbiCie CroBa ecTb onepa-
uus obpaTHas K KOHTpakuuu. HeTpueuanbHas petopMauus
anrebpanueckon CTpyKTypbl 03HauyaeT, BooGLe roeops, ee
HeoueBMpHoe 0606LWeHMe UM 3a4acTyio NpencTaBnser cobou
3HauMUTeNbHOE OCTUKEHME B TEOPUM anreBpanyeckux CTpyK-
TYp. APKMM NpUMEpPOM ABNAETCSH OTKPbITUE KBAHTOBbIX Fpymm
[12], 7.e. Takux o6obuieHuit anrebp Xonda, KoTopble ABIAOT-
CSl O[LHOBPEMEHHO HEKOMMYTATUBHBIMU M HEKOKOMMYTaTHUBHbI-
MW, TOrQa Kak paHee 6binu M3BecCTHbl anrebpbl Xonda, 06-
napatolue ToNbKO OfHUM M3 3TUX CBOICTB. MpennoXeHHbIM
B 3TOW KNaccuuecKoit pabote METOLOM NOCTPOEHbI KBaHTOBbIE
aHanoru npoctbix rpynn (anre6p) Ju. Okasanocs, uto B cny-
yae nonynpoctbix rpynn (anre6p) MeTod He paboTaet, NoaToMy
KBaHTOBble aHanoru aton Kareropuu rpynn (anre6p) Jin Gbinu
MnosyyeHbl METOROM KOHTPaKLWM COOTBETCTBYHOWMX NPOCTbIX
rpynn (anre6p) [10]. OgHaKo ecnu cHayana NPOU3BOAUTCS KOH-
TPaKLMWsl HEKOTOPOW MaTeMaTUuecKon CTPYKTYpPbl, TO UCXOA-
Hasl CTPYKTypa MOXeET BblTb BOCCTaHOBNEHA C MOMOLLbIO fe-
(hopMaLMM B Y3KOM CMbICIIe, BbINOMHAEMOM B 06PaTHOM Mo 0T-
HOLIEHMIO K KOHTPaKLMW HanpaBneHuy.

Mbl Mcnonb3yeM 3Ty BO3MOXHOCTb LS TOro, 4tobbl BOC-
CTaHOBMTb 3BOJIOLMIO YaCTULL B paHHel BceneHHol, onupadch
Ha QOCTUTHYTBIN K HAacTOSALEMy BPEMEHM YpOBEHb 3HaHMiA. [1ng
3TOr0 PaccMOTpUM MOBEAeHMEe CTaHAapTHOM MOenu B npe-
pene «B6ecKOHeYHOW» TeMnepaTypbl, NOPOXLEHHOE, B COOT-
BETCTBUW C Hallen rMnoTe30H, KOHTPaKLMeh KanmbpoBoUHbIX
rpynn SU(2) u SU(3) [5-7]. MNopoGHble Bbicokue Temne-
paTypbl MOTYT CYL,EeCTBOBATb B paHHen BceneHHolt B nepBble
MrHoBeHus nocne bonbworo B3pbisa [8].

OkasblBaeTcs, uTo B pe3ynbTaTe KOHTPaKLWW KanmbpoBoy-
HOM rpynnbl NarpaHXuaH cTaHLapTHOW MOAENM pacnapaercs
Ha psf cnaraeMblx, KOTOPbIe PasnMyalTCs CTEMeHsIMU CTpe-
MSILLLerocs K Hyno KOHTpakuuoHHoro napaMetpa e — 0. lNo-
CKOMbKY TeMmnepaTtypa B ropsueit BceneHHoit ceq3aHa c ee
BO3PacToM, TO, BBUrasiCb BNepes, BO BPEMEHMU, T.e. B 06paTHOM
K BbICOKOTEMNEpPaTypPHO/ KOHTPAKLMM HanpaBneHuw, Mbl 3a-
KMouaeM, uto nocne poxneHus BceneHHon yacTuubl U Ux B3a-
WMOAECTBMA NPOXOAAT pAS CTafuiA B 3BONIOLMM OT Npefenb-
HOTO COCTOSIHUA C «BeCKOHeUHOI» TeMnepaTypoii o cocTos-
HW$l, ONUCHIBAEMOTO CTaHLaPTHOW MoAenblo. 3T cTafuu top-
MUPOBaHWs KBapK-TTIOOHHOM MNa3Mbl, BOCCTaHOBNEHUS 3NeK-
Tpocna6oi 1 LLBETOBOW CUMMETPUIA Pa3NMualoTCs Mo CTENeHs M
KOHTpaKLMOHHOr0 napaMeTpa W, Cref0BaTesNbHO, N0 BPEMEHH
UX BO3HUKHOBEHMUS.

N3 KOHTpaKLMK CTaHLapTHOM MOLENN MOXHO Knaccudu-
LLMpOBaTb YKa3aHHble CTafuu Mo NPUHLMNY «PaHbLue—-MN03Xe»,
HO Henb3s OMpefenuTb BpeMs, NpowesLee Nocne PoxLeHus
BcenenHon. [ing ycTaHoBneHWs aBConOTHOMO BPEMeHU WcC-
Mofb3yeM [OMONHUTENbHbIE MPESNOoNOXeHUs, a UMEHHO TOT
thaKT, uto 3nekTpocnabas anoxa HauMHaAeTCs NpW XapakTep-
Hoit Temnepatype 100 3B, a anoxa KBaHTOBOW XPOHORMHA-
Muku (manee — KX[) npu temnepatype 0.2 3B. WHaue ro-
BOPS, NPMHMMAEM, UTO NOJIHAsA PEKOHCTPYKLMA aneKTpocnatoi
MOJLENK, NarpaHXXuaH KoTOpoil BKIOUaeT cnaraeMble Nponop-
LLMOHaNbHbIE YETBEPTOI CTENEHM KOHTPaKLMOHHOO napameT-
pa €, u BoccTaHoBneHue KX ¢ MMHMManbHbIMU CriaraeMbiMu
B NarpaHuaHe nopsifKa BOCbMOW CTeNeHU NapaMeTpa € npo-
UCXOLAT NPU yKa3aHHbIX TeMNepaTypax.

B paccmatpuBaeMoM nopxoge pacwupstowascs Beenex-
Has aBnsieTcs (DOHOM, Ha KOTOPOM pa3BWUBAETCS UCTOPUS Ya-
CTWL, a ee TeMnepaTypa ClyXMT BHELHUM napamMeTpoM, obec-
MEeuMBaIOMM KOHTPAKLMIO KanuBpOBOUHOM Tpynmbl CTaH-
[apTHoW Mopenu. bonee Toro, Kak ByneT nokasaHo panee,
oLeHKa «BeckoHeyuHoi» Temnepatypbl 107 3B MeHble nnaH-
KkoBcKon 3Heprin 10'° 3B, npu KoTopol HeoBxoauMo yuu-
TbIBaTb rPaBMTaLMOHHbIE 3ththeKTbl. TakuM 06pa3oM, pesynb-
TUpYIOLLAs 3BOMHOLMS 3NEMEHTapHbIX YaCTUL, He BbIXORMUT 3a
paMKu npobneM, onucbiBaeMbIX 3NeKTPOCNabbiM U CUMbHBIM
B3aMMOL,ENCTBUAMM.

MocKonbKy M3MeHeHWe KanMBpoBoYHOM Fpynnbl B npoLec-
Ce KOHTpaKLuu NpOUCXOLMUT HEMNPEepbIBHO, B TOM YMCIIE U B Ca-
MOM Hauane NpefenbHOro Nepexona, MoXHO NonbITaTbCs yNno-
BUTb BRMSHME 3heKTa KOHTpaKLMM, CPaBHWUB MOMyYeHHble
Ha BAK paHHble no ceyeHuo poxaeHus 6o30Ha Xurrca npu
pasHbIX 3HEPrusaX C TEOPETUUYECKOH 3aBUCUMOCTbIO CEYEHUS
0T TeMnepatypbl BceneHHon. AHanu3 LOMUHAHTHOMO MeXaH!3-
Ma pOXAeHusa u peructpauumn 6o3oHoB Xurrca Ha BAK B ue-
TbIPEXNENTOHHOM MPOLLECCe C TOUKM 3PeHWs 3aBUCMMOCTH OT
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TeMnepaTypbl COOTBETCTBYIOWEN auarpammbl PerHMaHa npu-
BOOMT K 3aKJTOUEHMIO O TOM, YTO FUMNOTE3a 0 KOHTPAKLMK Ka-
NMBPOBOYHOM FpynMnbl CTAaHLAPTHOW MOLENM KaK MUHUMYM He
MPOTUBOPEUNT UMEIOLMMCS IKCMEPUMEHTANbHBIM [aHHbIM M0
ceyeHuaM poxaeHus 6030HoB Xurrca [13].

Kanu6poBouHasa rpynna pendcTByeT B MpOCTPaHCTBe Mno-
feit, N03TOMY KOHTPaKLMA KanMBpoBOUHOW rpynnbl MOAENU He
3aTparvMBaeT NpOCTPaHCTBEHHO-BPEMEHHbIE NMEpPEMEHHble, 0T
KoTopbIx 3aBUCAT nons. CnegoBaTenbHo, He MEHsIeTCS npoLie-
Aypa KBaHTOBaHMs nonen. EQMHCTBEHHOE N3MEHEHWe COCTOUT
B MOSABNEHWW TOW UM MHOM CTeMeHU KOHTPAKLMOHHOro napa-
MeTpa B KauecTBe MHOXWTENa nepep, aMniuTyAoM, 0TBeYal0-
el MCXOHOM thedHMaHOBCKO AuarpaMMe npoecca.

1. InekTpocnabasa Mopenb

YacTb TeopuM 3SneMeHTapHbIX YacTul, OMMCbIBAIOWAS
3NEeKTPOMarH1THble U cnabble B3aMOOEUCTBMA — 3MEKTPO-
cnabas Mogenb — npepcTaBnser coboit KanubpoBoUHyH Teo-
puio ¢ kanuBposouHoit rpynnoit SU(2) x U(1), pelicTsyto-
weit B npoctpaHcTee Cy dyHAAMEHTaNbHOrO NpeacTaBneHus
rpynnsl SU (2). Bektopbl u3 Cy (unu SU (2)-py6neTbl) onu-
CbIBatOT TPU MOKONEHUA NIENTOHOB:

() () ()

rne e ectb NEKTPOH, [t — MIOOH U T — NENTOH, Ve, V), Vr —
COOTBETCTBYHOLWNE HeﬁTpMHO, a TaKXXe Tpu NMOoKoNeHUa KBap-

(i) (2)- ()

KoopguHatbl BekTopoB (unu SU(2)-cuHrnetbl) npepcras-
NAOT coB0i ABYXKOMMOHEHTHbIE (MW YETbIPEXKOMMOHEHT-
Hble, €CNIM YUMTbIBATb aHTUUACTULbI) NIOPEHTLLEBbI CMIMHOPBI.
B panbHeiwem GyaeM paccMaTpuBaTh TONBKO NepBble MOKO-
NeHWs NENTOHOB 1 KBAPKOB. 3NeKTpocnabas Mofenb BKoUa-
eT KanubpoBouHble BO30HbI, peanuayiole B3auMoOLenCTBus
MEX[y YaCTULLaMM, @ UMEHHO: NEPEHOCUMK 3NIEKTPOMArHUTHO-
ro B3aUMOLLeMCTBUS (HOTOH -y, CBA3aHHbIA ¢ rpynnoit SU (1),
3apshkeHHble T/ 1 HelTpanbHbili Z 6030HbI, 0TBETCTBEHHbIE
3a cnabble B3aUMOAENCTBMS, CBA3aHHbIA € rpynnoit SU(2).
WMeeTcs TakKe cneumanbHas yacTuL,a, 0TBETCTBEHHAs B TEO-
PUM 3a NOSIBNIEHME MACCbl Y BCEX YacTMLL — 370 6030H Xurrca .
B nonHyto Teopuio — CTaHAapTHYI0 Mofenb — AONONHUTENb-
HO BKMIOYaKT rMiooHbl A, k = 1,..., 8, koTopble nepeHo-
CAT CUNbHbIE B3aMMOAENHCTBMS. [MIH00HbI CBA3aHbI C Fpynnom
SU (3), pectBytoweit B npoctpaHcTBe C3 LBETOBbIX KBap-
KOBbIX COCTOSIHUM.

B 3T0M pasgene KpaTKo OMMLLIEM B HY)XHOM HaM BULE 3eK-
Tpocnabyio Mogenb, cnemyst MoHorpadmu [11]. NarpaHxuan
MOZENM, PaBHbIA CyMMe BO30HHOTO, NENTOHHOIO M KBapKOBO-
ro narpawxuanos L = Lp + L + L, Bbibupaetcs uH-
BapMUaHTHbIM OTHOCUTENbHO AEUCTBMA KanuBpoBOUHOM rpyn-
nbl SU(2) x U(1) B npoctpaHctee Co:

SU2): z' = Gz,

(3)=(2%5 2)(2) tareisr =1,

UQ): 2/ =e“?z7=¢“YZ, weR. (1)

leHepatop Y rpynnbl U(1) nponopuuoHaneH emuHUYHOM
MaTpuue Y = %1. leHeparopsl rpynnel SU(2)

1701 1 1/0 —i 1
T1_2<1 O>_27-17T2_2(,1: 0>_2T27

1/1 0 1
T3_2<0 _1>_27—3’ (2)

roe 7, k = 1,2, 3 ecTb MaTpuubl laynu, ynoBneTsopsaiowue
KOMMYTaLMOHHbIM COOTHOLIEHUSM

[T17 TQ] = iTB? [T37 Tl] = @.T27

v obpasyrowme anrebpy Jin su(2).
BosoHHbIit cekTop Lg = Ly + L COCTOMT U3 ABYX Ya-
CTeil: NarpaHXmaHa KanubpoBouHbIX nonei

[T2, Ts] =T (3)

LW = _i[(VVA}V)2+(VV3V)2+(W3V)2]_%(B#V)Q’ (4)

M narpaH>xuaHa none MaTepumn

A
L¢ = E(Ducb)TDud) - Z (¢T¢ - U2)2 3

2
¢:<§;>ecz. ®

KOBapMaHTHbIe NMPON3BOAHbIE PaBHbI

3
Du¢=0,6—ig | > TW}F|¢—igYB.p, (6)
k=1

rne KOHCTaHTbl g U g/ ABNAKTCA 3apafaamMu. Kanwﬁpoaoqule
nong

Wu(z) = Y TWi(x), Bu(x) (7
k=1

MPUHMMAKOT 3HaueHus B anre6pax /i su(2), u(1) cooret-
CTBEHHO, @ MX TEH30Pbl HAaMPSXEHHOCTH onpefiensitTCs dop-
Mynammu
Wi () = Wi (2) + g[Wyu (), W, (2)],
W;lju (Z’) = a'qu (iU) - aVW;Ij (CL'),

By (x) = By (2) = 0,B,(x) = 9, By (x).  (8)

Bmecto noneit (7) BBogaTCS HOBble KanuBpoBouHble nonsa

! (QWS(QZ> _ngu(x))a

1
Ve

1
_ 1 T2
=7 (Wu (z) FiW, (), 9)
UMeloLLMe HEMOCPEeACTBEHHbIN (U3MYECKHIA CMbICT.

[ins reHepaLmMu Macc BEKTOPHbIX 6030HOB BBOAMTCS Cre-
LManbHbIA MEXaHWU3M CMOHTAHHOTO HapyWeHUs CUMMETpHUM.
OnHO 13 OCHOBHbIX COCTOSIHUIA NarpatxuaHa L

Z,(z) =
Au(z) = "W(x) + gBu(x)),

Wi (@)

1 /0 "
P = — , WFr=B,=0, k=1,2,3, (10)
V2 v '
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rme v = const, BbIBMPAETCS B KauyecTBe BakyyMa Mofe-
NW, W 3aTeM PacCMaTpUBAKOTCA Manble BO3BYXAeHUs nonei
1

Ut X () oTHOCHTENbHO 3TOr0 BaKyyMa.

Mocne CMOHTAHHOMO HapyWeHUsl CUMMETPUM BO30HHBIN
narpaxxuad (4), (5) npuHumaer sug,

Lp=1L% + Lt =

1 1 1 1
=3 (aux)Q — §mix2 — EZWZW + §mQZZMZM_
1
TP = 5 W+W L+ my WIW, + Lt (1)
me Fu(x) = 0,A.(x) — 0,A,(x), Z.(x) =
ouZ,(x) — 0,Z,(x), Wiw(x) = 8HW3E($) -

ﬁny(m). Kak 06bluHo, cnaraembie BTOpOro Nopsiaka onu-
CbiBatoT 6030HHbIE YaCTULLbl MOAENK, @ Ccnaraemble Gonee Bbl-
cokoro nopspka L% paccMaTpuBatoTcs Kak B3auMoLencTBus
yactuu,. TakuM o6pasoM, narpamxua (11) Bknouaet ckanap-
Hblit 6030H Xurrca X € Maccoi m, = V/2\v, HeliTpanbHblif

Z 6030H C Maccon my = 5V 9 2 4 ¢'2, 6eaMaccoBblil (o-
TOH A, ¢ SapFI)KeHHbIE Wi 6030HbI C 0IMHAKOBbIMK Macca-
MU My = gv Bce 3T yacTuubl aKCnepuMeHTanbHo 06-
HapyXeHbl U uMerT crnepylowue Maccol: myy = 80 [3B,
mz = 91 3B, m, = 125 I3B.

Narpawxuan L'%*, onucbiBalowmin B3aMMofeicTems ya-
CTHUL, UMEET BUA,

2

n gmz 2 3 g 2 2
A Ly LV V. NI S -
B 2 cos Oy (Zu) = ox +800829W n) X

A

- W;VW +mEWIW, —

—2ig (W:W,, — W, W) (Fusinby +
+2Z,, cos by ) — %e [A,L (W:[I,W; - W;VWJ) -
—A, WLW, =W, W)+

ig
X cos HW[ (W:VWV -W, W+)
—Z, Wi W =W, W,h]+

+gWIw,

g + 2 g + 2
+7 (W,w, —w, W)+ —Wu W, x*—

S {lon oy
-2 (WiwS+w, W,, )A A+
+ W)+ ()] (4,02} -
=S contn { [0+ (W7)7] (207
—2 (W W) +W, W, ) Z,Z,+
+ [+ W)’ (20} -
—eg cos HW{I/VJVVM_AVZ,, + W)W, A Z,—

1 _ _
2 (W W) (4,2, +A,,ZN)}. )

(®epMUOHHDBIA CeKTop BKNiouyaeT B ceba NenToHHbIN L,
W KBapKoBbl L narpaHxuaHbl. [Ins nepsoro mokoneHus
NenToHHbIA NarpaHXuaH BbiBUpaeTca B BUae

Ly = Lli7,D,L; + elir, D, e,—
~helel(¢'Ly) + (L{d)e,], (13)

rne L, = < :ﬁ ) ectb SU(2)-py6net, none npasoro 3nex-

TpoHa e, — SU(2)-cuHrnet, h, — KoHcTaHTa cBa3n Hka-
Bbl, 79 = To = 1,7, = —T; — Matpuubl lMaynu,
€r, €1, V] — ABYXKOMMOHEHTHbIE NOpeHTLEeBbl crnHopbl. (Mbl
orpaHMuMBaeMcs pacCMOTPEHMEM TOMbKO YacTul,. [ng yue-
Ta @HTMYACTUL NONS JOMKHbI BbITb YETbIPEXKOMMNOHEHTHbI-
MU BucnuHopamu upaka.) Mone ¢ BbiBupaetcs B BUaE ¢ =

0
v
BTX )
Hbl€ J1eBbIX U NPaBbIX JIENTOHHbIX none

— L — z’% (WiTy + W T ) Li—

— Qsin®0,) L; — ieA,QLy,

a D# o603HavatoT KOBapUaHTHbIE NPON3BOLA-

D, L,

. g
— Z, (T
Zcosew u (T

D,e, = 0,e,

—ig' QA e, cos 0, +ig' QZ e, sinb,,
(14)
roe Ty = 11 + 15, QQ = Y + T35 ecTb reHepatop anek-
TpoMarnuTHoit noprpynnsl U (1), Y = %1 — runepsapsg,
e = gg'(g>+¢*)~% —3apapanekTpoHausin b, = eg'.
CornacHo COBPEMEHHbIM BO33PEHUAM, BCE W3BECTHbIE
NenToHbl M KBapKu 06pasytoT Tpu nokoneHus. Cnepyiowme nea
MOKONeHUs NenToHOB BBOAATCA aHanoruuHo (13). OHu aensaioT-
cs nesbiMu SU (2)-pybnetamm

Yy Vr 7_1
(5), () r=m

v npasbiMu SU (2)-cuHrneTamu: ji,, 7., ¥ = —1. Momumo
u W d KBapKOB NepBOro MOKONEH!s CYLEeCTBYIOT KBapKH (¢, S)
u (t,b) cnepmyroWmx NOKONEHMIA, NeBble MONs KOTOPbIX

@] tl _1
(2) (b) i

onucsisatotes SU (2)-pybnetamm, a npasbie nons AENAKOTCH
SU(2)-cuHrnetamu: c,., t,, Y = 35 sp, b, ¥ = —3.
NarpaHvaHbl BCex NOKONEHWU! KBapKOB BBOASTCS eANHO06-
pa3Ho Mo NpaBuUAy NarpaHXnaHoB NenToHoB. MonHble NenToH-
Hble 1 KBapKOBbIE NarpaH)X1aHbl MONYYaKTCs CyMMUPOBaHHU-
eM 1o BceM NoKoneHusM. B nanbHeiiwem Ml 6yaem o6cyxaatb
TOMbKO NepBble NOKONEHNS NENTOHOB U KBapKOB.

B TepMMHaXx noneil aNeKTPOHOB U HEMTPUHO NENTOHHbIN

narpaHxwaH (13) sanucbiaetcq B Buae
Ly = €]it,0,e; + elit,d,e,—
—me(eTel + e}e,,) — hex(eiel + e;fer)—i—

g cos 20, T .

Scos0., 4 Vﬁ-eyl Ty A v+g' cosbye THA er—

—g'sinfyelr,Z,e. + ujmauul — ele'MZMeg—i—

_9
2 cos 8,
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9 - JUR
+ﬁ V;THW:GI + elTTHWM v,
roeme = he% — Macca 3NeKTPoHa B XMITCOBCKOM BakyyMe.

KBapKoBbIif narpaHumaH CTPOMTCS aHanor1uHo NenToHHo-
My NnarpaHuaHy

(1)

Lo = Qjﬁ#Dqu +ufit, Dy, + dlir, Dyd, —
—haldl(8'Q) + (Qld)d,]—
—h, Jul (31Q1) + (Qd)u],

rfe nesble KBapKoBble nong obpasytor SU (2)-pybner Q; =

(18)

u
( d; > , NpaBble nons u,., d, aenswTcs SU (2)-cuHrneta-

MM, qu = eikqgk, €00 = 1, €;; = —1 obpasyioT conpsKeHHoe
npencrasnenue rpynnbl SU(2), hy,, hg €CTb 1OKABCKUE KOH-
CTaHTbl CBA3W. [ing yacTul Bce nons ug, d;, U, d, SBNAT-
CSl ABYXKOMMOHEHTHBIMU TOPEHTLLEBBIMM CIMHOpamMu. KoBapu-
aHTHbIe NPOM3BOHbIE KBAPKOBBIX NOMNEi paBHbI

Ql7

3
. Tk X . 1

D,Q,=|0,—1ig E EVVL‘ — ZglgBu

k=1

2
D,u, = <8p — ig/SB#> Uy,

1
D,d, = (au + ig’3B#> d,. (19)

KsapkoBbit narparxuaH (18) B TepMuHax noneit u u d
KBapKOB MOXHO 3anucaTb B BUeE

Lo = dli7,0,d; + dli1,8,d, — ma(did, + did,)—
—hax(didy + did,) — gd}%MAudl—

/
- (g cos 0, + %Sin 9w> d}LﬁLZudlf

1 1
— gg' cos 0, di 7, Aud, + gg' sin 0,,d\ 7, Z,,d,+

—l—usz'ﬁ,,aﬂul + u:r.z'T/,Ouur - mu(uiu; + uzrur)—

—hux(uluy + ulTuT)—l—

!/
2
+ (g cos 0, — %sin 9w> w7, 7 u; + geulTﬁLA”ul—l-

2
+ L [uT% Wihd, +di 7 W‘u} +
V2 ST 1TpVV W
2 . 2,
—l—gg cos O, ul T, A u, — gg sin @, ul 7, Z,u,, (20)

roe m, = hu%, mg = hd% 0603HayaoT Macchl u U d
KBapKOB B XUITCOBCKOM BaKyyMe.

2. Anektpocnabas Mopenb NpU BbICOKUX 3Hep-
ruax
N3BecTHo pBa cnocoba onucatb AeCTBUE KOHTPaKTUpPO-
BaHHOI rpynnbl B MPOCTPAHCTBE C BbIPOXKAEHHOH METPUKON.
TpafMUMOHHBIA CNOCOB 3aKnYaeTca B pacCMOTpeHUU feu-

CTBUA ManVIl-IHOﬁ rpynnbl C BeWeCTBEHHbIMK UK KOMNJIEKC-
HbIMW 3/IeEMEHTaMN Ha BEKTOPbI C TAKUMU XKEe KOMNOHEHTaMKU

2\ [ a €8 21
2 )\ -8B a zo )7
detu(e) = |a|* + |8 =1, u(e)ul(e) =1,
21| + €2|2)? = inv. (21)

B npepene e — 0 MaTpuua UMeeT BUf,

w-=( %

W 0UEBUILHO NMPUHAANEXHUT eBKNUA0BON rpynne F(2).
Llpyroi cnocob COCTOMT B PacCMOTPEHUM KOHTPaKTUPO-
BaHHOM rpynnbl SU (2; €) 1 COOTBETCTBYHOWLErO NPOCTPaHCTBA
C2(€) nyTeM cornacoBaHHOro NepeonpefeneH!s 3NeMeHToB
rpynnbl SU (2) 1 KOMMNOHEHT BekTopoB npocTpaHcTBa C, BU-

na
21\ a € 2
ezhy )\ —ef a €zy )’

detu(e) = |a)* + |8 =1, u(e)ul(e) =1,

), a=¢7, yER

|21)? + €%| 2] = inw. (22)

Haw nopxop, ocHOBaH Ha AeiCTBUM MATPUL, C 3NEMeHTaMy,
3aBUCALMMM OT NapaMeTpa KOHTPaKLMMU €, Ha BEKTOPbI, KOM-
MOHEHTbI KOTOPbIX TaK)Xe 3aBUCAT OT 3TOr0 Napametpa. B atom
cnyyae npu € — 0 HeoBXooMMO [OMONHUTENLHO YUMTbI-
BaTb GECKOHEYHO Manble COOTHOLEHWS NepBOro NopsifKa no
€. CTpeMaWmIca K HyNi0 KOHTPaKLMOHHbIA napameTp yao6eH
NS (M3MUECKMX NPUIOXKEHMIA, HO ero UCMONb30BaHue B thop-
Me (22) Bbi3bIBAET UNIIO3UI0 UCUE3HOBEHWA PALA PYNNOBbIX
napaMmeTpoB. MaTeMaTUuecKu 3T0ro MOXHO U3BexaTb, NPUHAB
napaMeTp paBHbIM HUMbMOTEHTHOWM eAMHULLE ¢, KOTOpas caMa
0TNMYHa oT Hyns ¢ # 0, Ho ee KBappat obpalLaeTcs B HymNb
1? = 0. Toraa KOHTPaKTUpOBaHHas MaTpuLa

U(L):<—CZ,§ f), a=e¢", yER

ByneT ABHO CoflepXaTb BCE MapaMeTpbl Fpynmbl, HO YacTb U3
HWX ByLeT HUNMbMOTEHTHLIMW 3NIeMeHTaMu. ITOT nopxon fe-
TanbHo paccMotpeH B pabore [10].

Mocne nepexoga k npepeny € — 0 rpynna SU (2; € = 0)
CTaHOBUTCS M30MOPCHOM eBKNMAOBOI rpynne F(2), a npo-
cTpaHcTBo Co(e = 0) pasbuBaetcs Ha 6a3y, HaTAHYTYO Ha
KooppmHaTy {21 }, ¥ Cnoit, NopoXpaeMblit KOOpAUHaTOA { 2o }.
(Lnpoko 13BECTHOE HEPENATUBUCTCKOE NPOCTPAHCTBO-BPEMS
IBNSIETCS MPUMMEpPOM PacCiOeHHOT0 MPOCTPAHCTBa C OGHOMEp-
HOM 6a3oi, PM3MUYECKM MHTEPMPETMPYEMOiA KaK OCb BpeMe-
HMW, M TPEXMEPHbIM CI0EM, PacCMaTpUBAEMbIM Kak abcontoT-
Hoe co6cTBeHHO NpocTpaHcTBo.) YiuTapHada rpynna U (1) u ee
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peiicteue B npoctpaHcTBe Cy(e = 0) He U3MeHsOTCA Npu
KOHTPaKLMK 1 onucbiBatoTcs dopmynamm (1).

MpoctpaHctBo Cy () nonyyaetcs us Cy 3aMeHoi 25 Ha
€2o. 3aMeHa MaTpUUHOro 3neMeHTa (5 Ha €f WHAyUMpyeT
3aMeHy reHepatopoB anrebpol Jlu 77 — €1y, T, —
€Iy, T35 — T3. 3T1 HOBble reHepaTopbl MOJQYMHAIOTCH KOM-
MYTaLMOHHbIM COOTHOLWEHUSIM

[TlaTQ] = 7:62T37 [T37T1] = iTQ) [T27T3] = 7/1—11 (23)

anrebpbl JIu su(2;¢), kotopas npu ¢ = O npepcraens-
eT coboit nonynpsiMyto cymmy abeneBoilt nopanrebpbl to =
{T1,T>} v onHoMepHoit nopanrebpsl u(l) = {713}
su(2;e = 0) = tab u(l).

MockonbKy Kanu6poBOYHble MOMS NPUHUMAIOT 3HAYEeHMS
B anre6pe Jlu, MoxHo BMecTo npeo6pasoBaHns reHepaTopoB
MPOW3BECTM 3aMeHy KanuBpoBOUHbIX MONEN, @ UMEHHO:

1 1 2 2
W, —eW,, Wi—eW,,
W2 —W;, B, — B, (24)

HEIZCTBVITGHbHO, 3 CBOMCTB KOMMYTATUBHOCTKU K accoLnaTuBe-
HOCTU YMHOXEHU] Ha CKangp nuMeem

su(2;€) 3 {W,(elh) + W2 (el) + WiTs} =
= {(eW)Ty + (W) To + WiTs}. (25
MopcTaHoBKa 8 — €3 uHAyuMpyeT npeo6pa3oBaHue CTaH-
BapTHbIX Kanu6poBouHbIx noneit (9) Buaa
Wi — Wy, Z,— Z,,

mo

A, — A, (20)

lleBble nenTtoHHble [; =

1%
< el ) M KBapkoBble (); =
!

( Zl > nons sensitotes SU (2)-py6netamu, noatoMy ux ne-
1

Bble U NpaBble KOMMOHEHTbI npeoﬁpasymcq TaK Xe, KaK KoM-
MOHEHTbl BEKTOPA 2, @ UMEHHO:

e — ee, e.—e€e., dy—ed, d,—ed,,

V= v, U= U Uy — Uy (27)

OTrenbHo OT rpynnoBon CTPYKTYpbl BBOAWTCS cheuuanb-
Hbll MeXaHW3M CMOHTAHHOMO HapylleHUs CUMMMEeTpUM, KOTO-
pbiit UCMOMNb3yeTcs ANg reHepaLuy Macc BEKTOPHbIX 6030HOB
M Opyrux uyactuy, mogenu. B sToM MexaHuW3Mme opgHO U3 oc-
HoBHbIX cocTosHui (10) narpaHxuaHa L p Bbi6upaeTcs B Ka-
yecTBe BaKyyMa MOLENM W 3aTeM pacCcMaTpuBaKOTCA Manble
BO36Y)XAEHWUA OTHOCUTENbHO BTOPOI KOMMOHEHTbI BaKyyMHO-
ro BekTopa. [lpu 3ToM none 6030Ha Xurrca y, KOHCTaHTa v,
a TaKXe 3aBMCALLME OT ¥ MacChbl YacTUL, Ha NapaMeTp KOH-
TpaKLuK He YMHoXatoTcs. B pesynbTate npeo6pasoBaHui no-
neil 6030HHBIN NarpaHX1aH MOXXHO 3anucaTb B BUae

Lp(e) = Lpo+€Lpp+ Ly, +E L+ LY, (28)

roe
1 1 1 )
LB,O = —1]:5” — ZZﬁV + §m2Z (Z#) +
1 5 1
+5 (907 = 5mx’s (29)

1
Lpo= —iijW* +my WIW,,  (30)

jn%

; A gm 2
LGt __- 4_)\ 3 _JN= Z
B0 4X vx +2COS(9WX( W
2
g 2 2
—_— Z,), 31
8C0829WX (Z) 31

2
n — g _
Lsz = ngJWH + ZXQWJWV —

—2ig (WFW, — W, W, ) (]—"W it Oy + 2, cOS 9W> _

) _ _
756 [All (W:VWU - W/LVW;_) -

—A, Wa, W =W W, -
i _ _
— 59008 0w (Z, WL W, =W, W) —

~Zy W W, =W W,/)] =

[+ )] (A
—2 (WS W) +W, W, )AA+
+ (W) + (W) (4} -

_9; cosbw {[(W;)" + (W)] (2.2~

2 (WIWS + W, W) Z,Z,+
+ [+ (W)’ 207} -
—eg cos Oy [W;W;AVZ,, +WiIW, A Z,—
1
-5 (Wiw, +WSW,) (AuZ, + AVZM)} . (32

2
mn g — — 2
g =T (wiws - wow)t @
NentoxHbIi narparxuaH (13), (17) B TepMmuHax none anex-
TPOHOB M HEUTPUHO MPUHUMAET BUA,
Lp(e) = Lo+ L7+ (Loa + L), (34)

roe
Lo = v]i7,0,u, (35)

gcos20,, 4.

L = evf7, Au + V7 Zu,  (36)

2 cos 8,
Lpo= ezrif'uauel + eima“er—
—me(ele; + elTeT) — hex(ele + elTeT), (37

g ~
Joos O 0. elTTMZHemL

’ ~ /o ~
+¢' cos 011,(31@14“6,) — ¢’ sin HweiTuZ“er—l—

int __
LL,2 -

—Q—% (V;%HW;BI + elT?HWJVl) . (38)
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KBsapkoBbiit narpaHxwaH (18), (20) B TepMuHax noneit uu d
KBapKOB 3aNuCbIBAETCA B BUME

Lo(e) = Lgo + € Loa + Ly + €L, (39)

roe
Lgo = u}ma”ul + uiiﬁﬁuur—
—my (ulw + wfu,) = hox(ufu +ufu,),  (40)

int

2e 4.
Lgo= g“zTTuAuUﬁ
/
+ <‘;] cos B, — %sin Gw) ulTﬂLZHul—l—

2 2
+§g’ cos O, ulT, A u, — gg' sinO,ulT,Z,u,, (4))

Lgao = di7,0,d, + dli7,0,d,—
(42)

—mg(did; + d}d,) — hax(did; + d}d,),

/
Lg”z =— (‘g cos 0, + % Siﬂ9w> d;%#ZIldl—'_
7 (
_l’_i
V2

€ 3.
—gd}TuAudl -

W[ R W+ 7 w) -
1, .
gg cos O,d. T, A, d.+

+%g' sin0,d\7,7,d,. (43)

MonHbIA NarpaHXuaH anekTpocnaboit Mogenu ¢ KOHTpak-
TMPOBaHHOW KanuBpOBOUHOM Fpynnoi nosydyaeTca CyMMMUPO-
BaHueM 6030HHOr0, NENTOHHOM M KBAPKOBOIO flarpaHX1aHoB
W NpeaCcTaBnaAeTCa B BULE Pa3fIOKEHMS MO CTENEHAM KOHTPaK-
LIMOHHOrO napaMeTpa

Lewn(€) = Le) + L™ (¢) =

= Lo+ €Ly + Li" + €L + €' Ly, (44)
roe

Lo=Lgo+ Lo+ Lgyp,

Lmt L?ézto + LGt + Lngv

Ly=Lpgo+ Lpos+ Lgpo,

LGt LGt L1L7ft2 + Lz:Qn’t27 LGt LGt (45)

Mbl npepnonaraem, uto NapaMeTp KOHTPaKLuW ABNSieTCS
MOHOTOHHOW thyHKumen €(T) = AT 9, g > 0 TeMnepaTypsl
(cpenHeit aHepruum) BceneHHoii co cBoiicTBoM €(7") — 0 npu
T — oo. Korpa € — 0, cnaraemble ¢ 6onee BbICOKAMM CTe-
MEHsIMU € BHOCSIT MEHbLUWIW BKNaf, B NarpaHXxuaH no cpaBHe-
HMIO CO CNaraeMbIMu C MEHbLMMM CTENeHaMU. Takum 06pasom,
aneKTpocnabas Mofenb JeMOHCTPUPYET TPU CTafiMu NOBefe-
HUWSl NPY ABWKEHWW Ha3af BO BPEMEHM K MOMEHTY POX[EHMS
BceneHHow, KoTopble OTAIMYAKITCS CTEMEHSMU KOHTPaKLMOH-

HOro napamerpa.

3. KBaHTOBag xpoMofMUHaMuKa

CunbHble B3aMMOMEHCTBUS UACTUL, OMUCHIBAKOTCSA KBaH-
TOBOM XPOMOLMHAMMUKOM, KOTOpas ABNAETCA KanuBpoBOUHOM
Teopuew, 0CHOBaHHOM Ha NOKasbHbIX LBETOBbIX CTEMEHSX CBO-
6onbl kBapkos [1]. Kanubposounas rpynna SU (3) KXI peii-
CTBYeT B TPEXMepHOM KoMmneKcHoM npocTpaHctee Cs Lpe-

q1 qr
TOBbIX KBapKOBbIX COCTOsHUMA g = | ¢2 | = | qa | €
q3 aB
Cs, rne g(z) ecTb nons kapkoB ¢ = u,d, s,c,b,t,a R

(kpacHbiit), G (senenblit), B (rony6om) 0603HaualoT LBETOBbIE
cTeneHn cBoGopbl. KanubposouHble 6o30HbI rpynmbl SU(3)
Ha3blBAKTCS rNOOHaMU. Bcero uMeeTcs BoceMb pasHbiX Mio-
0HOB, 06MeH KOTOpbIMK 0GecneunBaeT CUNbHbIE B3aMMopen-
cTBMS KBapKoB. JlarpaHxuan KX[ Bbibupaertcsa B Buae

£=Y (@) (D,

)ijqj - mqqiqi) -

(46)

8
1
S
a=1

roe D#q €CTb KOBapWaHTHble NPOM3BOAHbIEe KBAPKOBbIX NO-

neu
. A o
D,q= (8ﬂ —igs <2 > Au) q

3necb g 0603HaYaeT CUMbHYI0 KOHCTAHTY CBS3N, t% = \%/2
— at0 reHepatopsl rpynnbl SU(3), A* ectb MaTpuubl lenn-
MaHHa

(47)

0
M= 1
0

coco
>

[~}
|
o= o
oo

—_
o
)
)
o
—_

A=

A(
0
0
0

o
)
)

0 -1 0], M=[o0o0 0],

0 0 0 100
0
0

AT =

<. O O

0
0
10
B S N
V3l o o —2
(48)

[MHOOHHBIN TEH30P HANPSXKEHHOCTYM MMEET CTaHaPTHBIN BUL,

FS = 0,A% — 0,A% + g f*PAPAY, (49)

nv

roe fo#7 ecTb CTpyKTypHble MocTosHHble anrebpbl su(3):
[t 8] = ifP7Y, a, B,y = 1,..., 8. OHM aHTUCUMMET-
PUUHDI M0 BCEM MHIEKCAM, a UX HEeHyNeBble 3HaUeHWS TaKoBbl:

f147 f246 f257 f545 1

V3
2

f123 — 1,

f156 f458 f678 (50)

1
_ 367 _ _ 1
— =,
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Bbi6op MaTpuy lenn-ManHa B Buae (48) dukcupyet Gasuc
B anre6pe su(3), uTo [LaeT BO3MOXHOCTb BbINUCATb KOBapK-
aHTHble npouasoaHble (47) B ABHOM hopMe

D,=10,—
3 1 8 1 - A2 4 - A5
N B W R
EIE A e
AH+ZAIJ« AM—FZAM —%AH
RR RG RB
0 A, A, A
=10, — i AGR - AGCAGE | (5))
BR BG BB
ALt AL A
roe
RR 8 3 GG 8 3
A, TAM + A, A TAL AL,
BB 8 RR GG BB __
AH - _TAW Au +Au +Au =0,
AGR A1 +2A2 Afc
ABR A4 + 2A5 flfB
ADG = AS +iAT = ASP. (52)
NarpaHxuaH (46) npuHUMaeT BUp,
— (7 7 —1 1 e} o —
L= (@ (i) (Dy) uj — myti'u;)+. . —ZFWF’
=L,+...— ZF;;FW (53)
rAe BbiMMCaHbl TOMbKO CraraeMble, XapaKTepuaylowue

u kBapk. 0TMeTuM, uto B KX[I 0TCYTCTBYET MEXaHM3M CMOH-
T@HHOrO HapyWeHUs CUMMETPUM, NOITOMY FNIHOOHbI SIBNSHOTCS
6e3MaccoBbIMM YaCTULLAMM.

Narpamxuan KX umeet boratoe guHamuueckoe copep-
aHue. OH onucbiBaeT CNOXHbIA CNEKTP afpoHOB, LBETOBOM
KOH(haliHMEHT KBApKOB, aCUMNTOTUUECKYo CBOGOMY M MHOrO
Apyrux atheKToB.

4. KX[1 ¢ KOHTpPaKTMpPOBaHHOM KanubpoBOUHOM
rpynnoi

B naHHoM paspene Gypnem paccMmaTpuBaTbh TONbKO fBa
BULA KBApKOB ¢ = u,d W yuuTbiBaTb Npeobpa3oBaHus
(27). KoHTpakTvpoBaHHasa creuuanbHasi yHWTapHas rpynna
SU(3;€) onpepensieTcsi COrNacoBaHHbIM [ENCTBUEM MaT-
PUYHOrO 3MeMeHTa rpynnbl Ha BEKTOP B LLBETOBOM NPOCTPaH-

ctBe Cz(e)
q'(e) = U(e)q(e),
qi U1 €U12 62U13 q1
6‘1& = €Uz U2 €U23 €42
62% 62“31 €U32 u33 62(]3

(54)
npue — 0,rae g1 = uy,€dy, qo = Uy, edy, q3 = ug, €ds.
an TAKOM ﬂ,eﬁCTBMM OCTakTCH MHBapVIaHTHbIMVI npep,eanble
3pMUTOBbI HOPMbI

uf(€)u(e) =

|U1|2 + ¢ |u2|2 + ¢ \U3|2 ;

d'(e)d(e) = |dy|” + € |do)® + € |ds]*.  (55)

Mepexog o knaccuueckon rpynnbl SU(3) u npocTpaHcTBa
C; k rpynne SU(3;€) u npoctpaHctBy Cs(€) pocturaet-
cq npeobpasosaHneM KanubpoBouHbIx nonent (52) v LBETOBbIX
KOMMOHEHT KBapKOB BMAa

U1 — U, Uy —> €U, U3 —> €2U3,
d1 — Edl, d2 — €2d2, d3 — 63d3,

AGR s cAGR ABG _, (ABG | ABR _, 2 ABR (5
Mpu 3TOM AMaroHanbHble KanuMBpoBOUHbIE Nons AﬁR, AfG,
AEB He U3MEHSIIOTCS.

MopcraHosku (27), (56) mpuBoASAT K cnepyloueMy pas-

JNIOXXEHWK KBapKOBOI\"I YacCTu narpaHXunaHa KXL no cteneHsm
KOHTPaKLUMOHHOIo napametpa

Lq(€) = Ly(e) + Ly (¢) =

3
= Z ek (Lq,zk + Lf;f;k) , (57)
k=0
roe
Lqo=Lyo, Lg2=Lys+ Lap,
Lys=Lya+Lg2, Lgs=Laga. (58)
3noechb
Lu70 = zﬂl'y“ﬁuul — My, |U1‘2 s (59)

v =+l o (Jpare ).

\f ]

Ly = ity Opus — my, |U2\ , (61)

int _ Ys 2 1 s 3
Lu,2 - 5 l|u2| ’y'u (\/gA;L - Au) +

+ugtigy* (A}L + ’LAZ) + uyusy* (AL — zAi) (62)
L, 4 = tusy"0,uz — my, |u3\2 , (63)
int __ 9s 2 2 8
L)y = o *ﬁ |us|” v AL+
+uytigy? (Ai + zAi) + wyuzy* (Aﬁ — ZAi) +

Cnaraemble L oy, Lg’gk, k = 0,1, 2 onucbiBatotcs top-
mynamu (60)-(64) c sameHolt u, Ha d,,, p = 1,2, 3.
_ 1 o Vo
MMiooHHas uacte Ly = —7Fg F*® narpanxuana
npuobperaet Bug

La(e) =LY +ELG +e' L) + LY + L), (69)
roe

) _ 3 32 8 812
L = {(a A3~ 0,43)° 1 (9,43 — 0,4%) }

(66)
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1

4

(2 _
Lgl =

2
0, AL 4 g, (A2A7 - AiA?,)) +

e %

{@A

gs
+ (002 0,3+ % [(a3T - A8

)+

2
VB (ATAS AiAZ)D +

2
+ <8#A3 0,42 — g (ALAD - A3A5)> +

gs
+ (aﬁA; —o,A7— % [alas

— ASA3+
2
V3 (4245 AiAg)D +
+95 [(2 (ALAZ - A2AL) —
—ASAT 4 ATAS) (0,43 — 0,43) +
- ) - a)] | e

(4) _
gl —

L —% { (0, AL = 8,A%)" + (9,45 — 0,4%)" +

+9s [(AﬁAZ—AZA‘;—AiAEJrAﬁAE) (0, AL —9,AL) +
T (ALAS = AS AL+ AL AT = ATA) (9,42 — 0,42)
—(ALAT - AT AL+ AZAS - AS A2+ ATAT — A3 A
VB (ALAD - A3A) ) (9,41 - 0, AL) +
+(ALAS — ASAL — AZAT + AT A + AL A} - ALAZ—
—VB(ALAS — A5A2) ) (9,47 - 0, 47) +

(A2 AL - ALAZ - ALAT+ A3 AL) (0,48 - 0,45) +

+(ALAL- AL AL+ A2AT - A7A2) (9,47 - 9,A7) +
VB (ALAL - A14L) (0,45 - 0,45) |+

— A2AL)? 4 (ASAT — ATAS

) -

(AL~ AZAL) (43T - ATAT)

+g2 [(A},Ai

— (ALAS — A3 AL) (A3AS—AS AL AT AT-AT AT )+

(4243 — A3A2) (ALAT—AT AL- AT ASHAC AT )+

by (AA7 - 4744 VB (4743 - A3 4T))
x (AiAﬁ — AGAL - ALAT + AZAi) -

o (ARAS - ACAD 4 VE (D45 - 430) ) x
x(ALAL— ALAL 4 424D - 43A2) 4
% (AhA7 — ATAL + 4245 - ASAZ+

2
FATAD - ALAD V3 (ARAS - A5AD)) 4

+% (ALAS — ASAL — A247 + AT A2+
2
et )| e
2
4 A7 7 74
{ (ArA] — ATl — 4348+ ASAT) +
4 A6 6 A4 5 A7 7 A5 2
+(ALAS — ASAL+ A3AT — ATAT) +
2 A4 4 42 1 45 541 2
+(A2AL - A3AZ - ALAS 4 ATAL) +
1 44 4 41 2 A5 5 42 2
(ALAL - AR AL+ A4 - A5AZ) 4
+4(ALAZ- A2 AL+ AS AT AT A

) (Ak45 - A3a

b

pov i 7

(69)

L = 9= (4145 — A3.42)° (70)
gl — 4 ptty nitv) -

B pesynbrate o6benunenus (57) u (65) narpaHxuan Mogu-
tuumpoBaHHon KXJ MoxeT 6bITb NpeAcTaBneH B BULE pasno-
)KEHWS N0 CTENEHSIM KOHTPAKLMOHHO0 NapaMeTpa

Lacp(e) = Ly(e) + Ly () + La(e) =

=LO 4 2L® 4 LW 4 ELO L SL® ()

rne

£O = Lo+ L+ LY, £ =L,

£2p) — Ly op + Ld’Z(pfl) + Li’fép + Lfirg(zifl)—'—

(2p)
gl

+L p=1,23. (72)

B co0TBETCTBUM C HalweW rMnoTe30i KOHTPaKLMOHHbINA napa-
METp ABNSETCA MOHOTOHHOW (yHKLMei TeMnepaTypbl € — 0
npu T — oo. CornacHo COBPEMeHHO KOHLLENLMM BO3HUKHO-
BeHus BcenerHon [8], oueHb BbicoKMe («BeCKOHEUHbIE») TEM-
nepaTypbl MOryT CyLLeCcTBOBaTb Ha NepBbIx cTagusax bonbworo
B3pblBa Cpa3y Nnocne MHHASLMK B Lo3neKTpocnabyio anoxy.
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5. OueHKa rpaHuL, MeXpay 3noxaMu B 3BONIOLMK
BceneHHoM

O6benuHas narpaHxuaHbl anekTpocnaboit mMopenu (44)
W BaHTOBOW XpoMoguHamuku (71), monydyaeM narpaHxuaH
CTaHAAPTHOW MOfenu, NpefcTaBNeHHbIX B BUAE PasNoXeHus
Mo CTeNeHsIM KOHTPaKLMOHHOo NapaMeTpa

Lsn(€) = Lewm(e) + Locp(e) =
= L(e) + Ly(e) + L™ (¢) + Lflnt(e) + Ly(e) =
=L+ Lo+ Ly + L6 + £ Ls, (73)
Ffe C yUYeToM BbipaxeHuit (45) u (72) umeem

cp = Lp + L;”t + E(P)’ p = 07 2747

Lo=LO  [Lg=1r®, (74)

TakuM 06pas3oM, B 3aBMCUMOCTHM OT CTENEHU KOHTPAKLMOH-
HOro nmapameTpa CTaHAapTHas Mofenb LEeMOHCTPUPYET NaATb
CTafWi NoBeLEeHN NpU OBUXEHWUM Ha3af BO BPEMEHMU K Mo-
MEHTY poXpeHus BceneHHol. Kak ye 0TMeuanocb, KOHTpaK-
LS KanuBpoBOUHOI rpynmnbl CTaHmapTHoW Mogenu obecne-
UMBAET BO3MOXHOCTb YNOPSAOUMTL BO BPEMEHW PasfnyHble
CTaguu paseuTMsa BceneHHol, HO He No3BonsieT onpefenuTb
abcontoTHble faThl 3TMX 3nox. [ing atoro TpebytoTcs ponon-
HWUTENbHbIE NPEANONOXKEHUs. B yacTHOCTH, Mbl NPeLNONoXUM,
UTO KOHTPAKLMOHHbIA NapaMeTp OOMHAKOB LNS 3NeKTpocna-
Gou mopenu u KXI.

[lanee Mbl npuHMMaeM, uto 3nekTpocnabasi Mofenb,
narpaHXuaH KOTOpOW BKIIOYAET MWUHUMANIbHble CraraeMbie,
MponopuuoHanbHble €%, BOCCTaHaBNMBaeTcs B CTaHLaPTHOM
BMOE Npu CBOei XxapakTepHou Temnepatype 7, = 100 3B,
a nonHas pekoHcTpykuus KX ¢ MMHUManbHbIMK cnaraeMbl-
MW B narpaHxmaHe nopsifKa €5 NPOUCXOAMT NpU TeMnepatype
Ts = 0.2 3B.

06o0sHaunm uyepes A ypoBeHb oBpesanns ana €, k =
2,4,6,8, Te. npn €© < A Bce cnaraemble B narpaHxu-
aHe, NponopumoHanbHble €F, cuutaeM npeHebpexmMo Marbi-
MU. HakoHeLl, NpefnonoXuM, UTo KOHTPaKLMOHHBIA NapaMeTp
3aBMCUT OT TeMNepaTypbl

(T) = (ﬁ) 40, (79

roe A — noctosHHas pasMepHocTu T'. U3 ypaBHeHus ons KX[
e(Ty) = (AT3')% = A nonyuaem A = TyxAY/81 =
0, 2A/84 T3B. 13 nopoBHoro ypaBHeHns Ns anekTpocnatoil
MOLIeNM HaxomuM ypoBeHb obpesanna A = (TxT, ')%? =
(0,2-1072)8 ~ (10722)9, a TaKxKe pasMepHy0 KOHCTaHTY
A =T2T; " = 4-10~*T3B. Ucnonbsys ypasHexue ans k-
of crenenm ¥ (Ty,) = (AT}, 1) = A, umeem

8
T\ ' F
T, =T5 | = 76
=T, (T> 76
W NErKo HaXxofuM rpaHUUHble 3HaueHus (T3B):

T, =107, Ty =102 Ts=1, Ts=2-10"1, (77)

He 3aBMCALWME OT CTENeHM ¢, CBA3bIBAKOLWEN NapaMeTp KOH-
Tpakuun n temnepatypy (75). OueHka «BecKOHeuHoU» TeM-
nepatypbl 75 = 107 3B HaMHOro MeHble 3Hepruu MnakHka
~ 1019 3B, npu KOTOPOI CTAHOBUTCS CYLIECTBEHHBIM BN~
HuWe rpaBuTaLmMu. Takum 06pasoM, NonyyeHHas 3BONOLMA ane-
MEHTapHbIX YaCTHUL, He BbIXOAMT 3a Npefenbl npobneM, onuchl-
BaeMbIX 31EKTPOCNaBtbiMU U CUNbHBIMW B3aMMOLENCTBUAMM.

6. 3aBUCMMOCTb CeYeHMs poXpeHus 6030HOB
Xurrca ot TeMneparypbl

Inarpamma @eitHMaHa, oNMCbIBaIOW,as LOMUHAHTHbINA Me-
XaHWU3M POXOEeHUs 1 peructpauum 6030HOB XMrrca B aKcnepu-
MeHTax Ha bonbloM agpoHHOM Konnaiaepe, nocne npeobpa-
30BaHNA nonei KanubpoBouHblX 6030HOB (26), 4OMOMHEHHbIX
npeoBpa3soBaHWeM Moneit NenToHoB v Keapkos (27), (56), npu-
HWUMaeT BUA, M306paxeHHbId Ha puc. 1, roe L obo3HauaeTt napy
3MEKTPOHOB MU MI0oHOB [13].

p g

PucyHok 1. MogudmumpoBaHHas guarpamma poxgeHus 603oHa Xurrca B ye-
ThIPEXNEenTOHHOM npoLiecce.

Figure 1. Modified diagram of Higgs boson production in a four-lepton pro-
cess.

MoAcUET KOHTPAKLMOHHbIX MHOXMTENEN B MpaBoi yacTu
[uarpamMbl flaet €. 3T0T MHOXKMTENb YUMTbIBAET BKNaL, 3NeK-
Tpocnabblx B3aUMOLENCTBUIA B pacCMaTPUBAEMbIA MEXaHU3M.
OcraBlwylocs yacTb gMarpaMMbl MOXHO M306pasuTb B BMAE
MeTnu BUPTYasNbHbIX KBApKOB (puC. 2), 3aBUCALLEN TONbKO OT
CHINbHbIX B3aUMOLLEHACTBMIA.

€4+a

PucyHok 2. lnarpamMma poxpeHus 6030Ha Xurrca, 3aBucsilas 0T CUMbHbIX
B3aMMOAENCTBMIA KBapKoB. 3pecb o« = 1 ana t-kBapka M o = 2 ang b-
KBapKa.

Figure 2. Higgs boson production diagram dependent on strong quark inter-
actions. Here o = 1 for the ¢-quark and o = 2 for the b-quark.

B pesynbTaTe KoHTpaKuuu KanuBpoBouHon rpynnbl KX[
MPOUCXOAMT «pacluenneHne» npoueccoB obpasoBaHus 6030-
HOB Xurrca npu B3aUMOLEiCTBUM KBApKOB Ha pa3Hble KaHa-
Mbl, CBSI3aHHblE C Pa3HOii 3aBUCMMOCTbIO LIBETOB (KOMMOHEHT)
KBapKOB W IMIOOHOB 0T €. AMnauTygbl M), NpoLeccoB pox-
[eHust 6030Ha Xurrca [LOMHOXAKTCS Ha KOHTPAKLMOHHBIN Na-
paMeTp B pasfiMuHbIX CTEMEHSX B 3aBUCMMOCTM OT TOrO, Ka-
Kue LIBETOBble KOMMOHEHTbI BUPTYaibHbIX KBapKOB y4acTBy-
toT B ero o6pasoBaHuK. CeueHmne npoLiecca NponopLMoHanbHo
KBagpary aMmnauTyabl o, = |M;x|?. B cuny manoctu napa-
metpa e = (AT~1)? ¢ > 0 ocHoBHOI BKNag, B obwee ce-
ueHWe npu yBenuueHun 1 patoT KaHanbl, MPONOPLMUOHANbHbIE
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napameTpy KOHTPaKLM C OTpULLaTENbHbIMU CTeneHaMu. Mak-
CMManbHbli BKNaf BHOCHT KaHan M3, (e) (puc. 3) ¢ yuacTuem
NepBoit U TPeTben KOMMOHEHT ¢-KBapKa

o (T) = T¥5™, (78)

roe o™ — HenpeoBpasoBaHHOE ceyeHne Npn e = 1.
t

P\ uzr ¢t

PucyHok 3. MeTns BUpTyanbHbIX KBapKOB C KOMNOHEHTaMM g1, 3 M @HTUKBap-
Ka C KOMMOHEHTON g3. AMnnuTyna kaHana M3 (g).

Figure 3. A loop of virtual quarks with components g1, g3 and an antiquark
with component Gs. Channel amplitude M3 ().

Pe3ynbTaTbl M3MEpPeHU CeuYeHUs POXOeHUs 6030HOB
Xurrca B YeTblpexfienTOHHOM pacnage, nonyyeHHble Ha BAK
B TeUYeHue psfa feT npu CTONKHOBEHUM MPOTOHHBIX MYy4KOB
pasHbIX 3Heprui, npueeaeHsbl B o63ope [14]: o4y = 17 npu
E =701 =220pn E = 8, 04pt = 56 npu £ = 13,
Otor = 07 Npu E = 14. 3pecb E paHo B T3B, a 04t —
B nuKobapH. N3 3TUX faHHbIX Cnepyet, Yto U3MepeHHble ce-
UeHUs BeMOHCTPUPYHOT KBaAPATUUHYI0 3aBUCUMOCTb OT SHep-
Mn 0y ~ E2. NornuHo npeanonoXutb, uto Temnepatypa
T BceneHHolt W 3Heprus E CTONKHOBEHUS MPOTOHHBIX Myy-
koB B BAK nponopuuoHansHbl gpyr opyry 7' ~ F, Torga
Oror ~ T2.

Ceuenue (78) ans KaHana poxpeHus t-KBapka C aMnnu-
Tynot M3, (€) uMeeT KBafpaTUuHyto 3aBucuMocTb oy (1) ~
T? npn q = %. [lpyrue pacTywme ceuyeHus nponopuuo-
HanbHbl ~ T (10T xe kaHan M3 (e) pns b-KBapKa W Ka-
Han M3 (€e) pns t-kBapka). Bonpoc o cooTHOWeHWM BKNafoB
3TUX M OPYrux NpoLeccoB B obliee CeyeHue oy, OCTAeTCs
OTKPbITbIM. IKCNEPUMEHTANbHbIE CEYEHUSI POXKAEHUS H030HOB
Xurrca o,; COBEpXaT BKNaf Kak 060ux t- u b-kBapKkoB, Tak
W BCex WX LBeToB (koMnoHeHT). MoaToMy Ang npsMoro cpas-
HEHWS C TEOPETUYECKMMM 3HAUEHWUSMU HeobxopuMbl fomon-
HWUTENbHbIE NMPELNONOXEHNS 0 fone t- U b-NeTneBbiX BKNAL0B
B LLENIOM, 0 BKNafiax KaXAoi LBETOBOM KOMMOHEHTbI KBApKOB
B obuiee ceveHne u op. OgHako MOXHO yTBEpPXAATb, UTO M-
noTe3a 0 KOHTPAKLUKU KanuBPOBOYHOW rpynnbl CTAaHAAPTHOI
MOJeNny CornacoBaHa C Noiy4YeHHbIMU IKCMEPUMEHTANbHBIMU
AaHHbIMK N0 CeYeHusM poxpaenns 6o3oHoB Xurrca.

7. U3aMeHeHUs YacTuL, U B3aMMOLEUCTBUIA B Npo-
LLecce 3BONIOLUM

PasnoxeHue (73) narpaHxuaHa cTaHLapTHOA MOLENu no
CTEeNeHAM KOHTPAKLMOHHOMO NapaMeTpa OTKPbIBAaeT BO3MOX-
HOCTb [151 MOCTPOEHUS MPOMEXKYTOUHBIX MpedenbHbIX Moge-
e C pasHbIMM YacTULLAMN U B3aUMOLENCTBUAMM MEXAY HU1-
MU. MOXHO B34Tb narpaHxuaH Lo B KauecTse nepBoHayanb-
HoW npenenbHoit cuctembl npu 1" > 107 3B, satem no6asuTh
L5 ¥ NONYunTL BTOPYIO NPEREsbHYI0 MOAENb C farpaHXnaHoM
L',(SQK,I = Lo+ Lonpn 107 > T > 10? (I'sB). Mocne 3t0-
[0 MOXHO [06aBNUTb L4 M NONYUUTL CreayHolLyIo NpeaenbHyto

Mogenb 5(54}” = Lo+ Lo+ Lynpn 10> > T > 1 ([3B)
M TaK flanee [0 NOMHOro BOCCTaHOBNEHUS NarpaHXuaHa CTaH-
naptHoit Mogenu npu T' < 2 - 10~ '3B. Mo Mepe nepexopa
OT O[LHOW 3MOXM K APYroi U3MEHSIIOTCA 3HaUMMble CraraeMble
B NarpaHXuaHax, uto no3BosdeT CenaTb HeKOTopble BbIBOLbI
0 YaCTMLLAX Ha pasHbIX CTaAMAX 3BONOLMM BceneHHoi yxe Ha
YPOBHE KNacCUUeCKuUX Nonei.

B npenene «6eckoHeuHoi» Temnepatypbl (¢ = 0, T >
107 I3B) nonyuyaem narpaHxuaH L, CTaHZapTHOW Mogeny,
KBafpaTWUUHble CriaraeMble KOTOPOro CopepXar: 6eaMaccoBble
HEeMTPUHO U (hOTOH, MaccuBHble Z-6030H 1 6030H Xurrca (29),
(35), MaccuBHbIM MOHOXpOMaTUUeCKMiA u-KBapK (40) ¢ nepBoi
(R) komnoHeHnTon (59), (60). Cnaraemble Gonee BbICOKOro Mno-
pAnKa onucbiBaoT caMofeiicTBue 6030Ha Xurrca v ero B3au-
MofeicTBMe C Z-6030H0M (31), cnabble M aNeKTPOMarHuUTHble
B3aMMOfENCTBUSA HEUTPUHO W u-KBapKa C hOTOHOM U Z -6030-
HoM (36), (41), a TaKkxe B3aMMOEMCTBUS AMArOHaNbHbIX MH0-
HOB (66). OTMETUM, uTo NONS 3apsKEHHbIX BO30HOB Wj, Co0T-
BETCTBYOLWLME NOArpynne TpaHCAALMIA, He BXOAAT B Npepesb-
Hblit narpaHxuan L.

N3 gBHOro BbipaXKeHMa narpaHXuaHa B3auMMOOenCTBUS
CNeLyeT, YTo YaCTULbl Pa3HOr0 COpPTa He B3aMMOAENACTBYIOT
Mexpay co6oil. B3aauMopeicTBYIOT TONbKO YacTHLLbl OQHOIO BU-
[.a, HanpuMep, HeUTPUHO BsaMMo,ueﬁCTByPOT [pyr ¢ npyrom no-
CPEACTBOM HeMTpaNnbHbIX TOKOB. Bce mpyrve yactuubl aensa-
10TCA 3apAXKEHHbIMU U B3aMMOL,EMCTBYIOT NoCcpeCcTBoM o6Me-
Ha Z 6030HaMM W thoToHaMW. 3TO BbIMMAAMT KaK HeKas CTpaTu-
(huKaLMa anekTpocnabon MoLenu ¢ yacTMLaMmu OfHOrO BMAaA
B KaX[10M Crioe.

Mpu T > 107 3B 0CTaKOTCH OTANUHBIMM OT HYNS TONbKO
[,BE KOMMOHEHTbI [TH00HHOM0 TeH30pa HaNPAXXeHHOCTH ij =
AL — 0,43 = L (FER—FGP) n FS, = 0,A% —
0, A%, = V3 (F/ﬁ,R + Flfij) , TaK uTo, ucnonbays (59), (60),

2
(66), MoXHo BbinucaTtb npefenbHbii KX narparuaH B SIBHON

dopme
LO = L,o+Lint + LY =

= iurY" O ug + % |UR|2 WILA,?R—

1 2 1 2 1

- (B = 5 (FEF)" = ETFL. (1)
OTciopa 3aKmuaeM, uto B 3TOM Npefene BbHKMBAKOT TONbKO
OMHaMUUECKue crnaraemble 9 0HOM LIBETOBOW KOMMOHEH-
Tbl U-KBapKa, T.e. KBApKU CTAHOBATCA MOHOXPOMAaTUUECKM-
MU. TaKKe 0CTAKTCA HEHYNEeBbIMM CllaraeMble, ONUChIBaloLWMe
B3aUMO/eMCTBMUE 3TOW KOMMOHEHTbI ¢ R-rniooHamu. NMomumo
R-rniooHoB NpUcyTCTBYIOT (G-TMIO0HDI, KOTOpble He B3anUMo-
LEACTBYIOT C up. TakuM 06pa3oM, CTpaTUtUKaLMA MPUCYT-
cTByeT 1 B cekTope KXI.

Mpu Temnepatypax 107 3B > T > 102 3B K narpaHxv-
aHy po6aBnsetcs Lo, KOTOPOE COAEPXUT KUHETUUECKME Cria-
raemble 1¥/ *-6030H08 (30), 3nekTpoHoB (37) u d-keapKos (42),
a TaKxe onucbiBaeT cnabble B3aumogeictens W+ ¢ gpyrumu
Kanu6poBouHbiMK 6o30HaMK (32) u GosoHoM Xurrca. Mossna-
I0TCA B3aMMOAENUCTBUA HEMTPUHO C 3NeKTPoHOM (38) 1 Mex-
oy u- n d-kBapkamu (43). u-kBapk 06peTaoT BTOPYIO LBETO-
BYI0 cTeneHb cBoGopp! (61), KoTopas B3aMMOAeNCTBYET C nep-
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BOM (62). Y d-KBapKa aKTMBMPYeTCS nepBas LiBeToBas CTerneHb
cBobopbl. OcHoBHas uacTb anekTpocnabbix U 3HauuTenbHas
YacTb L|BETOBbIX B3aMMOLEICTBUIA BOCCTaHABNMBAKOTCA B 3Ty
3M0XY.

Mpu panbHeilwem ocTbiBaHWM [0 Temnepatyp 10% 3B >
T > 1T3BknarpaHxwuany go6asnsercs cnaraemoe L, KoTo-
poe obecrneunsaet cnabble B3aMMOLENCTBUS KanMBPOBOUHbIX
BosoHoB Mexay coboit (33). BocctaHaBnuBsatoTca BCe LiBETO-
Bble KOMMOHEHTbI u-KBapKoB (63) 1 B3aMMOLeACTBUSA Mexay
HUMK (64). Y d-KBapKa nosBngeTca BTOpas LBeToBas CTeneHb
cB0OBOLbI, CUNIbHO B3aUMOAEACTBYIOWLAA C NepBOl. AKTUBM3M-
pyeTcs Gonbluioe KoNMUecTBO B3aMMOAEHCTBUIA MEXTY FNioo-
HaMu (68).

B uHTepsane temnepatyp 1 3B > 1" > 0, 2 I'3B noseng-
eTCcqa TpeTbs LiBeToBag cTeneHb cBobopbl d-KkBapKa (63), npu-
CYTCTBYIOT BCE LIBETOBble B3aMMOAEMCTBUA 33 UCKIIOUEHUEM
(70). HakoHeu, npu T' < 0, 2 3B B nonHoM o6beMe BoccTa-
HaBNMBAETCH CTaHLapTHas Mogenb.

3aknoueHue

PaccMoTpeH npepenbHbIA Cryyald CTaHBApPTHOM MoOfeny,
COOTBETCTBYIOWMNA KOHTPAKLUM ee KanuBpoBOUHOW Tpynmbl.
MpennonaraeTcs, ut0 MaTeMaTMUECKUM MapaMeTp KOHTpaK-
LMK yMeHbluaeTcs Npu Bo3pacTaHWM Temnepatypbl BceneH-
HOMW, @ ero HynesOW NMpefen COOTBETCTBYET «BECKOHEUHOM»
TeMnepaType, He NpeBblWalolLei NNaHKOBCKYH0 aHeprio 1019
l3B. T.e. npenen, roe CTaHOBSATCS CYLLECTBEHHbIMW FpaBuUTa-
LMOHHble B3auMopeicTBus. [lpyruMu CoBamm, 3BoNOLMS ya-
CTWL, He BbIXOAWT 3a paMKM MpobneM, onucbiIBaeMbIX 3neK-
TpocnabbiMM U CUNbHBLIMW B3aUMOREHCTBUSIMU. TpoCnexeHbl
CTafiMM PasBuTUA CTaHLAPTHOW MOLenu B NpoLecce 3BOJIH0-
umu BceneHHolt no Mepe ee OCTbIBaHMSA, KOTOpble pasnuua-
I0TCS CTEMEHSIMU KOHTPAKLMOHHOrO napametpa. [pomMexyTou-
Hble narpaHxuaHbl L Haxo4AaTCs C NOMOLbK YPOBHS 06pe-
3aHua A C y4YeToM TUNMUHbIX 3Hepruit KXI v anekTpocnaGoit
Mofenu. Mx aBHbI BUL ANA KaX[oi CTafuu pasBUTUS CTaH-
AAPTHOW Mofenu nonyyeH U3 pasnoxeHuit (44),(71),(73) non-
HbIX NarpaHXXMaHoB, YTO MO3BONSIET CLENaTh BbIBOAbI O pas-
BMTMM B3aMMOLECTBUIA U CBOICTB UaCTHUL, B KaX[yH0 M3 pac-
CMOTPEHHBIX 3MOX.

MonyueHHass cxeMa 3BOMKLMM YaCTUL, HE MPOTUBOPEUNT
paspaBoTaHHOW U3 BpYrux coobpaxeHnin uctopun BeceneHHon
[1,8], cornacHo kotopoit 06ycnoenewHble KX drasoBble nepe-
X0Lbl MPOUCXOAAT NO3Xe 3neKTpocnabbix (ha3oBbiX Nepexo-
noB. KpoMe Toro, 0Ha faeT ocHoBy f1s G6onee feTanbHOMo aHa-
N33 3TanoB CTaHOB/EHWS NIENTOHOB U KBAPK-TOOHHOW NNas-
Mbl, YUMTbIBas TOT (haKT, UTo Cnaraemble Lfﬁ) (69) n Lé?) (70)
B IMIOOHHOM narpakxuaHre L, (65) npeHebpexumo Manbi npu
Temnepatypax ot 0.2 po 100 B.

C mpyroi cTopoHbl, B oTnnune ot TBO, Hanuume Henpe-
PbIBHO W3MEHsIlOWerocs napaMeTpa Mo3BOMSET aHanu3upo-
BaTb MOMyYeHHble Pe3ynbTaThl C TOUKW 3PEHUS UX 3aBUCHUMO-
CTW OT TeMnepaTypbl. B yacTHOCTH, 3KCNepuUMeHTanbHble AaH-
Hble, NonyyeHHble Ha bonbloM afpoHHOM Konnaiaepe no ce-
ueHWaM poxpeHus 6030HoB Xurrca npu aHeprusax 7, 8, 13 v 14
TaB, He NpoTUBOpEYaT NPEeLIOXEHHOMN rnoTese.
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AHHoTauua

VpaBHeHue JIyBunns aKBMBaNeHTHO ABYMEPHOMY ypaBHe-
Huto Jlannaca u npusoguTcs K HeMmy npeobpasoBaHueM bak-
NYHAQ, KOTOPOE C TOUKU 3PEHUS TEOPUU FPYNN MOXHO MHTEp-
NpeTUpoBaTh C NOMOLbI KOHTpaKuuu MHeHo-Burnepa. Mei
pas6upaeM nocTpoeHue peweHnid ypaBHeHus NluyBunng ans
NpeAcTaBneHus HyneBoi KPUBM3HBI C MOMOLLbI0 KOHTpaKLuK
anre6pol JIu s/(2) u ucnonbayem Ang 3Toro HUNIbMNOTEHTHbIE
obpasyowme.

KnioueBble cnosa:

ypaBHeHue JluyBunns, KoHTpakumuu rpynn Jiu

BeepeHue

B XIX B. X. JIuyBuUnnb, 3aHUMasCh NOMCKOM NOBEPXHOCTEV
MOCTOAHHON KpUBM3HbI K, npuwen K ypaeHeHuio [1], kotopoe
Tenepb HOCUT ero UMs

0%u K ,
droy 2 U
U Hallen pELIJEHVIE B BUpe
oo Afa(2)9,(y) N )
(1+ Kf(x)g(y))

3pech x 1y — ABe He3aBUCKMble nepeMeHHble, f(z) 1 g(y)
— [Be NMPOM3BONbHbIE (OYHKLMM OT = W Y COOTBETCTBEHHO.
HKHME MHOEKCbl 03HAYaloT YacTHble NpousBofHble. Mocne
3aMeHbl g(y) — #(y) pelweHue (2) MoXHo Nepenucarb B BU-
ge

oo = Afe(@)9y(y) N 3)
K (f(z) +9(y))
lpeobpasoBaHus
' =X(z), ¥y =Y(y),
v =u—InX,(z) —InY,(y) (4)

He MeHsItoT BUp, ypaBHeHusa Nluysunng (1), 06pasysa 6eckoHeu-
HY}0 FpyNny, COLepXallyto i,Be NPOM3BOSbHbIE (YHKLMWM, U MO-
FYT CAY)XWTb AN NOCTPOEHNS ero peweHun [2, 3].

Spaces of constant curvatere,
the Liouville equation and contractions
of Lie algebras
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Institute of Physics and Mathematics,
Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

kostyakov@ipm.komisc.ru
kuratov@ipm.komisc.ru

Abstract

The Liouville equation is equivalent to the two-dimensional
Laplace equation and is reduced to it by the Lie-Backlund
transformation, which, from the point of view of group the-
ory, can be interpreted from using the Indnii-Wigner contrac-
tion. We analyze the construction of solutions to the Liouville
equation to represent zero curvature using the contraction of
the Lie algebra s/(2) and use nilpotent generators for this.

Keywords:

Liouville equation, contractions of Lie groups

VpaBHeHue JIyBUNNA IKBUBANEHTHO YPABHEHHUIO
0%
0xdy

(nBYMepHoOMy ypaBHeHwuio Jlannaca B ciyuae puMaHoBbIX Npo-
CTPaHCTB UK BONHOBOMY YPaBHEHWIO B Cryyae NPOCTPaHCTB
NceBaoPUMaHOBbIX), UMEET Ty Xe rpynny CUMMETPUM 1 NPUBO-
AMTCA K ypaBHeHuio (5) ogHUM U3 OBYX NpeobpasosaHuit Jln-
baknyHpa

u=In <— 4um~uy> , u=In <_4uzuy~) , (6)
Ku? K cos? 1
HalgeHHbix ewe Jlnysunnem [2, 3]. ina nwoBoro peleHus
@(x,y) ypasHenus (5), topmynbl (6) maloT peweHus ypas-
HeHua (1). YpaBHenue Jluysunng Bowno B yuebHMKM [4, 5]
W 0CTaeTcs MHTEpPecHOW 3afadeil KaK Anga MateMatukos [6, 7],
TaK 1 Ans (Gu13nKoB.
MocKonbKy rpynmbl ABWKEHMI MNOCKUX NPOCTPAHCTB MOX-
HO MONyYMTb NPEeLenbHbIMU NepexofaMy U3 rpynn LBUXEHU
MPOCTPaHCTB NOCTOSHHOM KpuBU3HBI (i # 0), To NnpeoBpaso-
BaHus baknyHpa, nepesogswue ypaBHeHue JinyBunns B ypas-
HeHwe Jlannaca unu BONHOBOE, TaKXXe MOXHO CBSA3aTb C KOH-
TpaKLMAMM COOTBETCTBYIOWMX rpynn (anre6p) [8-10].
KoHTpakuwuu anrebp Jln 6binu BnepBble BBefeHbl B pabo-
Te WHeHo v BurHepa [11] u B Hanbonee npocToit peanuaauuu
3aK/0YalOTCH B YMHOXEHWUW HEKOTOPbIX €€ 3IEMEHTOB Ha na-

(%)
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paMeTpsbl €; C NOCNEAYOLWMUM HE3aBUCUMbIM YCTPEMIEHUEM UX
K Hymn0 TakuM 06pasoM, uTobbl B Npefiene nonyyanucb HoBble
anre6pbl Jln. BoaMoxeH v anrebpanueckuid NOAXOM K KOHTpaK-
uuam [12], sakniouarowmitcs B ucnonb3osaHuu anrebpbl MuMe-
HoBa P,,(¢), np1 KOTOPOM BMECTO NapaMeTpoB & UCMONb3yHoT-
CSl HUNbBMNOTEHTHbIE 3MIEMEHTbI 3TOM anre6pbl.

B obuiem cnyuae, Kak 6bino otMeueHo [8-10], npeobpaso-
BaHWa baknyHaa cBAsaHbl C KOHTPaKuuAMM ViHeHio-BurHepa.
Ecnu ramunbToHnaH umeet sup, H = Hy + € Hy, roe nocto-
AHHaq B3aMMOLENCTBMA & COBMNAAAeT C NapaMeTpoM KOHTpaK-
LW, TO MK YCTPEMITEHIH £ K HYMI0 3a,aua CBOAMTCA K CUCTe-
Me, OnMCbIBaeMoil CBOGOAHBIM raMunbToHMaHoM Hy, a obee
peleHne MOXHO CTPOUTb U3 CBA3AHHBIX C HUM CBOBOAHbIX MO-
neu.

Hanpumep, HenuHelHoe ypaBHeHWe JuyBunns onucbisa-
eTcs B TepMuHax anre6pel Nu sl(2) unu so(3), a ces3aHHoe
C HWUM NuHenHoe ypaBHeHue Jlannaca (5), pelweHns KoTopo-
ro UrpaloT poNib aCMMNTOTUUECKMX NOJIe, CBA3aHO C rpynmnoil
LBWKEHWN NNOCKOCTH, KOTOpPast MOXET GbiTb MonyyeHa KoH-
Tpakumeit u3 sl(2) unn so(3). Mpu 3TOM KOHTPAKLMOHHBIM
napameTp, PaBHbIA NOCTOSHHON B3aMMOLENUCTBUS, MOXHO UH-
TEPNPeTMPOBaTh M KaK KpuBKU3HY K COOTBETCTBYHLLENO Npo-
CTPaHCTBa.

Takoke Ana uenouku Topbl KOHTPAKLMSA COOTBETCTBYHOLLEIH
anrebpbl Jln nossonget cTpoutb obuee pewenue. Mpegens-
Hble nepexodbl B Tofa CUCTeMax, MepecTpodKa Auarpamm
LbIHKMHA, BAMAHWE Ha raMUNbTOHWAH B3aUMOLEWCTBUS, No-
HWXXEHWe pasMepHOCTM monyyatoleiica Toga cuMcTeMbl M no-
aBMeH1e CBOGOAHbIX ypaBHeHWI uccneposaHsl B [13], a cBasb
KOHTPaKLMiA 1 npeoBpasoBannid baknynpa ona A,,- Lenouxu
Tonbl oTMeyeHa B [14].

B pabore [15], ocHOBbIBasCb Ha CUCTEME YPaBHEHMH, U3 KO-
TOPOW CriefyeT ypaBHeHWe Hynesol KpueuaHbl [10, 16], Gbinm
HanpeHbl npeobpasoBaHusa baknyHpa pna A, -uenouku To-
Abl, cBA3bIBatowwMe ee ¢ A,,_1- Lenoykoi Tonbl ¥ CBOBORHBIM
ypaBHeHueM Jlannaca. AHanoryuHblit pesynbTar nonyyeH ans
B,,, C, u Go-uenouek Topbl. OTctopa cnepyet,utoc L — A
napoit accouuupylotca fBe anrebpbl Jlu, oTBeyatowme nep-
BOHauanbHOMY YpPaBHEHWIO U YPABHEHUIO, CBAIBAHHOMY C HUM
npeobpasoBaHueM beknyHpa u uto camy L — A napy MOXHO
MOHMMaTb KaK pesysnbTaT HEKOTOPOii KOMNO3ULIMM ABYX anrebp
Jn — UCXOHOM N KOHTPAKTUPOBAHHOMN.

A. TlyaHkape ucnonb3oBan ypaBHeHue Jlysunng B 3apa-
ue 06 yHUthopMU3aLLMM puMaHoBbIX noBepxHocTed [17] u foka-
3ar CyLeCcTBOBaHUE peleHus ypaBHeHus JinyBunnsa ons non-
HOW KOHDOPMHOM METPUKM OTPULLATENbHOM KPUBK3HDI C onpe-
LENeHHbIMU aCUMMTOTUKaMKU B OKPECTHOCTSX 0COBbIX TOUEeK.
Takoe peweHWe onpepensietT Ha cepe C BbIKONOTbIMU TOY-
KaMu MONHYI0 METPUKY OTPULLATENbHOM KpUBU3HbI. Pewenns
ypaBHeHus JIMyBunns, ¢ onpefeneHHbIMA aCUMNTOTUMKaMK B
MPOKONOTbIX TOUKAX U CUHFYNSAPHOCTSMU ONPERENneHHoro Tu-
na Ha 3aMKHYTbIX KOHTYpaX, UHTEPNPETMPYEMble KaK FOPU30HT
YepHOW [Ablpbl, MOTYT TPAKTOBATbCS KaK PeleHns TUna yep-
HbIX Ablp. Ha ocHoBe pe3ynbTaToB MarucTepckoi guccepra-
umu B.W. CmuproBa 1918 r. pna cnyyas yeTbipex npokosnoB 6bi-
NV SBHO OMUCaHbI BCE peleHns Tuna yepHbix apip [18]. Y ypas-
HeHus JIYBMNNS ecTb M CONUTOHHbIE pewenus [19,20].

Knaccuueckas Teopus [luyBunns — 31o Teopus nons, cBs-

3aHHag c runepbonuuecKUMM pUMaHOBBIMUA MOBEPXHOCTAMM.
MonHble KOH(OPMHbIE METPUKM Ha PUMAHOBOM MOBEPXHOCTH
SIBNISHOTCS KNAaCCUYECKUMM NONsMU TeOpUH, a ypaBHeHue Jln-
yBUNNS — ypaBHeHWeM Jnnepa-JlarpaHxa [Ans coOTBETCTBY-
touero thyHkumoHana [21]. Mpumep knaccuueckoro nons Jlu-
yBunna paso6paH B [22].

Pewenus (2) nexat B ocHoBe KBaHTOBOM Mogenu Jinyeun-
nq — 6asoBOro npuMepa KOHAOPMHOMA Teopumn nons. PyHK-
LM f W g UrpatoT 30ech ponb CBOGOAHbIX MONEH U HyNeBbIX
mop, [23]. B Teopuu CTpyH KBaHTOBOE none JIMyBUNAS BO3HU-
KaeT KaK KOH(hopMHas aHOManus 1 UrpaeT BaxHyIo ponb [24].

B pmaHHoM paoTte npepfioXeHo MCMONb30BaTb HUMbMO-
TeHTHble o6pasyiolme M anre6panyueckuil BapuaHT KOHTpaK-
unn [12] anq npeacrasnexus ypasHenui Niuysunna v Nannaca
uepes ypaBHeHMWE HyNeBoM KPUBU3HbI U HAXOXKOEHMS CBSA3U UX
pelleHun.

1. Teometpun Kanu-KneiHa u ypaBHenue Jlu-
yBunns

CornacHo nporpamme @. KneitHa, NpoeKTUBHAa reoMeTpus
W ee rpynna OBWXXEHWUA MOTYT CYXUTb Ga3ol ons mocTpoe-
HUQ reoMeTpuil. Kaxxgon us pesatu reometpuit Kanu-Knen-
Ha OTBEYaeT MoArpynna NpPOeKTUBHOM rpynnbl, T.e. MOArPyn-
na Matpu, 3 X 3, KoTopas 3afaeTcs COOTBETCTBYHOWWM abco-
ntoToM. HekoTtopble U3 3TMX NOArpynn CBs3aHbl NpepenbHbl-
Mu nepexopamu. CylwecTyeT TaKkxe rnybokas cBs3b pasnuu-
HbIX BUL,0B KOMMEKCHBIX M FMMNEPKOMMNEKCHBIX YMCEN C reo-
MeTpuamu Kanu-KneiHa [25]. OTMETMM Noaxof K NOCTPOEHUIO
reoMeTpui, 0CHOBAHHbIN Ha NpUHLMIE EHOMEHONOrMYECKON
cummerpum [26,27].

Mbl cnepyem nogxogy, npepnoxeHHoMmy P.M. lumeHoBbIM
[28], rne mBymepHble reometpun Kanu-KneiHa (puc. 1) Mope-
NIMPYIOTCA B BUAE LBYMEPHOW Chepbl C UMEHOBAHHbIMU KOOP-
OMHaTaMu, KoTopble MOTYT BbiTb BEWECTBEHHbIMU, MHUMbIMM
W HUNbnoTeHTHbIMMU [12, 28, 29]. Ucnonbaya napameTpbl j, =
1, t, 7, UMEHOBaHHbIE KOOPLMHATbI MOXHO NPEACTaBUTb B BU-
0e Xo, j121, j1j2%2, T, € R 1 C NoOMowbIO HUX peann3oBaTb
[eBATb reoMeTpuit Ha NOBEPXHOCTAX

g + jiat + jigses = R, (7)
B MPOCTPaHCTBaX C METPUKOM
ds* = (dxo)* + j3(dxy)? + jija(dwy)?. (8)

lpynna [BWXeHWI ccepbl M30MOPGHA OPTOrOHaNbHOI
rpynne SO(3). Tpynnbl ABWKEHUIA OCTanbHbIX ABYMEPHbIX
reometpuit Kanu-KneitHa MoryT 6biTb nonyueHsl U3 SO(3)
KOHTPAKLMAMM M aHaNUTUYECKUMU NpogosxeHusmm [12]. Te-
HepaTopbl COOTBETCTBYIOWMX anre6p JIu nonyuatoTcs U3 reHe-
patopoB anrebpbl Jn so(3) BOMHOXEHWNEM Ha NapaMeTpbl jy

X =X, Y=5Y Z-=j557,

roe X,Y, Z — reHepatopbl BpalleHUit B ABYMepHbIX Mnoc-
koctax {xo,z1}, {x1, 22}, {xo,z2} cooTBETCTBEHHO. 3TU
npeobpa3oBaHUs NPU HUMbMOTEHTHBIX 3HAYEHWUSAX j, COOT-
BETCTBYIOT npeobpa3oBaHMUAM KOHTpaKuuit MHeHo-Burhepa.
KoMMyTaLMOHHbIe COOTHOlWEeHNS uMetoT Bup, [12]

(X, Y]=2, [Y.Z]=jiX, [Z,X]=5Y. ()
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PucyHok 1. [1ByMepHble npocTpaHcTBa Kanu-KneiHa.
Figure 1. Two-dimensional Cayley-Klein spaces.

Lng puMaHoBbIX (jo = 1) 1 NCeBAOPUMAHOBLIX (jo = 1)
ABYMEPHbIX MPOCTPAHCTB NOCTOAHHON KPUBU3HBI METPUKY

MOXXHO MPEeLCTaBuTb B KOHPOPMHOM Buae [4, 5]
ds® = e¥ (de + jgdyQ) =e"dzdz, (m
o= (14+ K (24 53y%)" = 1+ K22, (12)

roe z = x + ij2y, Z = x — 1j2y. B 3T0M cnyvae rayccosa
KpuusHa K umeet eug [4, 5]

u 2 2 2
K = _ & (8 +]§8y> u=—2e ¥ 07u . (13)

020Z

Ecnu kpuBM3Ha NOCTOAHHA, TO ANS yHKUMK u = u(z, Z) no-
nyuaem ypasHeHue Jinysunns (1)

102 0 0%u K,
i (5 + 05) e W

“= 9.0z 2

Nio6as noeepxHocTb ¢ puMaHoBoit MeTpukoid (1) (jo = 1)
MOCTOSHHOM KpuBM3HbI K NOKanbHO M30MeTpuuHa chepe S2
npn K > 0, eknupgosoit nnockocth R2 npu K = 0 unm
nnockocty Jlo6auesckoro H? npu K < 0, KoTopble 9Bnsi-
t0TCSl YHUBEPCANbHBIMU HAKPbIBAOLLMMU NOBEPXHOCTAMU N1
BCEX MOBEPXHOCTEN COOTBETCTBEHHO MONOXKMTENbHOM, Hyne-
BOW WM OTpULLATENbHOW KpUBU3HLI [4, 5]. Nio6as nceBopuma-
HOBa MoBepxHocTb (jo = ) ¢ MeTpukoit Bupaa (11) nocTosH-
HOI KPWBU3HbI NOKANbHO U3OMETPUUHA OLHOMONOCTHOMY -
nep6onoupy Lo (K # 0) unn nnockoctu MuHkosckoro Ry o
(K = 0). Takum o6pasoM, ypaBHeHue JlnyBunns umeer oT-
UYETNMBbIA FEOMETPUUECKUI CMBICT U CBSI3aHa C BHYTPEHHEIA
reoMeTpueit NOBEPXHOCTEN B EBKIMA0BOM MW NCEBLOEBKIIN-
[,0BOM MPOCTPaHCTBaXx.

PaccMoTpum Gonee noppo6HO, Kak nonydyakTcs 3T top-
MyJibl, XU HAUHEM C TPEX PUMaHOBbIX reomMeTpuit Kanu-KneiHa
(j2 = 1) — ctepol, nnockocteit EBknupa u JlobaueBcKoro.
Cdepa paguyca R (puc. 2) sapaerca ypasHeHuamu (7) u (8)
C j1 = jo = 1.Tlpu cTepeorpacimueckoit NpoeKLUM Ha IKBa-
TopuanbHyto nnockoctb o = 0 u3 Toukmn (R, 0, 0) MeTpuka

ciepbl NpuHUMaeT KoHtdopMHbIi Bua (11) [4, 5]

2 2 4 ~
2 dz* + dy _ dzdz (15)

A+ K (@2 +32)° A+ K[

3Aecb z = x -+ 41y - KOOPAMHATbI CTepeorpagmMueckon npo-
€KMW COOTBETCTBYIOW el Touky cthepbl M (g, z1,x2), K =

1
T2 ~ [@YCC0Ba KpMBMSHa cthepbl.
Zo
R

2 X A

PucyHok 2. Ctepeorpaduueckas npoekums cepbl So. Chepuueckas nnoc-
KOCTb.
Figure 2. Stereographic projection of the sphere Ss. Spherical plane.

K nnockoctu Nlo6aueBckoro (j1 = 4, jo = 1) MOXHO NpuiiTy,
paccmaTtpuBaq ncespocdepy paguyca R (puc. 3)

r2— 22 — 13 = R? (16)
B NCEBAOEBKNML0BOM npocTpaHcTee RY ¢ meTpukoi
ds® = (dxg)* — (dw1)* — (dx2)?. (1)

Mpu cTepeorpatmueckoit NPOEKLUM BEPXHEN MONOBUHbI M-
nepBononaa Ha nnockocTb o = 0 u3 Toukn (— R, 0, 0) MeT-

puKa Ha nnockocTu Nlo6aueBckoro (Mopens MyaHkape) npuHu-
Maet KoHtopMHbiit Bug, (11), (15), roe K = — |z| <1

[4,5].

ﬁ-

Zo

PucyHok 3. Ctepeorpaduyeckas npoekuus runepbononga. Mogens MyaHkape
nnockoctu Jlobauesckoro Hs.

Figure 3. Stereographic projection of a hyperboloid. The Poincare model of
the Lobachevsky plane Ho.

Takum 06pasoM, KOHDOPMHYHO METPUKY U ypaBHeHus Jln-
yBunna ans cdepsl, nnockocten EBknupa u flobaueBckoro

2
s K = ‘7—12 MoxHo 3anucatb B Buge (11),(12) n (14). fe-
nas npeobpasoBanue z — f(z), nonyyaem MeTpuKy u obLiee
peleHue
4| 1,2 411,12
d82: ‘f | - 27 eu: |f ’ 5.
(1+ K[f[*) (I+KI[f]?) -

OTMETMM, UTo eCNn Y Hac ecTb Kakoe-HuByap peweHme u(z, Z)
ypaBHeHus JIyBunns, 10 yHKLMA

U(z,2) = u(f(2), f(2)) f-(2) f=(2) (19)

TOXKE By[eT peleHneM, KOTOPOe MOXHO MONyYnTb U C MOMO-
wbto cummetpuit (4).
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AHanorMuHo MoXHo paccMoTpeTb NCeBAOPUMAHOBbI NPo-
CTPaHCTBA NOCTOAHHOM KPUBK3HDI (jo = 1), ypaBHeHus JIu-
yBUANA ANg HUX 1 nonyuntb dopmynsbl (11)-(14). 3peckb ectb
TPW TMNa NPAMbIX — BpeMeHUNofo6HbIe, TPOCTPaHCTBEHHOMO-
n06HbIe U CBETOBbIE, HE COBMeLLaeMbIX ApYr C APYroM ABuxe-
HUSIMU. 3TV TeOMETPUM NPUMEHAOTCA L1 MOAENeN NPoCTpaH-
CTBa-BpeMeHu — aHTu-fae CutTepa, MuHKoBCKoro v fie CutTe-
pa (puc. 4).

PucyHok 4. OgHononocTHoi runep6onoung Lo (MpocTpaHcTBo-BpeMsa aHTH-ae
Curtepa AdSs).
Figure 4. One-sheeted hyperboloid L2 (anti-de Sitter space-time AdSa2).
B nonypuMaHoBbIX NPOCTPAHCTBAX C jo = Lo NOABNAIT-
Cq [ABa TMna NpAMbIX, He COBMeLW,alWmnxca oBUXKEHUAMU ITUX
FEOMETpVIi'IL Oﬂ,Ha M3 HUX Mopenupyetcda ayalbHbIM YUCIIOM,
YTO NPUBOAUT K BOSHUKHOBEHUIO A BYX METPUK: B 6ase 1 cnoe.
370 nosBonget NPUMEHATb NoNypUMaHOBbI reoMeTpumn K onn-
CaHMI0 ABYX PasHblX PU3MUECKUX BENTUUMH, HanpuMep BpeMe-
HU U NPOCTPaHCTBa, T. €. CNY>XUTb MOA4eNdaMU NPOCTpaHCTBa-
BpeMeH [12,28,29]. Mbl Ux 3aecb paccMaTpuBaTh He ByneM.
LuddepeHumnpysa ypasHenune Jinysunna (14) no z

K

Uzzz = _Eeuuz = UzzUz, (20)
nonyyaeM, uto W (u,,,u,) = W(z), roe
1
W(z) =u,, — iuﬁ (21)
9BNETCS roNOMOPQHON (hyHKLMEN OT z
0 1,
= up — =2 ) =0. 22
0z (“ 2“Z> 22)
06o3Hauas p = u,, nonyyaeM ypaBHeHue Pukkatv
1
Pz — §p2 = W(Z), (23)

KOTOpOE NErko MHTerpupyetcs.
OTMeTUM, uTo hyHKLMS ) = ez UrpaeT BaXKHYH ponb B

TEOpWM ypaBHeHus JTuyBUANS 1 yo,0BNeTBOPSIET YPaBHEHUIO

0% 1

— + Wy =0. 24

0z2 2 v (24)
B kBaHTOBOM Teopuu JIMyBUnns none i) OMUCbIBAET BbIPOX-
LEHHbII Ha ypoBHe 2 BekTop B Mogyne Bepma anre6pbl Bu-
pacopo [18]. C ypaBHeHueM (24), B koTopoM tyHKumua W (z)
B CNyyae 1 0CcoBbIX TOUEK UMEEeT BUL,

n—1
1 Ck
W(z) ~ Z <2(z — 21)? * z— zk> @)

k=1

®. KneitH u A. MyaHKkape cBa3biBanu 3afauvy 06 yHUthopMu-
3aLIMM pUMaHoBbIX NoBepxHocTei, a AM. Monakos o6Hapyxun

[24,30], uto peiicTBue ypaBHeHUa JlyBunng .S, BbluMCIEHHOE
Ha KIacCUYecKoM peLleHum, SBNSeTCs NPoM3BOAAILENA (YHK-
LMer 4Ns aKLEeCcCOopHbIX MapaMeTpoB ¢y, Fae

o= LS
ke 271'82]6-

2. NpepcTaBneHne HyneBoi KpMBU3HbI ypaBHe-
Huga Jluysunna

-2
VpaBHenue Jluysunnga (14) ¢ K = %,jl = 1,11 MoXeT
BbITb 3aNMUCaAHO C MOMOLLbI NPELCTABNEHNUS HYNEBOM KPUBM3-
Hbl ans anrebpbl Jln si(2) unu so(3). Mbl pasbepeM 3pechb
BapuaHT anrebpbl s/(2). ng anre6psl so(3, 7) Bupa (9) Bce
aHanoruyHo. YpaeHenue (14) ABnaeTcs ycnoBMeM COBMECTHO-

CTn

ou oV
—_—— = = 26
0z 0z +HUV]=0 (%)
NS Nepeonpe/eneHHoN CUCTEMb ypaBHEHUI
ov _ ov _
5 = U(z,2)¥, 55 = V(z, 2)0,
vy
U = . 27
(5 @)
roe
U= 1)11’1 + wie, V= ’Ugh + U)Qf. (28)

3pech v;, w; — GYHKUMMA OT 2 W Z COOTBETCTBEHHO U =
In(—4w; ws), h, e, f — reHepatopsl anre6psbi si(2, j;)

0 ﬁ) (o o>
e= R f= i ,
(0 0 L0
1 0
h:<0 _1)7 (29)

KOMMYTALWOHHbIe COOTHOWEHUA MeX Y KOTOPbIMU UMET BUL,

le,f] = Kh, [h,e]=2e, [hf]=—2f. (30)

Kpueu3Ha K, KOTOPYH0 MOXHO MHTEPMPETMPOBATb Kak nocTo-
aHHyl0 B3auMopeicTems B (14), urpaeT ponb napameTpa KoH-
Tpakumu anredpsl Jn si(2) (30). NMpu K = 0 (j; = ¢1) an-
re6pa I sl(2) nepexogut B anrebpy I rpynnbl ABUXEHMIA
MNOCKOCTK, @ ypaBHeHue JlyBunns — B OBYMEpHOE ypaBHe-
Hue MNannaca eupa (5) [9,10], peweHns KOTOPOro Xopowo u3-
BECTHbI

$(z,2) = f(2) + 9(2). (31

Cuctema (27) v ycnoBMe COBMECTHOCTM (26) pmonyckatoT
eCTeCTBEHHYI0 reOMeTpUueckylo uHTepnpeTaumio [16]. U n V
MOXHO paccMaTpuBaTh KaK oKanbHble KO3(MULIMEHTbI CBS3-
HocTH B TpuBHanbHoM paccnoern C x C?, rae C urpaet ponb
6a3bl, a U nexur B cnoe C2. Mpu aTom BekTop W KOBapuaHT-
HO MOCTOSIHEH, a cBA3HOCTb (U, V') MMeeT HyneByo KPUBU3HY.
Korpa napametp j; paBeH fyanbHomy uucny, B cnoe U ectb
BblAeNEHHOE HamnpaBneHue.
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MpencrtasneHve ypasHeHus JIMyBUANS B BUAE YCOBMS
(26) cnpaBennuBo 49 LENOro Knacca KanuBpoBOUHO 3KBM-
BaneHTHbIX cBA3HocTen U n V

U— %G‘l +GUG™!,
0z

V- a—C_JG_1 +GVG! (32)

0z
W 03Hauaer cyllecTBoBaHMe BeCKoHeuHoro HaBopa uHTerpa-
0B [BUXEHU — 3aKOHOB coxpaHeHus [16]. Hannuue uHTe-
rpana W (z) (21), He 3aBuCSLLEro OT KpUBM3HBI /X, No3BoNseT
Hanucatb paBeHcTBo [9]

oz, (33)

KoTopoe W siBnseTcs npeobpasoBaHueM baknyHaa, cBA3bIBa-
IOLLMM pelleHne ypaBHeHuUs JTyBuIns u C pelleHueM ypaBHe-
Hus Jlannaca ¢. B akBMBaNeHTHOM BUE ero MOXHO npepacTa-

BMTb KaK
0 0 1
—¢ §(¢_“) —

0z <e 92° ) 0, (34)

MPOMHTErpUPOBaTHL W NOAYuUTh pelwenue suga (2) [9]

U 4f292
(§

= 35
(1+ K fg)*’ %)

rge f M g — Npon3BOMbHbIE GYHKLMM OT 2 W Z COOTBETCTBEHHO.
Takum 0bpasom, pelweHnus ypaBHeHus Jlannaca, koTopoe nony-
YaeTcs Npu j1 = 1 W KOHTPaKuum sl(2), No3BoNsioT CTPOUTH
peleHus ypasHeHns (14).

Monbaysicb KanuBpoBouHbIMM npeoBpasoBaHuamn  (32)
ceasHocTen U 1 V, BbibepeM yHKLMK v; U w; B BULE
eu

Vg = 07 Wy = %7 (36)

Uy a
U1 = —?7 wy = —5,
rAe a — NpOM3BONbHbIA NapaMeTp, 4 pacnuiueM nogpobHee
CcUCTeMy ypaBHeHuH (27)

0 i2a
2&\111 = *’U/Z\l’l — %\PQ,
0
2&\112 = UZ\IIQ,
0
y\lll = Oa
o . (37
€
Ty, = v,
9z ° 2aR '

MpoauddepeHLpoBaB NepBoe PaBeHCTBO MepBOi CHUCTEMb
no z, NoAyuuM Ana dyHKumun ¥ ypasHeHue tvna (24)

0? 1 1
Gt (- g) =0 G

LOucdepeHumpys (38) no Z MoXHO ele pa3s yoeauTbCA B TOM,
yto W (2) (21) ABNsieTcs MHTErpanoM ABUXEHUS U He 3aBUCUT

v
oT Z 1 kpuBmu3Hbl K. 0603Havas = In \1172 1 BBOAS (hyHK-

1
LMo ¢ = u — 27, MOXHO nepenucatb cuctemsl (37) B BUae

)
%(¢ —u) = %e%(uw’ (39)
J L b9
£(¢ + U) = Ee 5

KoTopas aBnsetca npeobpasoBaHueM baknyHpa u cBsi3biBa-
eT peweHns u(z, z) ypaBHeHus Jiuysunns (14) v peweHus
¢(z, Z) ypaeHeHua Nannaca (31). B pa6ote [15] 6bino oTme-
UEHO, UTO B TAKOM 3aM1CH ypaBHEHUS HYNEBOM KPUBU3HDBI MpU-
obperatoT Gonee CUMMETPUUHYIO (DOPMY, U BbISBNSIETCS UX [0-
NOMHUTENbHAs CTPYKTYpa, KOTOpas roBOPUT 0 TOM, UTO C HUMM
accouuupytotca age anrebpbl JIn — ogHa, oTBeyYatowWwas ypas-
HeHuio Jlnysunns, u fapyras, oTBevalowas ypasHeHuw Jla-
nnaca. Ucnonbays npencrasnenus (29), (30), Mbl onucbiBaeMm
[Be anre6pbl: UCXOAHYI0 U KOHTPAKTMPOBaHHYIO, LeNCTBYio-
liMe B [iBYX PasHbIX ABYMEPHbIX KOMMIEKCHbIX NPOCTPaHCTBaX
W (27), 0oHO M3 KOTOPbIX MMEeT BblAeNeHHOe HamnpasneHue,
OnuCbiBaeMoe AyasnbHbIM UMCIOM. 3Ta e KOHCTPYKUMS AN
BHYTPEHHEro NpoCcTpaHCTBa NENTOHOB W KBapKOB B 3M1EKTPO-
cnaboit Momenu ucnonbsoBanack B [12]. UksapuanT (33) co-
XpaHsaeTca B 0601X NPOCTPaHCTBAX.

Mepexof, K nepeMeHHOM MPOEKTUBHOMO TUMa 7) N03BONA-
€T 1aTb UHTEPMPETALIMIO U Ha A3bIKE NPOEKTUBHON FeOMETPUM.
B 3TOM cnyuae UMeeM Ba NpoeKTUBHbIX npocTpaHcTea C P!,
Ha O[IHOM W3 KOTOpbIX BBEfeH abconiotr RPY.

CeasHocT U 1 V' MOXHO NpefcTaBuTh B BUE

U=g.9", V=g9",
_ A 5B
g= ( i D ) ) (40)
Bocnonbsosaswmck (32) 1 (36) n pacnucbiBasi ypaBHeHUs
9. =Ug, gz =Vy, (41)
UMeeMm
0 J3 0
282A u, A aRC, 9z )
0 el
290, 220 = 24,
0z 0z aR
0 0 (42
a
T p—=_ - — —B=0
25 B=—u.B~ 3D, e :
o o . jie"
2&D—UZ.D, gD— R B.

3TV ypaBHeHMs UMeIoT TaKoil xe Bup, Kak u (37). Jlerko
BbIBOAMUTCS, uT0 0THOWeHUs A/ B u C'/ D He 3aBUCAT 0T z U
Z COOTBETCTBEHHO U ABNAKTCA (DYHKLMAMMU, C NMOMOLLbI KOTO-
pbix cTpoutcs pelenne (35) [23]. Tak xe, Kak v B (37), Hecnox-
HO MONyyYuTb MHTerpan ABuxenus 1 (z) u npeoGpasoBaHus
BaknyHpa.

MpeobpasoBaHus baknyHpa U cBA3aHHble C HUMU KOH-
TpaKumu anre6pbl JI1 MOXHO CONOCTaBUTL C 06bIUHON TeopUeit
BO3MyLLEeHMI [9], 0TOXAECTBNAA NOCTOAHHYIO B3aMMOLENHCTBMS
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K c napaMetpoM KoHTpaKuuu anrebpbl si(2). Pewum ypasHe-
Hue (1), pasnaras v B pag no napametpy K

u(z,y) = o(z,t) + K@y (z,y) + K*®a(z,y) + ...

VpasHenus ans O, umetor sug, [17]

1
(P0)ay =0, (P1)ay = _Ee%v
1
(®2)zy = _5 (ecI>0+<I>1 - e‘1>0) )
(q)g) y = 71 (e‘I’o+¢>1+¢’2 _ e‘I’o-‘r‘I’l)
xr 2 )

WHTerpupys aTv ypaBHeHus, NonyyaeM psaf TEOPUM BO3MY-
LLEHWIA, YNEHbl KOTOPOro ABNATCA (YHKLMAMM OT pelleHus
ypaBHeHus Jlannaca.

3aknioueHue

Mbl Mcnonb3oBanu npefcTaBneHWe HYNeBoi KPUBU3HBI
W BBENU OnpefeneHHbIM 06pasoM napameTp j;. 3HauYeHWio
J1 = 1 cootBetcTByHT ypaBHeHue Jlnyunng, anrebpa Jlu
sl(2) v cnoit Co pns BekTop-tyHKUMM W. Mpu j; = ¢4 Mo-
nyyaem ypaBHenue Jlannaca, anrebpy Jlu e(2) u cnont Co(¢1),
B KOTOPOM eCTb BblleNeHHOe HanpaBneHue. NHTerpan gBmxe-
HMSl, KOTOPbIA HE 3aBMCMT OT 3TOr0 NapaMeTpa, CBA3bIBAET pe-
WweHWs ypaBHeHus Jluysunna v flannaca u aBnsertcs npeo6-
pasoBaHueM baknyHpa.

TakuM o6pasoM, anre6paMuecKkuin BapuaHT KOHTpaKLuu
sl(2) no3Bongert, Haxo#ACh B paMKax NpeLcTaBneHus MaTpu-
Lamn 2 X 2, eguHblM 06pasoM onucatb ypaBHeHus Jinysunns
v Jlannaca ons npencraBneHus HyNneBoi KpUBM3HbI U CBA3aTb
UX pelweHuns nocpencTsoM npeobpasosaHus baknyHpa. 3tot
METOf, MOXHO WUCMONb30BaTb M ANS UCCNERO0BaHUS WHTErpu-
pyeMbix Mopieneit ona anrebp cepuit A,,, B, M T.4.
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Abstract

The classical and quantum problems of motion of two parti-
cles in a three-dimensional Lobachevsky space is formulated
with respect to center of mass with arhitrary position. The
Hamilton-Jacobi and Schrdédinger equations of the problem
are formulated and their solutions are found. It is shown that
the reduced mass of the system depends on the relative dis-
tance. The classical and quantum problems of a rigid rotator
in three-dimensional sphere and Lobachevsky space are for-
mulated and solved. The dependences of the oscillation peri-
ods of the rotator on the ratio of the masses of the particles
forming it are studied for a fixed total mass in the cases of
spaces of constant curvature.

Keywords:

two-body problem in non-Euclidean space, center of mass,
rigid rotator, space of constant curvature

Introduction

By analogy with the constructions and conclusions of
works [1, 2] and relying on the definition of the center of
mass given in works [3], we postulate its immobility in spaces
of constant curvature, in this case in the three-dimensional
Lobachevsky space, and consider the problem of two particles
with an internal interaction described by potential, depend-
ing on the separation hetween particles. The essence of the
statement, which replaces the formulation of the theorem on
the center of mass in the three-dimensional Euclidean space,
is that in spaces of constant curvature: Lobachevsky, on the
3-sphere and in three-dimensional elliptical space, there is
a frame of reference in which the center of mass of the sys-
tem of particles is at rest.

1. Variables of the center of mass and relative
coordinates for a system of two particles

Since the formalism used below, despite the fact that it al-
lows one to unify the description of the geometries of a num-

0 KnaccuuyecKou

U KBaHTOBO-MeXaHMYeCKoW 3apaye
ABYX MaTepuanbHbiX TOUeK

B TPEXMEepHOM NpocTpaHcTBe
JNlo6aueBckoro

H0.A. KypoukuH, H.JI. lWaikoBckas, [1.B. LénkoBbin

WUHCTUTYT dnamnkmn umenn b.U. CtenaHosa
HauuoHanbHoi akapemuu Hayk benapycu,
r. MuHck, benapycb
y.kurochkin@ifanbel.bas-net.by
n.shaikovskaya@dragon.bas-net.by
shoukavy@ifanbel.bas-net.by

AHHoTauua

Knaccuueckas v KBaHTOBas 3a,aum 0 ABMKEHUM ABYX YacTuL,
B TpexmepHoM npocTtpaHcTee Jlobauesckoro cchopmynmpoBa-
Hbl OTHOCHTENbHO LeHTPa Macc C NPOU3BONbHbLIM MONOXKEHM-
eM. BbinucaHbl ypaBHeHus FamunbtoHa-Ako6u u LWpépuHre-
pa 3ajauu M HailfeHbl ux peweHus. MokasaHo, uto npuse-
AeHHasa Macca cUCTeMbl 3aBUCUT OT OTHOCMTENbHOIO paccTo-
aHuUe. CchopMynupoBaHbl U pelleHbl Knaccuyeckas U KBaHTo-
Basl 3af,auy JKECTKOro poTaTopa B TpexXMepHoil cthepe U npo-
cTpaHcrtBe JlobaueBckoro. MiccnepoBaHbl 3aBUCUMOCTH Nepy-
0A0B Kone6aHuit potatopa oT OTHOwWeHMS Macc obpasylowmnx
ero yacTuy, npu (UKCMPOBAHHOW MONHOW Macce B clyuasx
NPOCTPAHCTB NOCTOSHHOW KPUBMU3HDI.

KnioueBble cnoBa:

3aj,aua AABYX TeN B HEeBKNMAO0BOM NPOCTPAHCTBE, LIEHTP Macc,
JKECTKMIA poTaTop, NPOCTPAHCTBO NOCTOSAHHON KPUBU3HbI

ber of three-dimensional and two-dimensional spaces of con-
stant curvature (and therefore convenient), is not widely used,
we are forced to present some calculations similar to those
used in [1-3]. The problems associated with the separation
of variables, including those in spaces of constant curvature,
can also be found in [4]. To formulate and solve the prob-
lem in three-dimensional Lobachevsky space, instead of bi-
quaternions defined over double numbers, biquaternions over
complex numbers will be used.

The following definition of the center of mass coordinates
of two particles with masses m and ms is used

le(l) + mQX(2)

Vi X® + my X @) (my X0 4 my X @)

(1)
Here the corresponding biquaternions are given over the
complex numbers, and not over the double ones, as it was
in the case with the 3-sphere [1,2].

Xe=1
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The three-dimensional independent coordinates of the
center of mass will be the components of the vector

Xo ' mlX(l) +m1X(2)
Q=% e ™ ' xD @
leO + mgXO

The coordinates of two material points in the embedding four-
dimensional space will be the components of the biquater-
nions:

x® = iXél) +X(1)’ x@ — iXéQ) _'_X(?)’ 3)

where i2 = —1. The ends of the vectors (biquaternions) lie
on the upper field of the pseudo-Euclidean space hyperboloid,
on which the real Lobachevsky space is realized. For conve-
nience, the radius of space curvature is assumed to be unity.
Then

XOXLH =1 Xx@AX® = 1, (4)

As independent coordinates, it is convenient to use the Bel-
trami coordinates, which are components of vectors on the
sphere [5]

x(1) x(2)
g(l) - _Z — (1)7 g( = _7/ — (2) 5)
XO XO
with the law of addition (subtraction)
N = i [
¢=Q=+0) ="~ (6)
(9 +4) 1F(a,9)

coinciding with the composition law of F.I. Fedorov [6]. Here,
parentheses denote the usual scalar, square brackets denote
the vector product of vectors. In variables (5), expression (2)
has the form

mig™® //1+ (@M)2 + meg®/y/1+ (@@)2
mi/y/1+@D)2 +my/y/1+@@)?
(7)

As noted earlier, expression (7) for the coordinates of the cen-
ter of mass coincides in form with a similar expression for
the coordinates of the center of mass in a three-dimensional
flat space, in which the expressions for constant masses
my and my are replaced by mass expressions with the de-
pendence of masses on coordinates m/1/1 + (V)2 and
ma/+/1+ (4@)2

We also note that this definition coincides with the defi-
nition given in [6], if we take into account that g2 = —th?r,
where 7 is the distance between two points. As it follows from
the formula (7) (and shown in [7]), such a definition can be
generalized to an arbitrary number of particles. The biquater-
nion analogue of the relative variable for two given particles
is the operator

dc =

Yig = -X@XW 8)

defined as
x 2 — me(l). (9)

Independent three-dimensional coordinates of relative mo-
tion, defined as components of the relative motion vector

o= Y2—Ya_ [ X® XA
Y Y, Y Xéz)v Xél)

4@ — g — [g@, q]
1+ (q™,g®)

=(@?,-g") = (10)

Let us also introduce four-dimensional Y; and Y5 and three-
dimensional gg(ll), 92(11) coordinates of points relative to the
center of mass, determined similarly to (8) and (9), namely

XM =y, Xe, X® =Y, X¢, m
moreover
Y = —-XWXe, Yo =-XPXo.  (12)

It is clear that

Y = YoV, (13)

Then for the first particle

oo 2
gV =ity =
X

I+ /1 +9§, Xoc

=", a0, (14)

and for the second one we get:

R TTE Ko

= (@Y, q0). (15)

where g and g(® are defined from Y; and Y5 respectively.
It is easy to verify the validity of formulas (14) and (15) by di-
rect calculation. It should be noted that g*) and g are ex-
pressed in terms of relative variables g, and center of mass
variables g..

From (13) it follows that

g, = (@®,—q") = @, —g"). (16)
The variables introduced satisfy the relations

XcXo=-1, YpYia=1,

ViVi=1, Yo¥o=1. (1)
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2. Two material points on S3. Non-relativistic
classical problem
The action for the problem of two material points in three-

dimensional space, interacting with forces that depend only
on the relative variable, we write in the form [1-3]

W= /[1(m1X(1)X(1)+
2

+m2X<2>5(<2>) - V(Ym)}dt. (18)

Here it is immediately taken into account that the operation of
differentiation and conjugation are commuting. The dot above
the letters denotes differentiation with respect to time. Ex-
pression (18) will take a standard form if we pass to indepen-
dent variables g™ and g®. In this case

1 (1) -
W= [ [5(migala™i "+

+m29ab(g(2))qg2)Q£2)) - ¢(qy):| dt, (19)
where
1 qaqp
b = ——— | Oap — 20
Gab 1+ ¢ b 1+ (20)

is the metric tensor of the three-dimensional Lobachevsky
space in variables that are components of vectors on the
sphere. In expression (19), according to the accepted assump-
tion, we set g = 0 and write it in spherical coordinates.
Then

1 . .
W = / lQ (mlf"f + my sh®ry (9% + sin? 9¢%)+

+m27‘§ +1mg sh? 7y (05 +sin? 0¢>§)) —U(ry2) | dt. (21)

Replacing in (21) the coordinates of individual particles with
relative variables 7,6, ¢ in accordance with formulas (14),
(15) with g, = 0, we get the following expression for the

action
W=/l;(un(r)f‘2+

iy (r)sh? 7 (62 + sin® %2)) —Ur) |dt,  (22)

where we have introduced the longitudinal reduced mass of
two material points

2
m3 + mymg chr
=m
al "\ 'm2 +m2 + 2mymy chr

2

2
mi +mimachr

23

+m2<m%+m§+2m1mgchr> 23)

and the transverse reduced mass

mlmg(ml + 777,2)

L= (24)

m2 +m3 + 2mymg chr’
The Hamiltonian of the system is therefore equal to

H = %[un(r)f%r

+11 (r) sh® r(92 + sin? 9(1.52)} +U(riz). (25)

It is easy to check that the expression for the Hamilton func-
tion (25) in the flat limit » — O transforms into the Hamil-
tonian function of the plane problem for a reduced mass par-
ticle. The corresponding coefficients transform into the ex-
pression for the reduced mass

mims
. my + Ms ' (26)
Thus, in spaces with curvature, reduced particle masses can
be interpreted as dependent on coordinates, as it also seen
from (7) (see also [8]). The same is true for composite sys-
tems: the reduced masses are functions of the coordinates.
Taking into account the form of the Hamilton function (25)
and the following definitions of generalized momenta

oL oL oL
pT:§7 p@zﬁv p(ﬁ:%v (27)
we consider the Hamilton-Jacobi equation
2
L fowy 1
2u(r) \ Or 2u (r)sh?r
ow\ 1 [ow) oW
" Kaa) g (a¢) U =0
(28)

The last equation allows separation of variables
W = —Et+ W,(r) + Wy(0) + Wy(¢), (29

and decomposes into the following equations

ow
58 = M 30
B é> (30)

oWwN2 M

90 =M’ 31
( 89 ) T Sin20 ’ ( )

oW py(r) M?
or =2 E - . (32
(ar) oy B -Ur). G2

These equations are easily integrated. Wherein

Wy = My9, (33)

M2
W, = / M2 — %jede, (34)
Sin

W, = /\/QM[E _uy = LML g)

po sh?r
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Substituting the last expressions into (29) and differentiating
with respect to constants, we obtain equations for the particle
trajectory

ow
m =¢1— P2—
02 M
- / L—dh=0, ()
o sin® 0/ M2 — —2;
oW _ [ Mdh
aM . M2 - siAri[;b()
2 Md
/ () r @)
n (") shQT\/MME ~U(r)] - - ds
The law of motion is given by the expression
W
aE — L2 1
- / TQ e (38)
- \/2,” [E - U(r)] - 2L M2

3. Schrodinger equation for two material points
in Lobachevsky space

The general formula for the classical kinetic energy of any
system is

1 .
T, = 3 E ' 9i5(9)dig;, (39)
(2%

where ¢; - generalized speeds, g;;(¢) - generalized masses.
The corresponding operator in quantum mechanics is
B2
T,=—
? 2
where A gy, - the Laplace-Beltrami operator, which can be
obtained from the general expression

1 0 { 0 ]
=—— 19" —|. (41)
V9 9¢' Vo ¢’
Since in our case the kinetic energy expression can be seen
from (22), the Laplace-Beltrami operator has the form

ABL7 (AU)

BL

1 O |pLsh?r 0
Aprp = —— =
M1 /1 sh”r Or Va4l or
1
w1 sh™r
where
1 0 0 1 02
Ay, = ——— [sinfg— _— 43
T (bm966’> tateae W
Accordingly, the Schradinger equation becomes
oy
— =H 44
5y v, (44)

where the Hamiltonian is
1
H = —iALB-!—U(T). (45)

It is clear that the equation we have allows the separation of
variables
¥ = R(r)Y,"(0,9), (46)

where Y, (0, ¢) are the spherical functions satisfying the
equation
DoY) (0, 0) =
AgsY)™(0,¢) = —I(1 + 1)Y," (0, 0) (47)

forl = 0,1,2,... and the radial part of the wave function
is the solution for the equation

d’R VA d [posh’r | dR

dr? I sh2 rdr ) dr
(141

+ <2M(E —U) - M)R =0 (48)
py sh”r

4. A particular problem of a rigid rotator in
spaces with constant curvature

As we know, in the case of a constant relative distance
between two points, a mechanical system is obtained, which
is called a rigid rotator. Despite the apparent simplicity, this
model for a flat space, both classical and quantum mechan-
ical [9], find interesting applications, including in the theory
of molecules and nuclear physics. From the approach devel-
oped above, as well as in accordance with works [1-3, 9], it
follows that in spaces of constant curvature, a rigid rotator
has features associated with the dependence of the reduced
mass on the distance hetween points. These features are ex-
plored below. By formulas (21), (25) and the corresponding
formulas in [2,3], the Lagrange function of a rigid rotator in
three spaces: in the Lobachevsky space, on the 3-sphere and
in the Euclidean space has the form

L=A (92 + sin? 94)2) , (49)

where the quantity A has the following expressions in the
three spaces under consideration, respectively
1 To
Aoy = =R jopsh® —
lob = 5 H1iobS R’
1 . To
Asph = §R2/~LLsph Sln2 Ea
1 2
Afjgr = S 11at 70 (50)
where
mimso (m1 + m2)
m32 + m3 + 2mymg ch(rg/R)’

Hilob =

mima(my + ms)

Hisph = m? +m3 + 2myms cos(ro/R)’

mims

M flat = mi + mo .
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Solutions for the corresponding Hamilton-Jacobi equation
in the case of a rigid rotator have the form

M?2 E
f = arccos < 1— 1AE < (\/Zlﬁ)), (54)

¢ = arctg < 14E tg ( it) ) (55)

M

It follows from the last formulas that the period of oscillations
T ~ +/A. Let us analyze how the period of oscillations de-
pends on the ratio of the masses of particles (with a constant
total mass). Denote the mass ratio 5 = my /msy . Then

_ mR* 5, (1o B
Aoy = —5=sh <R62+1+2ﬂch(r0/R)>’ (56)

A, = M (o 8
Ph T g R 32+ 1+2Bcos(ro/R) )’

: (57)
_ Mg
4= (58)

If we fix the values of the constants £ = 1, M = 1 then

from the condition 1 — % > 0 it follows that A > 1/4
and therefore, for the solutions to make sense, the mass ratio
cannot be arbitrary. Let's take the values R = 2.5,y =
2,m = 1. Then the condition A > 1/4 for three spaces
leads to the following restrictions on the mass ratio of the

particles of a rigid rotator

Ay >1/4: 0142 < 8 < 7.04; (59)
Agpp >1/4: 0.207 < 5 < 4.83; (60)
Apjgr > 1/4: 0172 < B < 5.83; (67)

We construct graphs of dependence of periods of oscillations
on the ratio of masses in the range 0.21 < 8 < 4.8. Fig-
ure 1shows that the period of rotation of a rigid rotator, and
hence the magnitude of the angular momentum, depends on
the radius of space curvature R.

T

070 //’_\

~

0.65

0.60 + /

035

— flat space

—  3-—sphere

— Lobachevsky space

0.50 ¢

0.45¢

.

B

1 2

Figure 1. Graphs of rotation period on the ratio of the masses of the con-
stituent particles at a fixed total mass of the rotator. Top graph - Lobachevsky
space, average - flat space, bottom - 3-sphere.

PucyHok 1. Tpadmku nep1opa BpalueHUs B 3aBUCUMOCTY OT OTHOLIEHUS Macc
COCTaBNSIOWMX YaCTUL, NpU (UKCUpOBaHHOM obleit Macce poTaTopa. Bepx-
HWI rpaduK - NpocTpaHcTBo NloGaueBCKoro, CPeLHUN - NNOCKOE NPOCTPaH-
CTBO, HUXHUIA - TpexmepHas cdepa.

For the equal distances between the material points of the
rotator and equal radius of the curvature for the Lobachevsky
and 3-sphere spaces, the rotation periods are maximum for

the Lobachevsky space, minimum for the 3-sphere. The cor-
responding curve for flat space lies between the two men-
tioned curves, with each of them tending to the flat space
curve at R — oo. All three curves are similar.

In the quantum case, the Hamiltonian operator of such
a system has the form

h2
H - ﬂAe’d)’ (62)

where the moment of inertia of the system is

2
Ty = 2mR2sh? 0 mr
lob mR°s 2R7 9 )
L, = 2mR? sin® 2%. (63)
The Schradinger equation Hv = E'1 gives the energy levels
of the rigid rotator

Tiqr =

ﬁ2

E, = QIz(z +1), (64)
and the eigenfunctions of the Hamilton operator are equal to
the spherical functions for all three spaces ¢ = Y,"*(0, ¢).
The levels are degenerate, since each value of the orbital
quantum number corresponds to 2/ + 1 magnetic number
values. Figure 2 shows energy levels for quantum rotator in
the spaces under consideration (we set here R = 2.5,y =
2,m = 1).

Energy
30
— flat space
25
—  3—sphere
20 ) — Lobachevsky space

1 2 3 4 5 6 7

!

Figure 2. Energy levels for rigid rotator in spaces of constant curvature. Top
point - 3-sphere, average - flat space, bottom - Lobachevsky space.
PucyHok 2. YpoBHM 3Hepriv ans XeCTKoro potatopa B NPOCTPaHCTBax NocTo-
AHHOW KPUBM3HbI. BepxHss Touka - TpexmepHas ctepa, CpefHas - NNockoe
NPOCTPAHCTBO, HUXKHSS - NPOCTPaHCTBO JloBayeBcKoro.

Conclusion

The paper solves the classical and quantum problems of
motion of two particles in three-dimensional Lobachevsky
space, relative to the center of mass. The Hamilton-Jacobi
equation of the problem is formulated and its solutions are
found. The corresponding Schrodinger equation allows the
separation of radial and angular variables. Itis shown that the
reduced masses of the system depend on the relative distance
between the particles. The classical and quantum problems
of a rigid rotator in three-dimensional Lobachevsky space are
formulated and solved. The dependences of the rotator oscil-
lation period on the ratio of the masses of the forming par-
ticles at a fixed distance between them and fixed total mass
are obtained for three cases: Lobachevsky space, 3-sphere
and three-dimensional Euclidean space.
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AHHoTauua

B pabote uccnepyercs 6esmaccosoe none Litiokenbbepra.
Cpenu 11 KOMNOHEHT MONEBON (YHKLUM aHTUCUMMETPUYHDINA
TEH30p NpefCcTaBASeT KOMMNOHEHTbI, MEHSIOWMUECs Npyu Kanmb-
poBOYHbIX NpeobpasoBaHusX, a CKangp M BEKTOpP COOTBET-
CTBYIOT (hU3MUeCKM HabnogaeMbiM BennuuHaM. lokasaHo, uto
B [EKapTOBbIX KOOpAWHATaX cucTeMa ypaBHeHuii LlTiokenn-
Gepra gonyckaeT CylWwecTBOBaHWe MATW JIMHENHO He3aBUCK-
MbIX peleHNi, ONMCbIBAIOWMX PasHble COCTOSIHWS YacTHLibI.
MonyueHo BbipakeHWe Ans TeH30pa 3Hepruu-umnynbca bes-
maccosoro nons Litiokenbbepra. 3ToT TeH3op BbluKcAseTCS
ANs NPoU3BONbHON NMHEHHOH KOMBMHALMKU NATU HaUOEeHHbIX
pelweHWit. BoipeneHbl yeTbipe KOMBUHALWN U3 NATU pelueHni,
KoTOpble He [AKT BKNaja B TEH30p 3Hepruu-umnynbca. Cy-
WecTBYET TONbKO OQHO pelleHne, COOTBETCTBYOULEE HEHYNe-
BOMY TeH30py 3Hepruu-uMnynbca. OHo onucbiBaeT thusmnye-
cKku HabniopaeMble cocTosiHus besmaccosoro nons LUTiokenb-
Bepra co CTPYKTYpOit NA0CKOiA BOMHbI.

KnioueBble cnosa:

6esmaccoBoe none lliTiokenbbepra, pekapToBbie KOOpPAWHA-
Tbl, TOUHbIE PELeHUsl, TEH30P 3HEepPruM-uMnynbca, kanubpo-
BOYHbIE peleHus

BeepeHue

B pa6ote uccnepoBaHa cuctema 11 ypaBHeHWH, onuchiBa-
touux 6eamaccosoe none Lltiokenb6epra [1-8]. MokasaHo, uto
B [leKapTOBbIX KOOPAWHATAX 3TV ypaBHEHWS [ONYCKaLoT Cylye-
CTBOBaHWE MATU NIUHEAHO HE3ABMCUMbIX PeLIeHUiA, ONUChIBa-
IOLLMX pa3Hble COCTOAHUS YacTuLibl. OHU HaOEHb! B SBHOM BHU-
ne.

Cpegu 11 koMnoHeHT monesod tyHkumuu LlTiokenb6epra
AHTUCUMMETPUUHBIA TEH30p NMpeAcTaBnseT KanuBpoBouHble
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Abstract

In the paper we examine the massless Stueckelberg field.
Among the eleven field function components, the antisym-
metric tensor represents the gauge variables, whereas the
scalar and vector correspond to physically observable quan-
tities. It is shown that in Cartesian coordinates the Stueckel-
berg equations permit the existence of five independent solu-
tions which describe the different states of the field. We have
derived an expression for the energy-momentum tensor of
the massless Stueckelberg field. We find its explicit form for
arbitrary linear combination of five established solutions. We
have found four combinations of five solutions which do not
contribute to energy-momentum tensor, therefore they cor-
respond to purely gauge states. There exists only one solution
which corresponds to nonvanishing energy-momentum ten-
sor, it relates to physically observable states of the massless
Stueckelberg field.

Keywords:

massless Stueckelberg field, Cartesian coordinates, exact so-
lutions, energy-momentum tensor, gauge solutions

nepeMeHHble, a CKangap 1 BeKTop COOTBETCTBYHT huUsnyecku
HabniogaeMblM BenvuuHaM. [ng Toro, yto6bl B ABHOM BUAE
BbIAENNTb pellieHnsd, COoTBeTCTByHLmMe thnsnyecku Habnio-
0aeMbIM COCTOAHUAM, UCCNenyeTCa BbipaXeHWe Ong TeH3opa
3Heprum-mMnynbca nong LUTmKenbﬁepra. JTor TEH30p BblUMC-
nqaetca onq npowasoanoﬁ NIMHEHO M KOMBUHaLMM nNatu pe-
WEHMIA. BbipeneHsl yeTbipe NIMHENHO He3aBUCUMble KOMBUHA-
LUnKN 3TNX pEI.IJEHMljl, KOTOpble HEe 0al0T BKNa[a B TEH30pD 3HEP-
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rMuM-umnynbca. HalgeHa ogHa He3aBUCKMMas KoMBMHaLMS pe-
LEHMI, COOTBETCTBYHOLAA HEHYNEBOMY TEH30PY 3HEPrun-uM-
nynbca. OHa onucbiBaeT uanueckn Habnopaemoe COCTOSHNE
6eamaccosoro nong LUTiokenbBepra co CTPYKTYpOi MNOCKON
BOJHbI.

1. lekapToBble KOOpAMHATbI

PaccMoTpuM cucTeMy 6eaMaccoBblX ypaBHeHWN LUTiokenb-
Bepra B fekapToBbIx KoopguHartax [7-10]:

8all]a =0, 8(1\1/ + ab\I]ab = \Ila)
9.V, — 0¥, = 0. (M

Kak 1 pomkHo BbiTb, B CUCTEME YPaBHEHUIA OTCYTCTBYET napa-
METp C pa3MepHOCTbto 06paTHOM LnuHbI (MHaue, Maccel). Pas-
MEPHOCTU KOMMOHEHT TaKWe:

][0 -

MepeineM K MaTpuUuHOi hopMe MPeACTaBNeHNs YpPaBHEHWN
(1). B kauecTBe nonesoit tyHKUMK GygeM ucnonbsoBatb 11-
MepHblit cTonbeL,
¢ = (‘I’; Vo, Wy, Uy, W35 oy, Yoo, Yos,
oz, Va1, U1o)" = (H, Hy, Ha)'. (2)

3necb u panee t o6o3HauvaeT TpaHcnoHWpoBaHue. Cuctemy
ypaeHeHu# (1) MoXHO 3anucartb B 6110uUHOM thopMe:

G*9,H, =0, A°9,H + K°9,H, — H, =0,
L*9,H, =0 (3)
unn
0 G* 0
(%9, —P)® =0, 1= [A* 0 K°|,
0 L* 0
0 0 0 H
P=|0 I, 0|, ®&=[H |. (4)
0 0 0 H,
anIBeJJ,EM ﬂBHbIVI BU[A, BCeX MaTPUUHbIX 6noKoB:
GO = (150>070)7 Gl = (Oa _1)070)7
Gy = (0,0,—1,0), G3 =(0,0,0,—1),
A% =(1,0,0,0)", A' =(0,1,0,0)",
A% =(0,0,1,0)", A*=(0,0,0,1)",
0O 0 0 000
0 -1 0 0 000
K=10 -1 0 00 0l
0 0 -1 0 0 0
-1 000 0 0
N 0 000 0 O
=10 000 0 1]
0 00 0 —1 0

0 -1 000 0
, [0 0 000 -1
E=1g 0 000 o]
00 010 0
00 -1 0 00
, {00 0 0o 10
=100 0 -1 0 0]
00 0 0 00
0100
00 10
o oo o1
L"=19 0 0 ol
000 0
000 0
100 0
0 00 0
Lo 00 o
L'=10o 00 o]
0 00 —1
0 01 0
0 0 00
1 0 0 0
, o 0o 0o
=109 0o o 1|
0 0 00
0 -1 0 0
0 0 0 0
0 0 0 0
s =10 0 o0
L"=10 0 -1 0
0 1 0 0
0 0 0 0

Byﬂ,eM MCKaTb peleHna B BUAE NIOCKUX BOJH:
\IJ:fK(l'), \I/a:faK(x)v \Ilab:fabK(x);
K(.Z‘) — e—iezoe—iklzl e—ik2m2e—ik313’
k= (k' k2 k). (5)

B ypaBHeHusix ucnonb3yeM 3ameHol 0, = —ik,, a =
0,1,2,3, ko = k° = €. YpasHenue (4) yno6Ho npencTas-
naTb B 6NOYHOM dhopMe

(—iG°ky — iG k) — iG?ky — iG3ks)H, = 0,
(—iA % — iA Kk — iA%ky — iAks)H+
+(—iK ko — iK'k — iK?ky —iK’k3)Hy — Hy; = 0,
(—iLko —iL'ky — iL*ky —iL3ks)H, = 0,

H = f, Hi = (fo. f1, [, f3)", H» = (Ej, B;)". (6)
W13 cuctembl (6) Haxopum anreGpanueckylo cucteMy
—iko fo + ikif1 + ikafo + iksfs = 0;
—kof +ifo+ ki + koEo + ksEs =0,
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kif —ifi —koE1 + k3Bs — ke Bs = 0,

—kof +ify + koEy + k3B, — k1 B3 = 0,

ksf —ifs — koE3 + koBy — k1 By = 0;
kifo —kofi =0, kafo—Fkof2 =0,
ksfo—kofs =0, ksfa—kafs =0,

—ksfi +kifs =0, kafi —kifa=0. (7)

3Ty CMCTEMY YpaBHEHU MOXHO NPELCTaBUTb B MATPUUHOM
uge A® = 0, roe cronbey, ® 3afaetcs Tak:

® = (f, fo, f1, fo, f3, E1, Ba, E3, By, Ba, Bs)".

PaHr matpuupl A paBeH 8, a c yuetoM ycnoBus ky, =
k? + k3 + k2 paur craHosuTca paseH 6. Y6upas uetbipe
HWXKHME CTPOKM, yBexpaeMcs, UTo paHr 0CTaeTcs HEM3MEeH-
HbIM. B pesynbTare nonyyaeM HEOBHOPOZHYH CUCTEMY
0 —ko Kk ko 0 O f

—ko i 0 0 ki ko fo

k1 0 —1 0 -k O fi

—ky O 0 i 0 ko fa

0 ki —ko O 0 0 F

0 ko 0 —k¢ O O Fs

_(k37 07 0> 07 07 O)tf3 - (07 k37 07 07 07 O)tEB_
_(07 07 Oa k37 07 O)tBl_
_(07 07 k37 07 07 O)tB2 - (07 07 _k27 _klv 07 O)tB3

—_
oo
~

[leTepMuHaHT MaTpuubl cneBa HeHyneBou: det Agyxg =
k3(k? + k2 + k2). HaxopuM naTb HE3aBUCUMbIX PELIEHMIA
(npuBoauM nx cpasy B 11-MepHoi opMe):

1 ko ki ke t
U, = (1—, 2 M 22
1 (Zk37]€3’]€3’]€3’ 707070307070> f3a
k ki k
U, = (k0 0,0,0,0, kl kz,l,ooo) Es,
RN T kako' ksko
t
0,1,0,0) By,

N
) kskov

t
0707 1707> B27

k
U, = (kloooo -
30

ky Ky
ko ko

3T1 NATb peLieHnit PUKCUPYIOTCA C TOUHOCTHHO 10 NPOU3BOSb-
HbIX MHOXMTenew. Mpu 3TOM HY)XHO YUWTBIBATb, UTO pasMep-
HocTM 11 KOMMOHEHT LOMKHbI NOJUMHATLCS Npasuny [f| =
[E;, B;] = [Lf,]. Ytobbl ynoBneTBOpUTL EMY, MOXHO Bbi-
BpaTtb cBOBOAHbIE NapaMeTpbl TakK:

fs=ko, Es=1 DBy =DB;=

U5 = (0,0,0,0,0, — ,0,0,0,1)'Bs.  (9)

B; =1.

B pesynbTate nonyyaem

ko k% koky kokso

v -0 ,ko,0,0,0,0,0,0
1 ( k3 k3 k3 Y k;?) 05 )
k ki k
Uy = (koooook1 ]:,1,000)
ks kike K3+ K3
v :(ff,o,o,o,o,f 1,0, o)
3 ks ksko’ ksko
ky k2 + k2 kiks
\I] - (77 s Uy Uy Uy R 717 )
s kgoooo " kgkooo 0
ks ki

U5 = (0,0,0,0,0, — ,0,0,0,1)".  (10)

ko k
HenocpencTeBeHHoi NpoBepkoid MOXHO yGegutbed, UTo 370
[EMCTBUTENbHO NATb pelleHnit ucxopHoit cucteml (7). Heob-
X0[,MMO BbIICHUTb, KaK1e PelleHuns ABISTCSA KanmbpoBOYHbI-
MW, @ Kakne — thuanueckun HabnopgaeMbiMu. [1ng 3Toro B cne-
OyloWeM pasaene NoCTPOUM BbipaXeHue [N TeH30pa aHep-
rum-umnynbca 6eamaccosoro nons Ltiokensbepra.

2. TeHsop 3HepruM-uMnynbca, KanubposouHble
peweHus

06paTuMcs K BbideneHuo U3 BcexX pelleHun Kanubpo-
BOUHbIX. Takue KanuBpoBOUHble peleHns He JOMXHbI J,aBaTh
BKNafia B TEH30pP 3Heprum-umMnynbca nong. Motpebyetcs MaT-
puLa MHBAapUaHTHOM GunuHenHol dopmbl. OHa [OMKHa yao-
BNETBOPATb COOTHOWeHMAM [6,7]:

“Hre)fp =1, ="
a 0 0
n= 0 Bixa 0 . (”)
0 0 Csxs

Otctopa nonyyaem ypaBHeHWs ons 6rokos
G% = BA®, A“B =aG"°,
L°C = BK*, K°B = CL".

YuutbiBas BblpaXeHUa 0Na MHBapUaHTOB BEKTOPa U TEeH30pa:

Uy, =inv, "W, = inv,MaTpuubl B u C 1iLeM B BU-
oe
1 0 0 0
0 -1 0 0
B4><4 =b 0 0 -1 0 3
0 0 0o -1
-1 0 0O 0 0 O
0O -1 0 0 0O
0 0 -1 0 0 0
Coxs=¢l o 0 0 10 0 (12)
0 0 0 0 1 0
0 0 0 0 0 1

Mocne NpocTbiX BbIYMCIEHUIA HAXOMM CBA3b MEX.y NapaMeT-
pamu: a = b = —c. [ina onpeneneHHocTy nycTb @ = 1.
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HaltoeM TeHsop aHeprum-umnynbca nna 6esmaccoBoro
nons LTiokenb6epra. [1ng atoro paccMoTpuM BenuumHy (cm.
[6,7]):

T% = d'r*9,® — 67 inPV =

= H'aG9,H, + HIB(AaabH + KOy Ho)+
+ HICL*0,H, — 60 HIBH,. (13)

OTCIOD,G, C yyeToM noacCTaHOBKKM ongd pELIJEHVIﬁ B BUE NNOCKKUX
BOJIH, nNony4yaem

T% (z) = —i [HTAG“k:le + HiB(A“ky H+

Kk H) + HgoLak,,Hl} — SeHIBH,. (4)

Bbluncnsaga 3T0T TeH30p ANA NATU HE3ABMCUMbIX pelleHuH,
yBexxaaeMcs, uTo B KaXA0M Clyyae OH 06palLaeTcs B HyNb.

CocTaBWUM MPOM3BOMbHYK NIUHENHYID KOMBMHALMIO NATK
pewenuit (10):

v = alllfl + CLQ\IJQ + a3\I’3 + CL4\I/4 + Cl5\IJ5 =

((12 + ial)k() + a4k1 — a3k2

a2k0k1 — (nggkl — a5k2k3 + a4(sz + k%)

k3kq
askoks + agkiks + askiks — az(k3 + k3)
ksko
a2
as
Gy
as

(15)
Mocne BbINONHEHUS HEOBXOANUMbIX BbIUNCTEHWUN HAXORUM Bbl-
PaXKEHWe 419 TEH30Pa 3HEPTUM-MMMYNbCa, COOTBETCTBYIOWEE
NIMHEHOM CynepnosuLum natu peleHuit. C ucnonb3oBaHueM
0603HaueHuM

Cl,ibj + bia]- = aia; + a;‘aj =

=2Rea;a; =1y, 1 =Tij
3T0T TEH30p NPeACTaBNsaeM B ClefyHoleM BULE:
L LT
Ty =Ty T I Ts ) o x

Iy T¢ T T3
TS T T

7”41](38]{71 Tglkgkg Tglkg
k2 B3 k2
7”21k’8k1 7“41k’0k1 . ra1kokiks
" k2 k2 k2
ra1kgks B raikoks | raikokiks
k3 k3 k3
7"21/€§ ra1koks . r31koks
ks ks ks
_Tzlklkg . 7’41k%]€0 ra1kikako
k3 k3 k3
7’41143% Tglk‘ok’% Tglk‘gk‘%
k3 k3 k3
7‘41k2/<?% ro1kakoki . 7“31k§k71
k3 k3 k3
7"41kf ro1koky . ra1koky
ks ks ks
_Tzlkzk‘g 7“3114337%‘0 _ ra1k1kako
k3 k3 k3
7’41k2/<?f ro1kakoky . T31k§k1
k3 k3 k3
?"31]{/’; 7’21]{30]1'% T41k31k%
k3 k3 k3
_7”31753 ro1koks rarkiko
ks ks ks
_7"21k8 . ra1kiko r31kako
ks k3 ks
7“417<?% ro1koky _ r31koky
ks 5 3 ks
_7"31k72 + ro1koka + ra1k1ks
ks ks ks

rarkr — r3ike + ro1ko

TeHsop ¢ HWKHUMK MHAekcamu (T;) otnuuaetcs ot (17%)
YMHOXEHWEM CTPOK C HoMepaMu 2-4 Ha — 1. 3TOT TeH30p CUM-
METPUUHbIA C HyneBbIM cnefoM (y6upaeM HecyliecTBEHHbI
MHOXuUTENb 2ik ):

1
Ta

« = 12 (—Tzlko + ra1ky — 7”41k1> X
3

x (kg — ki — k3 —k3)=0. (16)

HanomHum, uto ko = +/k? + k3 + k3. Ecnu BBecTv 0603Ha-
ueHue p = —ro1ko+731ko—r41k1, TO HANOEHHOE BbIpaXe-
HWe [ TEH30Pa IHEPrMM-MMMYbCa MOXKHO 3anucaTh Kopoue
(06wwuit MHOXMTENb k3 B 3HAMEHATENsX OMycKaeM)

K2 ok koks koks

C koky k2 Rk Rk
Teo =9 koks kaks k2 hoks (7

koks kiks koks K2

HanoMHuM paBeHcTBa (KoadduLmeHT 2 npu ¢ yGupaem)
U =a,¥ +a¥y+az¥s + ay¥y + as¥s,

¢ = —Reasaiko + Reaszaiks — Reagaik;. (18)
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Hanbwe 6yaeM ncnonb3osath 0603HaUYeHNs
ajaz = B2, ajas = B3, ajas = P,
¢ = Re[—Pako + Bska — Bak].
Bo3MoXHbI Clieaytolme BapuaHTbi:
T#0, p£0; T=0, p=0, (19)
a1 =0,a3=0,a3=0, a4 =0, a5 # 0;
a1 =1, a3 #0,a3 #0,a4 # 0,a5 = 0; (20)
Re[—pako + Bska — Bak1] = 0, a5 = 0 (aBa peweHus).

Mockonbky pewenuns Wy, ..., Uy onpefneneHbl C TOUHO-
CTbI0 40 NPOU3BONbHBIX KOMMJIEKCHBIX MHOXMTENEH, TO B pas-
noxeHuax (18) Bce KOIMMULMEHTI @y, . . ., a5 MOXKHO CUM-
TaTb BewecTBeHHbIMU. Torga BMecTo (18) nonyuaem

U =a1V; +ao¥s+az3¥s +as¥Wy + a5 ¥s, (21)
Y = al(—kﬁoag + k’gag — k1a4).

CHayana pacCMOTPWUM COCTOSIHUSL C HYNEBbIM TEH30POM
3HeprumM-uMnynbca. NepBoe pelieHne Takoe:

(I)la TZO?
Cll:O,CLQZO,G3:0,6L4:0,(I5:1. (22)

Ewe TPX COCTOSAHUA C HyNeBbIM TEH30POM 3HEPIrUn-uMnynbca
LOJDKHbI ONMUCbIBaTbCA COOTHOLWEHNAMN!

k

®,, al:1,(122*2,%:1,&4:0,&5:0;
ko
kq

®3, ar=1l,a3=—7—,a3=0,a4=1,a5=0;
ko

Dy, a1 =0,ay=",a3=",a4=",a5=0. (23)

Moka Ko3aththMLMEHTbI as, as, a4 , ONUCbIBaKOLLMe pelwenne Py,
HEeW3BeCTHbI. 3athiMKCUpyeM UX TaK:

Oy, a1 =0, az = (ko — k1)/ko,
a3:1,a4:1,a5:0.

MonyueHHble BekTopbl Py, @3, d, MOXHO ONMCATbL MaTPULEH
C pa3MepHoCTbi0 3 X 5:

0 (ka—ki)/ke 1 1 0
Ages = [ 1 ko/ko 100
1 —k/ke 0 1 0

MoCKONbKY paHr 3Toi MaTpuubl paBeH 3, To BeKTopbl $o, P3,
®, nuHeitHo He3aBMCUMbl. OUEBMIHO, UTO NIMHENMHO He3aBu-
CUMbIMU ABNAIOTCA BCe ueTbipe pelwenns &, &o, O3, Oy (X
KOMMOHEHTbI MOXHO NMPECTaBUTb KaK CTPOKM MaTpULLbl)

0 0 001 o,
0 %=k 110 )
— ko ~ 2
Avs =1 2 100 P (24)
1 %—1 010 P,
0

Ocraetca 3atMKcMpoBaTb napaMeTpbl, ONpegLensiowme
usmnyeckoe pewenne Py, C HEHYNEBbIM TEH30POM 3HEp-
TMM-MMMYNbCa:

0] T#O,(Ilzl,

- ]{50&2 + k‘ga,g — k1a4 7& 0, as = 0. (25)

phys»

Hy>kHo nopo6patb KO3hULMEHTDI as, a3, a4 TaK, YTOBbI NATL
BbIAENEHHbIX pelueHuit (conoctaBndeM UM Matpuuy Asys)
BbINK NUHEHO He3aBUCHMbI. [Ing atoro TpebyeM, uTobbl onpe-
LenuTenb MaTpuLbl Bbin OTAMYEH OT HyNS

1 a9 a3 Qayq 0

0 0 0O 0 1
Asis = |0 (ky—Fki)/ko 1 1 0],

1 kefke 1 0 0

1 —kJky 0 1 0
det Ag,y = —22ho = asky Hask)

ko
0[1HO U3 BO3MOXHbIX peI.IJEHMVI TaKoe:
Ay = —17 az = 0, as = 0, RankA5><5 = 5. (26)

TakuM 06pa3oM, HaiifleHbl NATb PeLeHui, OAHO U3 KOTOPbIX
ABNFETCS (U3NUECKN HaBIofaeMbiM, a ocTalibHble — Kanub-
POBOUHbIMM:

By 1 -1 0 0 0\ /gy,
o, 0 0 00 1|y,
o, [=]0 =21 1 0 [w,|. @)
o 1 = 100 (W
®y 1 —E—; 01 0/ \¥s

B 9BHOM BUOE 3TU NATL PELIEHNIA UMEKT CleyHoLyio CTPYK-
TYPY:

cpphys =" - \I}27 ®, = g’Sv
ko — k1
Oy = — Uy + U3+ Uy, (28)
ko
ko k1
O3 =V, + Uy + V3, &=V, — —Uy+ Uy
k‘o kO

MpuBeneM 11-MepHbIM cTonBeL, COOTBETCTBYIOLLMI hU3NUECKH

Hab61t01aeMoMy COCTOSIHMIO (3anMCbiBaeM ero B BUfE CTPOKM)
P N ((’L — 1)k50 k’g k’()k'l k()kg

phys — kg ,kS, kS ) kS )

ki ko
ko, — L M2y
05 kg’ k'37 707070>

t

3aknioyeHue

MoKa3aHo, UTo B [1eKapTOBbIX KOOPAMHATAX CUCTEMA YpaB-
HeHuit LTiokenbBepra monycKaeT cylectBoBaHWe NATU Nn-
HEMHO He3aBMCUMbIX PellieHWI, ONUCHIBAIOLWMX pasHble COCTO-
AHWS yacTuubl. MonyyeHo BbIpaXeHWe AN TeH3opa IHeprum-
UMnynbca 3Toro nong. TeH30p SHepPrun-uMnynbca BblUMCIEH
ON9 NPOU3BONbHON NIMHEHHOW KOMBUHALIMM NATU HAWLEHHbIX
peleHnin. BblgeneHbl yeTbipe KOMBMHaLIMK, KOTOPbIM COOT-
BETCTBYET HYNEBOW TeH30p 3Heprum-umnynbca. Cyuectsyer
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TOMbKO OfHO PeLeHuWe, NMPUBOASILLEE K HEHYNeBoMy TeH3opy
3Heprum-umnynbca. OHO onucbiBaeT tusnyecku Habnogae-
Mble cocTosiHua 6eamaccoBoro nong LUTiokenbbepra co cTpyk-
TYPOM MNOCKOW BOSHbI.

10.
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AHHoTauua

besmaccosoe none llTiokenbbepra uccnepyercs B LUAUH-
Apuyeckux KooppuHatax. Moneeas yHKLUA COCTOUT U3 CKa-
nspa, 4-BeKTopa U aHTUCMMMETPUUHOrO TeH3opa. Pusnuecku
HabnopaeMbiMU BeMUUHAMU SABNSAOTCS TONbKO CKansap W 4-
BekTop. Ucnonb3yercs MaTpuuHoe ypaBHeHue LUTiokenbbep-
ra, 06o6wueHHoe Ha NPoOM3BONbHOE PUMAHOBO NMPOCTPAHCTBO,
B TOM uucne U Ha nioGble KPUBONMHENHbIE KOOPAMHATBI Npo-
cTpaHcTBa MuHKoBCKoro. CTposTCA peleHWs 3Toro ypaeHe-
HUS C LMNMHAPUYECKOI CUMMETpUEN, NPY 3TOM fUaroHanusm-
pyloTCS onepaTopbl 3HEPrUK, TPEeTbel NPOEKLMM MOMHOTO Y-
NIOBOro MOMeHTa W TpeTbel NpoeKuun umnynbca. Mocne pas-
AeneHus nepeMeHHbIX B LUIUHAPUYECKON CUCTEME KOOPAM-
HaT nonyuyeHa cucteMa u3 11 pudtepeHuManbHbIX ypaBHe-
HWi No nonspHoii KoopauHate. OHa pelwaeTcs ¢ Ucnonb3oBa-
HueM Metopa PepopoBa-IpoHcKoro. B cooTBeTCTBUM C 3TUM
MeTofoM, 11 (yHKUMIA BbIPAKAKTCA Yepe3 TPU OCHOBHbIE.
Mo u3BECTHOI MeToAMKe HaKNaabiBaloTCs AudhepeHuUanb-
Hble YCIOBUS CBAI3W, KOTOpble COBMECTHbI C Moay4eHHbiMU 11
YPaBHEHUSIMM W MO3BONSAKT NpeobpasoBaTb 3TW ypaBHEHUs
B anrebpanyeckune. Ita anrebpanyeckas cuctemMa pewaercs
CTaHAAPTHbIMK MeToAaMu. B pesynbTate HallaeHbl NSTb Hesa-
BMCUMbIX pewweHuii. Bonpoc 06 ycTpaHeHUn KanubpoBouHbIX
cTeneHeil cBobogbl ByAeT paccMOTpeH B oTAenbHoi pabore.

KnioueBble cnosa:

6esmaccosoe none LUTiokenbbepra, LMAUHAPUYECKaS CUM-
MeTpusl, MeTOf NPOEKTUBHBIX ONEPaToOpPoB, TOYHbIE pelleHus

BeepeHue

B HacToqweit pabote 6yneM HaxomuTb BCE HE3aBUCU-
Mble TOUYHble peweHus obobuieHHoro 11-MepHOro ypaBHeHUs
HaddunHa-Kemmepa ons 6e3maccosoro nong Litiokenbbepra
[1-8]. CnucTeMa TeH30pHbIX ypaBHEHWM AN 3TOM YacTULbl UMe-
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Abstract

The massless Stueckelberg field is studied in cylindrical co-
ordinates. The field function consists of the scalar, 4-vec-
tor, and antisymmetric tensor. Physically observable compo-
nents are the scalar and 4-vector. We apply the Stueckelberg
tetrad-based matrix equation, generalized to arbitrary Rie-
mannian space, including any curvilinear coordinates in the
Minkowski space. We construct solutions with cylindric sym-
metry, while the operators of energy, of the third projection
of the total angular momentum, and the third projection of
the linear momentum are diagonalized. After separating the
variables we derive the system of 11 first-order differential
equations in polar coordinate. It is solved with the use of the
Fedorov-Gronskiy method. According to this method, all 11
functions are expressed through 3 main funcions. Accord-
ing to the known procedure we impose the differential con-
straints, which are consistent with the all 11 equations and
allow us to transform these equations to algebraic form. This
algebraic system is solved by standard methods. As a result,
we obtain 5 linearly independent solutions. The problem of
eliminating the gauge solutions will be studied in a separate
paper.

Keywords:

massless Stueckelberg field, cylindrical symmetry, the
method of projective operators, exact solutions

€T B [1eKapTOBbIX KOOpAMHATAX Cledytolmii BUA;

8Q\I/a =0, aa\:[/ + 8b\Ijab = qja:

0,Vp — O ¥, = 0. (1
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B kauectBe BonHoBoM dyHKUMM ByaeM ucnonb3osatb 11-
MepHbIX cTonbew,

¢ = (‘I’; Vo, Wy, Uy, U3; Woy, Yoo, Yos,
\1]237 \11317\1’12) - (H7 H17H2)' (2)

CucteMa ypaBHeHui (1) MoxeT 6biTb NpeacTaBneHa B 610uHOM
MaTpuuHoii thopMe:

D,G*H, =0, A°D,H+ K*D,Hy — H, =0,
D,L*H; =0 A3)
unu B 11-MepHoM Buge
(Dol — P)® =0, (4)
roe
® = (H7 H17H2)t7
0 G* 0 0o 0 0
r=|(A* 0 K*|,P=10 I 0],
0 L* 0 0o 0 0

Gy = (1000), G = (0 — 100),
Gy = (00 — 10), G5 = (000 — 1),

A =(1,0,0,0)", A' =(0,1,0,0)",
A?=(0,0,1,0)", A% =(0,0,0,1)",
0 0 0 000
o [-1 0 0 00 0
K=10 -1 0 00 o0}
0 0 —-100 0
1000 0 0
. o o000 0 o0
K(000001’
0 000 —1 0
0 =100 0 0
> [0 0 000 -1
K(oooooo’
00 010 0
00 -1 0 0 0
s (000 0 o0 10
E=1o0 0 -1 0 0|
00 0 0 00
0100
00 1 0
o o001
L"=10 0 0 ol
000 0
000 0
100 0
0 00 0
. 1o oo o
L'=109 00 o]
0 00 —1
0 01 0

0 0 00
-1 0 0 0
> o 0o 0o
=10 0o o 1]
0 0 00
0 -1 00
0 0 0 0
0 0 0 0
s -1 0 0 o
=109 0 -1 0
01 0 0
0 0 0 0

3nech 1 panee ¢ 0603HavaeT TPAHCMNOHUPOBaAHWeE.
VpaBHeHue (4) o6obliaeTca ¢ MCNonb3oBaHWeM TeTpagHo-
ro )opManMUaMa Ha cnydyait pUMaHoBOI reoMeTpumu NpPoCTpPaH-
CTBa-BpeMeHM (B TOM UMCIle M Ha UCMONb30BaHMe NHBbIX KpU-
BONIMHEMHBIX KOOPAMHAT B NPOCTpaHCcTBe MUHKOBCKOIO) B CO-
OTBETCTBUM CO CTaHAAPTHOM MeToamKoi [6]. [Lng 3Toro npv 3a-
LLaHHO/ METPHUKE ¢, 5(x) HYXKHO BbIBPATb HEKOTOPYIO TETPaAY:

d52 = gaﬁ(x)dxadxﬂa ga[ﬁ(x) — e(a)a(x)a (5)
TOrfa ypaBHeHue (4) BOMKHO 3anMCbiBaTHCA B MPOCTPAHCTBE
(5) Tak:

o 0
() | =— 4+ Xa(x) | = P| ¥(x) =0. ()
orxe
NokanbHble Matpuupl I'*(x) onpepenswTcs ¢ UCMoNb3oBa-
HWeM TeTpaabl
I'*(z) = e{y) ()1 =
0 —G“e?a) 0
= A“e‘(’a) 0 K“ef‘a) . (7)
0 L“e‘()‘a) 0

CesA3HOCTb 3, () 3a[,eTCA COOTHOLIEHUAMMU

0 0 0
J=10 J® o0 |,
0 0 Jg

1 a
V(@) = 5" e (@)ewsalw) =

0 0 0
=0 ). 0 |, (8)
0 0 (Z)a

roe )
1(2) = S I et (@)empial@),

1 a
Yo(z) = §J(2b) ei)(»”v)e(b)ﬂ;a(fv),

a Ji) u J{5} 0603HaualoT reHepaTopbi COOTBETCTBEHHO ANS

Bektopa W, (x) u aHTMCMMMeTpuuHoro TeHsopa W, (z).
VpaBHeHue (6) 3anucbiBaeTCca Kopoue C UCMOMb30BaHUEM KO-
3thduLMeHTOB BpaLeHus Puyuu:

c «@ a 1 ab
|:P (e(c)axa + 5:] r}/abc> — P:| \IJ(J:) = 0,
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’Y[ab]c - _"Y[ba]c - e(b)/ﬂae?a)e‘(jc). (9)

1. U,MHVIHJJ,pM‘-IECKMe KOOpPAUWHAThI, paspeneHue
nepeMeHHbIX

Bynem paccmarpuBatb ypaBHeHue (9) B LMAMHLPUUECKNX
KooppmHaTax (r, ¢, z). B pabote [9] nocne paspenenus nepe-
MEHHbIX Bbinia NonyyeHa cUCTEMA YPaBHEHUA MO NepPeMEHHOM
7 ANA MacCMBHON YacTuubl LUTiokenbBepra B MarHUTHOM none
(aHanorvuHbIi aHanus B KYNOHOBCKOM nosie 6bin caenaHx B pa-
6ote [10]). B cTatbe [9] ncnonbsosanach cregytouwas noacra-
HOBKA [/19 BOJIHOBOM (hYHKLMM B LLMKNUUECKoM Basuce (B Ko-
TOpoM rexeparopbl J12, J1? guaroHanbHbi):

U = e_ietei"Ld’eikz(H, Hl,Hg)t, H = h(r),
H, = (hO(r);hl(r)7h2(r)7h3(r))t7
Hy = (E;(r), Bi(r))".

W3 aToit cMCTeMbl ypaBHEHUIA, yunUTbIBas OTCYTCTBME MarHuT-
HOro MONS U OrpaHUYeHus;, CBA3aHHble ¢ 6e3MacCcoOBOCTbIO Ya-
CTULLbI, NonydyaeM cnepytowme 11 ypaBHeHmit:

1 2m — 2
—iehy — ikhg + —h! — =~ Zh,—
0 PTATY oo !
1., 2m+2
b, - TS =0 10
V2 avar (10)
1 o2m — 2
—ieh —ikFy + —F/ — ———F,—
PTRTY oy
1 2m + 2
—— B, - T2 Ey = hy,
V2 oy P
1 1
—— W — = h 4 —Bj+
V2o Ve V2t
om
fTB2_ZkB3+Z€E1_h1’
1 2m + 2
ikh4icEy — —B, - 2" 1°p
V2 2o
1 om — 2
— B4+ 2" 2By = hy,
V2 R gy P
1 m 1
— - hy—B—
\f V2r V2
By + ikBy + ieF3 = hs; (m
\fr 2 1 3 3
Lo Py —iehy =0,
V2 2v/2r
—ikho — i€h2 = 0,
1 2m
——=hy + ——=ho —ichz = 0,
NGRS 3
1 om
\/» 2+ \/>]’L2+7,k’h3,—0
o
1 2m — 2 2m + 2
Sy VA h’ Tt hy =0,
N N NG R R WO

iy — —py — 2,
V2 2/2r
nepemeHHble Ey 5 5, By 2 3 OTHOCSTCS K WIECTU KOMMOHEHTaM
aHTUCUMMETPUYHOTO TeH30pa; /1, h 1 2,3 OTHOCSTCS K CKans-
py u ll-BEKTOpy. PaBMepHOCTM 3TUX KOMMNOHEHT NOAYNHAKTCA
npasuny

0; (12)

1

[ho]v [h1]7 [h2]7 [hS] = z

BeeneMm cokpallatowme 0603HaueHUs

- Lfd my L [fd m
"2 \dr )" o \dr 1)’

1 d m+1
am+1_2<dr+ ., >>
b 1 (d_ml
m+1 — 5 dr r ’
1 d+m—1
Um—1 = —F= | 7 )
YR \dr r
1 d m—1
bm—zi -V — y 14
! ﬂ(dr r ) (14)

TOrga cucTeMa ypaBHeHiA NPUMET BUA
—iehg — ikho + byy_1h1 — aypy1hs = 0; (15)
—ieh — ikEs + b1 E1 — ami1Es = ho,
—amh + a1 Bs — ikBs + ieE] = hq,

tkh + ieEy — a1 B1 — byy—1 B3 = ha,

b h+b BQ+Z]€B1 +Z€E3 h,j, (16)
amho — iEhl = 07 *Zkh() — iehz =0
—bmho - iﬁhg == 0, —bmhg + Zkhg - O,

bym—1h1 + a’rrL+1h3 =0, —ikhy — aphy = 0. (17)

Hanbwe 6ynem ncnonb3oBatb MeTon, PepopoBa-IpoHcKo-
ro [11]. lns 3Toro BBEAEM OMepaTop TPETbeU NPOEKLUM CNUHA
Y = —iJ'2 (oM oTHOCHTCA K UMKNMuecKoMy 6asucy). Y6ex-
paemcs, uto 3ta 11-mepHaa MaTpuua yLoBNeTBOPSET MUHMU-
ManbHoMy ypaBHeHmnio Y (Y —1)(Y +1) = 0. OHo nossonset
BBECTM TPU MPOEKTUBHbIX OrepaTopa ¢ Heo6X0LMMbIMK CBOWA-
CTBaMy

1

1
P = 5Y(Y —1), P, = 5Y(Y +1), Ps=1-Y%

P?=P, P2=Py, P2 =P; P+ P+ P;=1. (18)

Co0TBETCTBEHHO, MONHY0 BOMHOBYH (DYHKLMIO MOXHO pasno-
XWTb B CyMMy Tpex yacTeit

\IIZ\I/1+\I/2+\IJ3, \I/U:PU\IJ,O':].,Q,g.
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MonyyaeM SBHbIA BUL NPOEKTUBHbIX ONEPaTopoB
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001000000 0
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3aTeM Haxo[MM CTPYKTYPY NPOEKTUBHBIX COCTABNSAIOWMX NoN-
HOW BONMHOBOW (BYHKUMM (yuuTbiBaeM, UTO B COOTBETCTBUM
c MetogoM ®epopoBa-IpoOHCKOro Kax[gasa COCTaBMAwLas
AO0MKHa 0NpeaenaTbca ToNbKO OLHOM (hyHKLMEN OT NepeMeH-
HOW 7);

\111(7") = (07 07h1>0707E1707070707B3)tf1(r)7
\IJQ(T) = (07 0?0707h370307E37BI;070>tf2(r)a
@3(T) = (h’7 h0707h27070a E2>0707B270)tf3(r)~ (19)

[leNcTBYA MPOEKTUBHBIMK OMEpaTopaMmu Ha CUCTEMY ypaBHe-
Hui (15)-(17), nonyuaem Tpu nogcucTeMbl

Pr: = amh+ anBy — ikBs +imE; = hy,
amho — tmhy =0, —ikh; — a,he = 0;

P2 : bmh + me2 + ZkBl + sz3 = hg,
— bmho — thg = 0, —bmhg + Zk‘h?, = 0;

P3 : — tho — Zk‘hg + bm,1h1 - CLm+1h3 = 0,
—imh — ZkEQ + bm—lEl — am+1E3 = ho,
ikh + szg — am+1Bl — bm,133 = hg,
— Zkho — thg = 0, bm_1h1 + CLm+1h3 = 0.
HaknagbiBaem ycnoeus ®epoposa-IpoHcKoro (3t ycrosus

no3sonstoT npeobpasoBatb AuddepeHUuanbHblie YypaBHEHNS
B anre6panueckue):

Py
=@ f3(r)h + ap, f3(r) By — ik f1(r) Bs+

+me1 (r)El = fl(’r)hl = amf?) = leh
am f3(r)ho —imfi(r)hy =0 = ap f3 = C1f1,
—ikfl(T)hl — amfg(r>h2 =0= amf3 = C1f1;

P,
bmf?)(r)h + bmfg(T’)Bg + Zka(T)Bl+

+im fo(r)Es = fo(r)hs = by fs = Ca fa,
b f3(r)ho — imfa(r)hs = 0 = by, f3 = Ca f2,
—bmfg(’l“)hg + ’Lk’fg(’l")h?, =0= bme = Cgfg;

Py
—imf3(T)h0 — ’Lk?fg(r)hg —+ bm—lfl (T)hl—

b1 fi(r)hs = 0= by, 1 fi = Csfs,
—imf3(r)h — ik f3(r)Ez + bp—1 f1(r) E1—
—my1f2(r)Es = f3(r)ho =
= bm-1f1 = C3f3, amy1fo = Cufs,
ikfs(r)h +imf3(r)Ey — apmq fo(r)Bi—
~bp—1f1(r)Bs = f3(r)ha =
= bm-1f1 = C3f3, amy1fo = Cufs,
—ik f3(r)ho — imf3(r)hy = 0,
bm—1f1(r)h1 + amir fo(r)hs = 0 =
= bm-1f1 = C3f3, amy1fo = Cufs.

C yuyeToM HanoXKeHHbIX CBsI3ei MonyuyaeM anrebpaunyeckyro
CUCTEMY YpaBHEHMUIA

—Cyh+ Cy By — ikBs + imEy = hy,
Ciho — imhy =0, —ikhy — Cyhy = 0,
Coh + Cy By + 1k By + imEs = hs,
—Cohg —imhs =0, —Cshs +ikhs =0,
—imhg — ikhy + C3hy — Cshg = 0,
—imh — ikEy + C3Ey — CyE3 = 0,
ikh + imEy — CyBy — C3B3 = hs,
—ikhg — imhy =0, Cshy + Cyhs = 0. (20)
CoBepem BMecTe AuddepeHLManbHbIE YCIOBMUS CBA3M
bm—1f1(r) = C3f3(r), amfs(r) =Cifi(r),
ami1fo(r) = Cafs(r), b fs(r) = Cafa(r). (20)

W3 (21) cnegytot ypaBHeHWs BTOPOro NOPsSiAKa ANS OTAENbHbIX
(hYHKLMA

bm—lamf?) = CICSf?n
am-‘rlb'mf3 = 0204f37

mbm—1f1 = C1C3f1,
bmam-i-l.fQ == 0204f2~ (22)
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MapaMeTpbl B KaX[,0/ Nape MoryT 6biTb BbIGPaHbl 04MHAKOBbI-
mu: C'3 = Cy, Cy = Cs. lpn 3TOM yCNoBMS CBA3W W ypaB-
HEHWS TPUHMMAIOT BUL

bm-1f1(r) = Cifs, amfs=Cifi,
am+1f2(r) = Cafs,  bumfz = Caofy;
[brn—1am — Cf]fi’» =0, [ambn—1 — Clz]fl =0,
[@mi1bm — C3lfs = 0, [bpamsr — C3lf = 0. (23)

C yuetoM aBHoro BuAa (14) onepatopos nepeoro nopsiaKa no-
NyYEHHbIE YETbIpe YpaBHEHUS 3aMUChIBAKITCS TaK:

{j;+ii—"f—20%]f3=0,
e - 22 a0

OueBUAHO, [OMKHO BbINONHATLCS ycnosue 2C5 = 207 =
C?, 1. e. MeeM TpK ypaBHEHHS:

& 1d 2
( +m02)f3=0,

dr?  rdr r?

? 1d (m-—1)> )
(dr2 rdr_rQ_C>f1_0’
? 1d (m+1)?
<d7“2 ;dT B 72 B 02> f2 =0 (24)

HanoMHuM, uTo B Teopuu 06bluHOW Ge3MaccoBOM BEKTOPHOIA
YaCTMLLbl TaK)Xe BO3HUKAET ypaBHeHWe BuAa (24):

2 2
<d _~_1d+m2_k2_m)f:07

dr?  rdr 72
0 —im % —ik -
—im —1 0 0
c
~3 0 —1 0
ik 0 0 —1
c
G o0 0 o
Ajixn = 0 vz im0
0o  Sik 0 —im
c
0 ~3 0 OC
0 0 g ~
0 0 ﬁ OC
0 0 —ik -

o&‘o%éoo N

z=vVm?2 — k%,  f(2) = Jem(2). (25)
CnepoBaTtenbHo, B ypaBHeHUaX (24) Hapo nonaratb
—C?*=m? -k = C =ivm? — k2 (26)

B HoBo#1 nepeMenHoit z = —iC'r = v/m? — k2r ypaBHeHus
(24) npuHumMaloT GecceneBcKuit BUA!

d? 1d m?

) 5 1—— = = m ’

<d22+zdz+ ZQ)fa 0, f3 = Jim(2)
d? (m —1)2

<d22+ 1zz>f1=0’
& 1d (m+1)2
(dz2+zdz+1_z2>f2_0’

fl == Ji(mfl) (Z)7

1d
zdz

fg = Ji(erl)(Z). (27)

2. AHanu3 anrebpanyeckoi cucteMbl

Hanomuum paBeHctBa C, = Cy = O3 = Cy = C/\/§
n 06patuMcsa K anre6panueckom cucTeMe ypaBHEHUI

—imhg — ikhy + C/v/2hy — C/\/2hs = 0,
—imh — ikEy + C/V2E, — C/V2E3 = hy,
—C/N2h + C/\2B, — ikBs +imE; = hy,

ikh +imEy — C/vV2B, — C/V2Bs = hy,

C/V2h + C/V2By + ikB; + imE; = hs,
C/v/2hy — imhy = 0,

—C/\2hy —imhs = 0,

—Zkho - thg = 0,
~C/N2hy + imhs = 0,
C/V2hy+C/2hs = 0, —ikhy —C/\/2hy = 0. (28)

Ee MoxHo 3anucatb B MaTpuuHoi thopme A11x11 ¥ =0

0 0 0 0 0 0
C . C
im 0 0 0 % —ik
- C 2 C
0 0 im ik % 0
0 0 0 0 0 o |,
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

U = (h7h17 h27 h37E17E27E35 Bla BQ& BS)t'

V6expaeMcs, uto onpegenuTenb 3ToM MaTpuLbl obpalya-
eTCs TOKOEeCTBEHHO B Hynb npu nto6om Boibope napametpa C.
PaHr MaTpuubl paBeH BOCbMW. YaneHue CTPOK C HOMepamu
9-11 npuBogMT K MaTpuue Agy 11 HOBOMO pasMepa C TeM xe

paHroM. Mpu C' = iv/m? — k2 paHr MaTpuubl Ag, 11 paBeH
wectu. PaHr He namenuTcs, ecnu ybpatb cTpoku 1 n 8. B pe-
3ynbTaTe NPUXOAUM K WECTU He3aBUCUMbBIM ypaBHEHUSM
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. C
—im -1 0 0 0 V3
—% 0 -1 0 0 im
ik 0 0 -1 0 0
C
N 0 0 0 -1 0
0 % —im 0 0 0
0 —k 0 —im 0 O

—ik f% 0 0 0
0 0 0 % —ik
im 0o - % 0o - % «
0 im ik % 0
0 0 0 0 0
0 0 0 0 0

X(hv hOv hlu h27 h’3a El’E27E37B17 B27 B3)t =0.

lepeHocuM BnpaBo CTONBLbI, OTBEYAKWME NEPEMEHHbIM
h, E3, By, By, B3, 1 NpUX0AuUM K HEOQHOPOAHOM cucTeMe
YPaBHEHWI ¢ NaTbio CBOGOAHBIMK NapaMeTpamMm

. h
c 0
-1 0 0 0 73 —ik h
0 —1 0 0 m 0 1
0 0 -1 0 0 im ho | _
0 0 0 -1 0 0 h3 -
C
5 Tim 0 0 0 0 E;
—ik —im 0 0 0 E2
t
0) h—
)
\/7 f

&\O

C t
—(0,—ik,———,0,0,0 | Bs.
< V2 ) ’

B pe3ynbTaTe HaXo4uM NATb NIMHEAHO HEe3aBUCUMbIX DEI.IJEHMD‘IZ

—im
ho iv/m2—k2
hq vz
ha | ik N
h3 o in/m?2—k2 ’
E; \65
FEs 0
_ iv/2m?
ho Vi
hl —im
hg iv/2km
= \/m E37
hs m
B 0
Es V3k
k2

—iv/2km
h mi—i2
hl —1k

iv/2k>
h2 = v/ m?2—k2 Bl
hs ik ’
E, _k
E, k2 1m?

\/Em\/m27k2

—im
hO in/m2—k2
hy vz
h ik
2 = s 2 12 BQ
hS i n\q,/ﬁfk ’
El \/5\/777,2—162
E2 m

(h07 h1> h/2a h37E17E2)t =

k vm?2 — k2
(O 0,0,0, —, ) Bs.
m \[m
MpencrasngeM HailfeHHble pelwenna B T1-MepHoit dopme:

. ivm2 — k% ivm? —k?
U, =(1,—im,— , ik,
V2 V2

t
0,0,0,0) ;

<0 B iv/2m?2 ) iv2km

70707

—im, ———,im, —1,

vm2 — k2’ "Vm2 — k2
\/ik 1,0,0,0 t'
\/ﬁ) s Uy Uy )

0 ivV2km . iv2k? K

VMR U Vm e T m

\/ 2 k2 k ¢
_V2/m? -k 00,1,0>

kE /m2 — k2 t
U, = (0,0,0,0,0,,m,0,0,0, 1) .
m ﬂm
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Mpy nogcTaHoBKe MX B UCXOAHYHO cucTeMy (28) Bce naThb pe-
WeHui fakoT Hynu. Cneayet yuuTbiBaTb, UTO 3TH peLleHns Hal-
[AEHbl C TOUHOCTbIO A0 NPOU3BOSbHBIX MHOXHUTENEN.

3akniouyeHue

VpaBHeHue ana GeamaccoBoit uactuubl LTiokenb6epra
PeleHo B LMNMHAPUYECKUX KoopamuHaTax. MoneBas thyHKLMS
COCTOWT M3 CKanspa, 4-BeKTopa ¥ aHTUCUMMETPUYHOTO TEH30-
pa. ®usnueckn HabnogaeMbIM1 BENIMUMHAMM SBASIIOTCA CKa-
nap (nepemenHas h) u 4-extop (nepeMeHHble hg, hi, ho,
hs); Manueckn HeHabniofgaeMble nepeMeHHble — KOMMOHEH-
Tbl aHTUCMMMETPUUHOTO TeH3opa (nepeMeHHble F;, B;). Hait-
AeHbl NATb NIMHENHO HEe3aBUCUMbIX pelueHWi. Mpu aToM cBo-
6o HbIMW NapaMeTpamu senstTca h, Es, By, Bs, Bs.
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Abstract

Recently, models for a spin 1/2 particle with two (or three)
mass parameters were developed. Specific features of
these models are as follows. For corresponding two (or
three) bispinors in absence of external fields, separate Dirac-
like equations are derived, they differ in masses. How-
ever, in presence of external electromagnetic or gravitational
fields with non-vanishing Ricci scalar, the wave equation for
bispinors does not split into separated equations but makes
quite a definite mixing of two (or three) equations arises. In
the present paper, the model of a fermion with three mass pa-
rameters is studied in presence of the external uniform mag-
netics field. After performing a diagonalizing transformation,
three separate equations are obtained for particles with dif-
ferent anomalous magnetic moments. Their exact solutions
and generalized energy spectra are found.

Keywords:

fermion with three mass parameters, magnetic field, anoma-
lous magnetic moment, exact solutions, energy spectrum

Introduction

In the context of existence of the similar neutrinos of dif-
ferent masses, we examine a possibility within the theory of
relativistic wave equations to describe particles with several
mass parameters. In general, existence of more general wave
equations than commonly used ones is well known within the
Gel'fand-Yaglom formalism - see references [1-5].

In particular, models for a spin 1/2 particle with two and
three mass parameters were developed [6-15]. Specific fea-
tures of these models are as follows. For two (or three)
bispinors, in absence of external fields separate Dirac-like
equations are derived, they differ in masses. However, in

®epMuoH ¢ Tpemd
MacCoBbIMM NapaMeTpaMi
BO BHELHEM MarHUTHOM none

E.M. Oecuiok', A.. CachpoHos’, A.Jl. Kopanbkos',
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'"Mo3bIpCKMI roCY,apCTBEHHbIN Nefarornueckui yHuBepcuTet
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r. Mo3bipb, Benapycb

’MUHCKOE CYBOPOBCKOE BOEHHOE YuunulLe,

r. Munck, benapycb

e.ovsiyuk@mail.ru
safronov_mspu@mail.ru
artemkoralkov@gmail.com
voinovayanina@mail.ru

AHHoTauua

HepaBHo 6bin1 pasBuTLI MOJENN BAIS YACTHLLbI CO CIUHOM 1/2
¢ AByMsa (unu Tpems) maccoebiMM napametpaMu. OcobeHHo-
CTVW 3TUX MOeNeil 3aKntyaloTcs B cnegyioueM. [ng cooTBet-
CTBYIOWMX ABYX (MAn Tpex) BUCAMHOPOB B OTCYTCTBUE BHELU-
HUX Moneit BbIBORATCS OTAENbHble YpaBHEHUS [UPAKOBCKOIO
TMNa, pasnuuarowmecs Maccamu. OfHaKo NPy HanMUKK BHel -
HUX 3MIeKTPOMarHUTHbIX MU FPaBUTALMOHHbIX Mol C HeHy-
neBbIM cKanspoM Puyuu BonHoBOE ypaBHeHue ans bucnuHo-
poB He pacnapaeTcs Ha OTAeMNbHbIe YPaBHEHUS, @ BO3HUKAET
cBs3aHHasa cucTeMa U3 AByX (Mnu Tpex) ypaBHeHui. B HacTo-
auei pabote uccnepyercs Mofenb (hepMuoHa C TpeMs Mac-
COBbIMW NapaMeTpaMu B NPUCYTCTBUM BHELIHEro OfHOPOAHO-
ro marHutHoro nons. lMocne guaroHanusauuu MaTpuubl cMe-
WMBAHWA NONYYAOTCS TPY OTAENbHbIX YPAaBHEHUS ANS YacTuL,
C pasHbIMW aHOMaNbHbIMU MarHUTHbLIMU MOMEHTaMM; HalfeHbl
UX TOYHblE pelleHUs U nonyueHbl 0606weHHble 3HepreTuye-
CKM1e CMEeKTPbl.

Kniouesble cnosa:

(hepMMOH C TpeMs MacCoBbIMW NapaMeTpaMu, MarHuTHoe no-
ne, aHOManbHbli MarHUTHbIH MOMEHT, TOUHbIE PELIeHNUS, IHep-
reTMYecKui cnekTp

presence of external electromagnetic field or gravitational
field with non-vanishing Ricci scalar, the wave equation for
bispinors does not split into separated equations, instead a
quite definite mixing of two (or three) equations arises. It was
shown that generalized equations for Majorana particle with
several mass parameters exist as well. Such generalized Ma-
jorana equations are not trivial if the Ricci scalar does not
vanish.

In the present paper, the model of a fermion with three
mass parameters is studied in presence of the external uni-
form magnetics field. After applying the diagonalizing trans-
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formation, three separate equations are obtained effectively
for particles with different anomalous magnetic moments.
Their exact solutions and generalized energy spectra are
found.

1. General theory in presence of electromag-
netic and gravitational fields

We start with the system of equations for a fermion with
3 mass parameters [12, 15]:

On + To(z) +ieAy(2)] P (z)—
— M1®4(z) + Y1E(z)®(z) = 0,

iy ()]
" ()00 + Ta(2)ieAa(2)| P2 (2)—

0o +To(z) +ieAy(x)]Ps(z)—
— M3®5(x) + Y3X(x)®(x) =0, (1)

iy ()]

where the notations are used

4c c
Y) = e fc2>,z=1,2,3,L=c1+736,
@(JZ) = L1<I>1(x) + LQ(I)Q(J?) + L3(I)3(l’),
1
Y(z) = —ieFp0°P (z) + ZR(.I),

I — —L|C4|2 —L|C3|2+C% —Cg(/\2+)\3) +/\2/\3

' Lescs(A — A2) (A1 — Ag) ’
Ly — —L|C4|2 —L|C3|2+C§ —CQ(/\3+)\1)+/\3/\1

2 LCQC3()\2 — )\3)()\2 — )\1) ’
L — —L|C4|2 —L|63|2+C% —Cg</\1 —|—)\2) +/\1/\2

3 LCQC3()\3 — )\1)()\3 — )\2) ’

With the notation |c4| = a, |c3| = b, the mixing matrix in
the equation (1) is specified by the relations

Vil = 3?\4“1 — )%
o —L(a +0%) + C% —ca(Aa+ A3) + A3
LA —A2)(M — A3) ’
Yily = 1 (A1 —e2)x
3M
" —L(a* + V%) + 32— ca(A3 + A1) + A3\
LAz —2A3)(Aa — Ny) ’
4
Yils = 3M(/\1 — C2) X
y —L(a? + V%) + 3 — ca(A1 + X2) + Mo

LAz —A)(As — A2)

4

YoL, = 3]\/[(/\2 — C9) %
y —L(a® +b%) + 3 — ca(Aa + A3) + Aoz
LOv — M) — \a) :
YoLo = 1 — (A2 — c2)X
3M
y —L(a® + V%) + 3 — ca(A3 + A1) + A3\
La—23) (e —\) ’
4
YoLs = SM(/\Q - CQ)X
" —L(a® +b%) + 3 — ca(A1 + A2) + Mg
L(As — A1)(As — A2) 7
4
YL, = 3M()\3 —c2)X
y —L(a® + V%) + 3 — ca(Aa + A3) + Aoz
LA — A2)(A1 — A3) ’
Y3Lo = 1 — (A3 — )X
3M
" —L(a*+b*) + 2 — ca(A3 + A1) + A3\
La — 2) e — M) ’
4
Y313 = SM(/\S —C2) %
o —L(a* + bz) + C% — oA+ A2) + Ao

L(As — A1)(A3 — A2)

We will consider eq. (1) in the cylindrical coordinates and

tetrad
dS? = dt? — dr? — r?d¢® —
(t,T’,d),Z),
1 0 0 O
5, [0 1 0 0
€@ =10 o 1/r 0
00 0 1

Ricci rotation coefficients are as follows: .0 = 0, Yap1 =
0, Y122 = —7v212 = 1/7, Yaps = 0. The external magnetic
field directed along the axis x3 is determined as follows

A¢ = —%BTQ,
—ieF,5(z) = —ieFia(x)y" (2)v* ()

— ieB <_“’3 0 ) — eBY.
0 —1i03

Flg(.r) = Fr¢ = —BT’,

= jeBy'y? =

So, the main equation (1) takes the form (we simplify the no-
tation,eB = B)

2
1y a+z’y£—l—— g%—BL 4—1’732 D,—
ot or r \ ¢ 0z

—M®, + BYY; (L1 ®y + Ly®, + Ly®3) = 0,
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1y a—va—i—ﬁ Q—FBL +i732_¢>—
ot or " r \0¢ 9z] °

*M(I)Q + BZYQ(Ll(I)l + LQ(I)Q + qu)g) — 0,
b, —
9o ’
—M®3 + BYY3(L1 Py + Lo®y + Ly®3) = 0.

For three involved bispinors, we will use the following substi-
tutions

0 0 0 v [0 Br? 3 0]
278t+m(97+7 7+7 —I—wg

@1 = e—ieteimlpeikz(f17 f27 f37 f4)t7
Dy = e "™ (g1, 92,93, 94)",
(I)g _ e—ieteimgoeikz(hl’ h27 hg, h4)t,

where () stands for transpose. Then the previous system
reads

ey® + iy 80_'y2u( ) — k’yg—M- o+
+(M — My)®, + BYY1 (L1 Py + La®y + L3<I>3) 0,
ey’ + iy g - 12u( ) =

k’}/ — M| P+

+(M — M3)®; + BYY5(L1 Py + Lo®y + qu)d) 0,
2

e,
ey’ + iy a***ﬂ() k' — M| @3+

(M M3)®s + BYY3(L1®; + Lo®s + L3<I>3) 0,

where
1 0 0 O
1., 0O -1 0 O
u(r)—m+§Br, =10 0 1 o
0O 0 0 -1

Using the shortening notations for elements of the mixing ma-
trix

we present the system as follows

Oy, + Z);®; = 0,

fk'y?’—M

The mixing matrix should be reduced to a diagonal form by
a linear transformation

T =50, 9b=S75"'D,

pr 0 0
SZS_l = 0 M2 0
0 0 ps
As a result we get
(P p 00 [P
SO[ D | [0 pe O Dy | =0,
63 0 0 w3 63

or
1 0 v 3 1= FY
ey’ + iyt o (r)—ky>— M| &1+, 2P =0,
0, .10 72 3 1= =
ey + iy i 7;1(7") — kv’ — M| Po+psX®s =0,
[ 0,.10 7 3 1= =
€y + vy 5 — 7[1,(7’) — ]{7")/ -M @34‘#32@3 =0.

(2)
Thus, after transformation, three separate equations are ob-
tained effectively for particles with different anomalous mag-
netic moments.

2. Solving the basic equation

Let us briefly describe the procedure for solving the basic
equation (2):

fi

) 2
[670 + i’yla — 770(7“) — kv - M+TZ ;z
fa

Using the spinor basis for the Dirac matrices [3, 6], we obtain
four equations

Si (4] it e DA+ 0= ADf =0
“i(ge-n) ot e DA T DR =0,
(5 0) fat e~ R (0= DD fa =0,
i(i—p) i+ (e+k)fe—T+M)fy=0. (3)

d
Let . + p(r) = D4. Equations (3) can be considered as
T
two linear subsystems and their solutions are
£ = Z«(G +k)Difo+ (I'= M)D, fy
: T - M2 (k)
(e—k)D_fi — (T'+ M)D_fs

N U v ey =y =

f :_Z-<F—M)D+f2+(€—k)D+f4
’ (T =M — (k%)
f __i*(F+M)D7f1+(€+k)fo3
N ) S )

Eliminating the variables f1, f3 in the equations above, we
obtain

I'+M € —

D_D. f

k
Troa o T-ME_ (&%)
e—k .D_D+f4

o T ey @
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r+M, D_D, f,
e T—MPE—(@—i2)
r—M D_D,f,

etk (T —MZ— (& k)

Subtract the second equation from the first equation and sub-
stitute the resulting expression for f5 into (4), so we obtain
the fourth order equation for f;:

d4f4 €2B2 )
— i + { r*—eB(2m —1)—
2m(m + 1)) d*f,
2 2 _ 12 .2
217 = M K @)+ } ot
ope.  mm+1D)]dfs | e'B'
+ {e Bor—4 73 dr 16 *
e? B2
+ [eB(2m — 1) +2(I* — M? — k* + €*)] r*—
—eB(2m—1)(T*—M?—k*+e*)—(T*+ M>+k*—€*)*+
2B2
A2 M2 — S22 (6m? — 2m — 1)+
m(m+1)[eB(2m — 1) + 2(I'? — M? — k? + ¢)]
r? B
m(m —2)(m+3)(m+1
_mm = mr D]

r

Similarly, we can obtain the fourth order equation for the
function f5. Equations for fy and f4 turn out to be the same.
To study the fourth order equation, we will use the factoriza-

tion method:
Fy(r) f(r) = F2(r)Ga(r) f(r) = 0,
- 2
fg(T) %—Q—PoT +P1+P
B = Tt Qe 2

Computing the product

~ d? 9 P
F4_(M+P0r +P1+7"72 X

2
(jQ +Qor? +Q1+Q2>

and equating the result to the operator (5), we find two solu-
tions for sets of numerical coefficients:

1
I PQZ—EBQEQ, Pzz—m(m—i—l),
1 2 2
P =eB m—g +I° - M-
— >+ € +2TVe? — k2,
1
Ir Qo= —132627 Q2 = —m(m +1),

1
Q1 =eB <m 2) +I? - M~
— kP 4+ —2lVe2 — k2.

The variant Il differs only in sign at the parameter I'. Thus, we
are to solve two second-order differential equations:

d2 B2€2T2
{er 4

P Ve R — (TZH)} F=0, ()

1
+eB <m—2>—|—F2—M2

orE @fﬂqua

1
+eB <m—2> + I - M? - k*+

— K+

dr? 4

|: d2 B2€2T2

They differ only in sign at the parameter I'. Consider the
equation (6). Let us make the change of the variable z =
eBr? /2. Solutions are constructed in the form f = x%e?* F..
Taking into account the constraints a = —m/2, (m + 1) /2
and b = —1/2, we obtain the equation for F"

(L ar
dez T \2 T )

1
~ B [eB(4a +1)—4I'vVe? — k2 — (2m —1)eB—
e

oI M? k2 4 62)}F —0.

It is an equation of the confluent hypergeometric type with
parameters

— %+ 1
Y= 4a 23
1
a=—7 B{eB 4a+1)—4T'Ve? — k2—(2m—1)eB—
e
oI — M2 — k2 4 62)].

To construct solutions corresponding to bound states, one
should use the positive values of the parameter a (for defi-
niteness, we assume that e B > 0):

m+1

a = ———

(m < 0); 5

. >0 (m>0).

2
The polynomial conditions « = —n (let € — k% = \)
provides us with the quantization rule for energy values
T'vA A
ati- Ty V2 + .
2 2 2eB eB 2eB
Hence, using the notation M? + 2eB(a + 1/2 — m/2 +
n) = N, we obtain

A=(WN-T)2>0. (7

m M?—T?

+n=
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From (7) we find the formula for the energy values

2
2 — k= l\/M2+QeB <a+1_2m+n> —F]

Depending on the value of a , we have two expressions for V:

2
& k2= [\/M2 ¥ 2¢B(1 +n) — r} :

Thus, we obtain two series of energies
I: A=KWN-1)% II: X=(VN+T)%

Let us consider a special case of an electrically neutral
particle with the magnetic moment (neutron). The transition
to the case of a neutral particle can be carried out with the
help of simple formal changes,e — 0, A — oo, eA — A,

so that B B
r= )\%— —T=A—"

mce mc?

No additional calculations are needed. We obtain two second-
order equations:

{dQ L (WETR TR A - Tl 1)] f=0,

dr? r

LZ; F(VE—R-T)2 - M- 77”(”;; 1)] F=0.

General solutions of equations (8) have the form
f(?“) = \/;(Jerl/Q(m) + Ym+1/2(x))a

. \/(M+F)2 .
9(r) = Vr(Tmi12(y) + Yins1/2(v)),

y—\/<M—F)2—M2r.

From the form of these equations, we can conclude that the
magnetic moment manifests itself in an external magnetic
field in a quite definite way: in fact, everything reduces to so-
lutions with cylindrical symmetry for an ordinary free particle
with spin 1/2, but with a certain replacement

2
- M? = (\/62 e iF) — M2,

The main manifestation of the magnetic moment of a neu-
tral particle is the modification (spatial scaling) of the wave
functions in directions transverse to the magnetic field. Ap-
parently, such a modification of the transverse structure of
a neutron beam can be observed experimentally, for exam-
ple, in neutron Bessel beams. Obviously, the transition to the

situation of an electrically neutral particle can also be carried
out in the case of a particle with three mass parameters.

3. Diagonalization of the mixing matrix

Let us turn back to the system of three equations
_ 9 ) -
S ey + iyt == — l,u(r) — kY = M| &+
i or r |
+(d1 L1®y + dy Ly ®o + dy Ly®3 + (M — M;)®,) = 0,
o, .19 7 3 ]

S ley iy — — —u(r) —ky? — M| &0+
i or r |
+(do L1 @y + do Ly ®o + do Lz ®3 + (M — M3)®,) = 0,
_ ) -

0
S ey iyt — - l,u(r) —ky® — M| &5+
i or r

+(dsL1®1 + dsLo®y + d3Ls®s + (M — M;3)P5) =0,

or briefly

a 2
0= er? +iyt — — l,u(r) — kv — M|,
or r

0 + Ty,;®; = 0.

To find the transformation matrix .S, which will diagonal-
ize the mixing matrix, we are to study the following equation
ST = TS, or in detail

S11 S12 S13
S21 S22 S23 | X
$31 S32 833

M — M1 + d1L1 d1L2
X d2L1 M — M2 + dQLQ
dsLy dsLo
di L3
dy L3 =
M — M5+ dsLsg
w00 S11 S12 813
= 0 w2 O S21 S22 823
0 0 w3 831 832 833

Hence we obtain three linear subsystems:

(M — My +diL1)s1y + dyLysiz + dsLysiz = pisin,
diLasiy + (M — My + daLa)si2 + d3Lasiz = pi1512,
diL3s11 +daLssiz + (M — M3z + d3L3)s13 = p1813;

(M — My +dyLy)s11 + doLysia + dsLysi3 = p1S11,
diLosii + (M — My + dyLo)s12 + d3LoSis = f11512,
dyL3si1 + daLssia + (M — Ms 4 dsLs)s13 = jt1513;

(M — My +dyLy)ss; + doLyssa + dsLysss = pssai,
dyLossy + (M — My + dyLy)sse + d3LoSss = ji3Ss2,
dyL3s31 + daLsssa + (M — Ms + dsLs)s33 = jt3S33.
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Here we have three eigenvalue problems

M — M1 + d1L1 - d2L1
dlLQ M — M2 + d2L2 -
diL3 daL3

M — M1 + d1L1 - d2L1
d1L2 M — M2 + d2L2 -
diL3 daL3

M—M1+d1L1— d2L1
d1L2 M — M2 + d2L2
d1L3 d2L3

dsLq S11

dsLo s12 | =0,
M—M3+d3L3 - 513
dsLq S21

dsLo S22 | =0,
M — M3 + d3L3 — M2 523
dsLy 531

— M3 d3L2 S32 =0.
M — M3+ dsLs — 3 S33

Note that the three rows of the matrix S may be found only up to arbitrary multipliers. The condition for the existence of
solutions for these three systems is the vanishing of the determinant

M — M, +dL — do L dslq
det d1L2 M — M2 + d2L2 — K d3L2 =0.
dy L3 dyL3 M — M3+ d3Lz —

Let us get the explicit form of the third order equation for
parameter p:

— 1P+ (3M — My — My~ Ms+dy Ly +do Lo +ds L) 1>+
+[—diLy(2M — My — M3) —dy Ly (2M — My — M3) —
—dsL3(2M — My—My)—3M?+2(My 4 My+Ms) M —
—(MyM; + My Mz + My M;)| p+
+dy Ly (M —My) (M —Mz)+ds Lo (M —Ms) (M—M; )+
+dgLs(M — M) (M — My)+
+(M — M) (M — My)(M — Ms) = 0.

Given the relation M; = M/ \;, the equation can be trans-
formed into the following form

11 1
- M(3—-— - — — Lyidy + Lod
M3 + <3 SV /\3>+ 1+ Lado+
+Lads | p* + | —MLyd oo L 1Y)
3a3 | 4 101 X A3
11 11
~MLydy (2— — — — | —MLsds (2 — — — — ) —
( N A3) ( N A2)
1 1 1
—3M? + 2M? -
+ <A1+A2+A3>
11 11
M ==
(A1A2+A1A3 Amﬂ“*

+ {Mledl ( )\1> <1 +
9 1
+M"Lody |1 — —
3

i)(

»)
Iy,
%)

»—t>"»—l>,

+M?Lsds <1 —

e i-3)(-3) ()] o o

Let us detail the explicit form of the elements of the mixing
matrix. First, we take into account that the parametrization

of possible values of the mass parameters M; = — can be
simplified. Recall that the roots \; are solutions of the char-
acteristic equation
N —(c1+c) A2+ (crea+a? + b)) A — (cra® +cob?) = 0,
where c3 = b > 0, ¢4 = a > 0. Taking into account the
identities

c162% + cob?

Ay = ———,

A+ A =ci+cr— As, Y
3

we find expressions for A1, Ao in terms of A3 :

/\1201+CQ—)\3_
2
c1+cy— A3 2 c1a? + cob?
2 A3 ’
cL+cy— A
ho— ey

C1 a? =+ Co b2

Az

n 14 co— A3 2_
2

The value of the root A3 may be arbitrary, because the phys-
ically meaningful parameter is M3 = M/\3 (at an arbi-
trary M). The simplest expression for )3 is obtained when
c1 = co = 1. In this case, the cubic equation is simplified

N2+ (1+kA—k=0, k=a>+0b>
Its roots are given by the formulas
1 1
Az =1, )\1—5—5 1 — 4k,
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1 oM 1
1—4k, ke (0,2). My=—=" ke(0,=).
( 4) L1+ V1-dk < 4)

Accordingly, the mass parameters M; are specified by the

formulas Let us construct tables of values for \; and )\;1 =
2M : 3 p— - pr— 71 pr— i
Ms = M, M, = , M;/M, i . 1,2, (A3 = A3 1), depending on the
1—+/1—4k parameter k:
Table 1
Parameter values \; = % (1 F /1 — 4k), i = 1,2 depending on k
Tabnuua 1
3HaueHus napaMeTpoB \; = % (1 FVv1 -4k ) i =1, 2 B 3aBucumocTn 0T Kk
k | 024 | 022 | 0209 | 0207 | 0.205 | 0.203 | 0.20 | 0.16 | 0.12 0.08 0.04 0.01
A1 | 04 | 0327 | 0298 | 0.293 | 0.288 | 0.283 | 0.276 | 0.2 | 0139 | 0.088 | 0.042 | 0.01
Aoy | 06 | 0673 | 0702 | 0707 | 0.712 | 0717 | 0.724 | 0.8 | 0.861 | 0.912 | 0.958 | 0.989
) Table 2
Parameter values \; ' = 2 (1 ¥ /1 — 4k) ,i = 1,2 depending on k
Tabnuua 2
3HaueHus napameTpoB )\i_l =2 (1 FV1-— 4k)71,i = 1, 2 B 3aBuCMMOCTH OT k
k 0.24 022 | 0.209 | 0.207 | 0.205 | 0.203 | 0.20 0.16 0.12 0.08 0.04 0.01
1/)\1 25 | 3058 | 3.356 | 3.413 | 3.472 | 3.534 | 3.623 5 7.194 | 11.364 | 23.810 | 100
1/)\2 1667 | 1.486 | 1425 | 1.414 | 1.404 | 1.395 | 1381 | 1.250 | 1.161 1.096 1.044 | 1.0M
Let us detail the coefficients L; in the expression for where
o) L=142 (a>+b*) =k L o<cam<t
e -, a = < E) < < .
@(.T) = L1<I>1(x) + LQCDQ(IL‘) + L3(I)3(l’), \/6 4
L ok 1 N Let us detail the coefficients d;:
G VIS VY5 W W d1=43b<>\1—1>, 4, 4Bb <A2_1>’
1120+ Ag) + 4N 6M 2 6M 2
2Lb (A1 — X)) (A — A3) 4Bb 1
d3 = —— (A3 — = (M)
6M 2
—2k 1
Ly, = b (o — A3)(ha — A1) + Combinations d;L; appear in the mixing matrix, so the pa-

rameter b in the denominators in (10) will be canceled with the

1 1-2(+ A1) + 400 parameter b in (11). Also, since the dimension of the quantity

2Lb (A2 = Az)(A2 — A1) ’ B is M? (inverse square meter), we can introduce substitu-
tions
I —2k 1 n 1B .
T (A=A — ) 4B:6rM2:>di:M6M b<)\ —2> =
N 1 1=2(A 4+ X)) +4M A
2L6 (ha— )0 —Aa) — Mrb (M _ ;) _ MD,,

or (we take into account that A5 = 1)

1 1 1 where the quantities D; are dimensionless. With this in mind,
L == 2k + —(—1 42\ the cubic equation (9) is transformed to the form
: b<A11><A1A2>{ AN 2)} !
1 1 1
1 1 —M3+M 3—>\7—T—)\7+LD1+L2D2+
Ly== % 1 2 3
b (A2 —1)(Aa— A1)
2k:+i( 142)\) +LsDs|p2 4 M2|—L,Dy (2— L - L
oL 1) (> 33| b 141 Ay s
1 1 1 1
L Z —LD<2——)—LD(2——
5T b(1—A )(1 - )\2) 2 A1 A3 o A1
Ao A /\3
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(11,10
A1 Ag

1 1
noy (-5 (13, )+
1 1
wams (1= 1) (1-30) +
1 1
w0 (1-5) (1-5;) +
vli- Y-y L
A1 Ao A3

+M?

The roots of this equation can be found in the form p; =
MA;, where A; are dimensionless quantities; then the

equation for A, A,, A3 takes the form

1 1 1
3————— —+ LD+ LsDs+LsD
N /\3-1- 11+ LolDo+ L3 D3

11
LDy (2 ———)-
o (2-5 1)

_A3_|_

+

1 1 1 1 1
—LsDs (22— ——— | -34+2(—+—+— ] —
3 3( " )\2> + <)\1 +)\2 +>\3>

11,11 11
A A2 A A3 A A3

Allow for that A3 = 1, then we get

1 1
9 - _
A e

1 1
LiD;(1—-— LoDy (1 — —
1 1( )\2>+ 2 2< /\1>+
1 1 1 1
LsDs |2 — — — — 3—-2(—+—+1
+ L3 3( N )\2)+ ()\1+)\2+)+

+11+1+1 A
A A2 AL Ae

A3+ + LDy + LyDy + L3Ds | A%+

+

A%+

1 1
—LyDsy(1—— ) (1——) =0.
2 (15) (- 5) =

Since the parameter b enters as a multiplier into D1, Do, D3
and the denominators of the expressions for the coefficients
L+, Lo, L3, then in comhinations

LDy + LyDy + L3D3, LDy, LoDy, L3Ds

this parameter is reduced. With this in mind, we have the
identities

1
e v T v {—2k+2L(2/\1—1)},

L= 5ya =~

1
X {—Qk—l— ﬁ(l — 2\ — 22X +4)\1)\2)} )

r T r
D, = 5(2/\1 —-1), Dy= 5(2)\2 —1), D3= ok

/\1:%(1— 1—4k), AQ:%(H\/@),

1
k€ (1,4),

Also, we should take into account the identities

L=1+—, (@®+V)=k<

A~ =

9 — 1= —vVI—ak, 2\ —1=+vI_4k,
M= Ao = —VI—dk A — A = +VI— 4k
)\1+)\2:17 )\1_1:_)\27 >‘2_1:_)\17

1—2X\ — 2\ + 4\ \o = 4k — 1,

then we get simpler expressions

)\1)‘2 = ka

2 1
L= 2k + —1— 4k},
YT+ VI— k)1 - dk { 2L }
Ly = 2 {2k:+1 1—4k=}
2T 1+ VI-dk)V1- 4k 2L ’

1 1
Ly=+ {—2k+ 57 (4 — 1)},

D, = —g\/l "Ik, Dy = +g\/1 ik, Dy= %
b 1
L=14+—, 0<b<-.
V6 2
In this way, we arrive at the following cubic equation for A:
A%+ AN + BA +C =0,
where the coefficients are (take into account the properties

of the roots Ay, A\g)

1
A:2— E+L1D1+L2D2+L3D3, C:Lng,
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1—+1—-4k

T+Vi—ak
1++v1—4k 1
—LoDy———F——=+L3Ds |2—— ) + 1.
2 21_ - ik 3 3< /<:>
Using identities
2k — Iv/1 — 4k
LDy = ———F——,
1++1—4k
2k 4+ 11 — 4k
L2D2:—+ T
1—+/1—4k
1—4k
LsD3=—(1+1
33 <+ ok >7";

we transform the cubic equation to a simpler form

A3+72kk:_1A2+ [1+ <1—11;k4k> 7“] A+

we obtain
A3+2]€7];1A2+
V6 1 —4k
+ |1+ 11— r| A+
( 2(V6+0) 2k
V6 1 —4k
+ 1+ r=0, (12
( 2(vV6+b 2k )
where
1
0<k<1, 0<b<2.

For definiteness, we set b; = 0, by = 1, b = 2. The pa-
rameter 7 was introduced by the relation 4B = 6rM?
from physical considerations, we will assume that the dimen-
sionless parameter r is small. Below we will follow several

(1 ll — 4k — situations r = 107°, » = 1073, r = 1. The last value
2k ’ |r| = 1 corresponds to a very strong magnetic field. Nu-
Allowing for the expression for the parameter i: merical study showed.that dgpepdgqce of the rqots A, upon
parameter b € (0, 2) is very insignificant. By this reason be-
[ — 1 _ V6 low we take the value b = 0. Let us construct tables of values
2L 2(v/6+0) ’ for the roots A, Ay, A3 equations (12) (see tables 3-5).
Table 3
The values of the roots A;, i = 1, 2, 3 of equation (12) for b = 0,7 = 102
Tabnuua 3
3nauenns kopHeit A;, i = 1,2, 3 ypaeuenus (12) ana b = 0,7 = 107>
k 0.24 0.22 0.208 0.204 0.20 0.16 0.10 0.06 0.02 0.01
Aq 0.667 0.485 0.419 0.400 0.382 0.250 0127 0.069 0.021 0.010
As 1.500 2.060 2.389 2.502 2.618 3.999 7.873 14.598 47.979 97.990
Az | -0.00001 | -0.00001 | -0.00001 | -0.00001 | -0.00001 | -0.00002 | -0.00002 | -0.00004 | -0.00012 | -0.00024
Table 4
The values of the roots A;, 7 = 1, 2, 3 of equation (12) for b = 0,7 = 103
Tabnuua 4
3nauenns kopHeit A;, i = 1,2, 3 ypasHenus (12) ana b = 0,7 = 103
k 0.24 022 | 0208 | 0204 | 020 0.16 012 0.08 0.04 0.01
A | 0670 | 0.487 | 0.420 | 0.401 | 0384 | 0252 | 0164 | 0099 | 0.049 | 0021
Ay | 1489 | 2059 | 2388 | 2502 | 2617 | 3.999 6171 | 10.404 | 22.957 | 97.990
As | -0.001 | -0001 | -0.001 | -0.001 | -0.001 | -0.002 | -0.002 | -0.003 | -0.005 | -0.012
Finally, with an even greater increase in the parameter r, the roots become complex-valued
Table 5
The values of the roots A;, 7 = 1, 2, 3 of equation (12) for b = 0,r = 1
Tabnuua b
3HaueHus KopHeit A;, 7 = 1,2, 3 ypasHenus (12) pnab = 0,r = 1
k 0.24 0.209 0.206 0.203 018 012 0.06 0.01
Ay | 1265+1.129i | 1.588+0.726i | 1.625+0.656i | 1.662+0.574i | 1173 0695 | 0503 | 0.406
Ay -0.362 -0.392 -0.395 -0.398 2804 | 6128 | 14.727 | 98.221
Az | 1.265-1.129i | 1588-0.726i | 1.625-0.656i | 1662-0.574i | -0.422 | -0.489 | -0.653 | -0.627

This means that at such magnetic field, the model be-
comes non-interpretable.

Conclusions

In the present paper, the model of a fermion with three
mass parameters is studied in presence of the external

uniform magnetic field. After diagonalizing transformation,
three separate equations are obtained effectively for parti-
cles with different anomalous magnetic moments. Their ex-
act solutions and generalized energy spectra are found. Af-
ter diagonalizing the mixing matrix, we reduce the problem
for three separated Dirac-like equations for particles with
different anomalous magnetic moment. It is shown that for
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a very strong magnetic field, the model becomes non-inter-
pretable, because the effective anomalous moments turns out
to be complex-valued.

10.
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Abstract

Using two-dimensional recurrence relations, a description of
dynamical X-ray diffraction in crystals is presented. It is
shown that this approach makes it possible to calculate X-
ray fields inside the crystal and reciprocal space maps.
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Introduction

To describe diffraction in lateral crystals of a rectangu-
lar cross section, two-dimensional recurrent relations were
obtained [1, 2], which differ from the one-dimensional Darwin
algebraic equations. On the other hand, diffraction in perfect
crystals of a rectangular cross section can also be consid-
ered using the two-dimensional Takagi-Taupin equations [3].
On the example of a cylindrical crystal, it was shown that two-
dimensional recurrence relations can be used to calculate re-
ciprocal space maps (RSMs) for crystals of arbitrary shape
[4]. It should be noted that numerical integration based on
the Takagi-Taupin equations is not always stable, while cal-
culations based on two-dimensional recurrence relations are
always stable. In this paper, we show that the diffraction of
spatially restricted X-ray beams in periodic structures can be
described using two-dimensional recurrence relations. Us-
ing these recurrence relations, it is possible to calculate the
x-ray fields inside the crystal and RSMs.

Recurrent relations

Two-dimensional recurrent relations can be written in the
following form

T =aT 7 + b, ST

n—1>-

m __ m—1 m—1
Sn _a’Sn+1 +b2Tn+1 )

[lnHaMmueckas Teopua audpaxumu
PEHTFeHOBCKUX Nyuen

Ha 0CHOBE 1BYMEpPHbIX
PEKYPPEHTHbIX COOTHOLIEHUH

C.U. Konocos, B.W. lyHeros

®u3NKo-MaTEMATUUECKUI MHCTUTYT
OUL, Komu HL, VpO PAH,
r. CbIKTbIBKap

kolos.20vek@gmail.com
vpunegov@ipm.komisc.ru

AHHoTauus

MpepcTaBneHo onvcaH1e [UHaMUUYECKON ANPAKLMM PeHTre-
HOBCKUX Nyyel B KpUCTannax ¢ UCMONb30BaHUEM BYMepPHbIX
PeKyppeHTHbIX CooTHowWeHWi. MokasaHo, uTo Takoi noaxop
Mo3BoNSieT PacCUMTLIBaTL MONS PEHTTEHOBCKUX Nyyeill BHYT-
pv KpucTanna.

KnioueBble cnoBa:

PeHTreHOBCKUE NyuW, AUHAMUUeCKan Audpakuus, OﬁpaTHOE
NPOCTPAHCTBO, KapTa pacnpepeneHnqa UHTEHCUBHOCTU

where 77" and S]" are the amplitudes of the transmitted and

diffracted wave, a = (1 — i q,) exp (7, /\32‘23), by =
_ ( 2nd ) b e ( 2md )

—iqexp 1 , = —jqgexp|i— ,
4 exp Asinfp 2 4 exp Asinfg

4 = _,\s;;deB Xor q = _/\s?;]dGB X—gr qa =

fﬁxg, Xo» X and x_p, — are the Fourier components

of the X-ray polarizability, d = — is the interplanar

Smop
distance, A is the X-ray wave length, 6 is the Bragg angle for

reflective lattice planes. The distance between nodes along
the z axis is ectb Ax = d/ tg 0p.

Figure 1a shows the directions of the transmitted and
diffracted X-ray beam, taking into account the dynamical in-
teraction of X-ray waves. The horizontal lines represent the
crystal planes, which are numbered from top to bottom. Ar-
rows directed down correspond to transmitted waves, arrows
directed up refer to diffracted waves.

According to Figure 1a, the magnitude of the ampli-
tude 77" of the transmitted beam at the node (m;n)
consists of the contributions of the transmitted 77"
and reflected downward S”"~' waves at the node (m —
1;m — 1). This physical process is described by the
first equation of recurrent relations (1). The diffrac-
tion wave S)" at the node (m;n) is formed as a re-
sult of the upward passage of the wave S,Tgll and the
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Figure 1. (a) Scheme of two-dimensional X-ray diffraction on discrete crystal lattice planes. The vertical coordinate (see (b)) is defined as 2 = nd, where n
is the number of the crystal plane. The horizontal coordinate is x = mAx, where Az is the lateral distance between the nodes, m is the node number.
(b) Geometry of X-ray diffraction. The incident restricted beam illuminates the surface of the crystal lgm). The exited beam size is l;ew).

PucyHok 1. (a) Cxema nsyMepHoit AMQIPaKLIMK PEHTTEHOBCKMX Nyueit Ha KPUCTanaMUeckux nnockoctax. BeptukanbHas KoopauHata onpegeneHa Kak z = nd,
rAe m — HOMep KpUCTanNMYecKoit NNockocTy. [opu3oHTanbHas KoopanHata: x = mAwx, rae Ax — paccTosiHie MeXAy y3naMu B laTepanbHOM HanpaBneHum,

o (in) (ex)
m — HoMep yana. (b) leoMeTpust audpaKkLmmM peHTreHoBCKMX nyyei. LnpuHa nagarowero Ha KpucTann nyuka [, . LUMpuHa BbIXOASWEro Nyuka Ly, .

diffraction of the wave 77" at the node (m — 1;n + 1).

The exponential factor exp (z which is included

2md
Asin 63 ) '
in the coefficients of the recurrence relations, takes into ac-
count the phase variation during the passage of X-ray waves
from one crystal plane to the neighboring plane.

To solve the diffraction problem, recurrent relations (1)
must be supplemented with boundary conditions (Figure 1h).
Let the X-ray beam fall on the crystal surface at an angle 6,
, Which, in the general case, may differ from the Bragg angle
0p . We consider the case when an incident X-ray wave illu-
minates the crystal surface I, then the boundary condition
has the form

2 .
T3 = exp (z% cos b, - mAm), mAz < l:(vm),

mAz > ("),

(2)
Ty =0,

It follows from relations (2) that the modulus of the am-
plitude of the incident X-ray beam on the crystal surface is
equal to unity. The exponential factor takes into account the
change in the phase of the incident wave amplitude along the
x axis (Figure 1h).

The calculation of the amplitudes of X-ray fields is per-
formed on the basis of recurrence relations (1) taking into ac-
count the boundary conditions (2) for all nodes of a rectangu-
lar network (m;n), where 0 < m < M, = 1™ /Az and
0<n < N,=L,/d L, is the thickness of the crystal.

In a triple-axis diffraction scheme, the exited beam is reg-

istered, for example, at a different angle 65. In this case, it
is necessary to take into account additional phase variations
©m = —(2m/A)mAz cos 05 for the reflected X-ray wave
at the front of the exited beam, which is shown by the dotted
line in Figure 1b.

The intensity of the diffracted X-ray wave is found from
the relation:

M, 2
Qqu,z - ZSO exp ZSOTFL (3)
9 s
where ¢, = %HQB(A& — Ab), ¢ =
2
—%SHB(A& —+ AHQ), AHl = 01 — HB. A02 -
0y — 0p.

Calculated results

Numerical calculations of X-ray diffraction in a perfect sil-
icon crystal are performed for symmetric (333) reflection of
o-polarized X-ray CuK,,, radiation. The calculation results
are presented taking into account the shift of the coordinate
system by the angular distance associated with the X-ray re-
fraction, which is proportional to the real part of the coef-
ficient aq in the diffraction equations (1). The length of the
primary Bragg extinction for (333) reflection from silicon is
leze = A|sinfp|/(Cr|xn|) = 8.03 um. The Bragg angle
for the selected reflection is 47.476 arc. deg. The interplanar
distance of the reflecting planes is d = 0.1045 nm.
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(a)

(b)

Figure 2. (a) The calculated distribution of the diffraction intensity inside the crystal at a deviation from the Bragg angle by 2 arc. sec. (b) RSM on a logarithmic
scale, calculated on the basis of two-dimensional recurrence relations. The width of the incident and diffraction beams is 110 zem.

PucyHok 2. (a) PacnpeneneHue MHTEHCMBHOCTM AutparMpoBaHHO BONHbI BHYTPU KpUCTanna npu OTKNOHeHWu oT yrna bperra Ha 2 yrnoebie cek. (b) Kapra
MHTEHCUBHOCTY B NOTapuiMMYecKoM MaclTabe, paccuuTaHHas METOL,OM PEKYPPEHTHbIX COOTHOLWEHHU. LnpuHa napatoLero u oTpaxeHHoro nyykos 110 pm.

Using recurrent relations (1), the field of the diffracted
wave inside the crystal was calculated for an arbitrary an-
gle of incidence, which differs slightly from the Bragg angle.
Figure 2a shows the scattering intensity distribution inside the
crystal when the incident beam deviates from the Bragg angle
by 2 arc.sec.

Solution (3) makes it possible to calculate RSMs for var-
ious sizes of X-ray beams. Figure 2b shows the calculated
RSM on a logarithmic scale, which completely coincides with
calculations based on differential diffraction equations. The
width of the incident beam is 110 um. The effective depth of
penetration of X-ray wave into a crystal is 82 pm.

The study was supported by the Russian Science Founda-
tion, grant No. 23-22-00062.
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AHHoTauua

UccnepoBaHo o6paTtHoe NpocTpaHCTBO MHOroCNOiHOM AM-
(hpaKUWOHHO! peweTKU B HEKOMNNAHAPHOW reoMeTpun fu-
(hpaKuuu. BeinucaHbl npsaMble 1 06paTHbIE COOTHOWEHNS MeX-
Ay yrnamu BONHOBbLIX BEKTOPOB M KOOPAMHATaMu 06paTHOro
npocTpaHcTBa. 3anncaHbl yribl 6p3arroBcKoro U AudpaKkLmMoH-
HOro oTpaykeHuii. Ha npumMepe nposeMOHCTPUPOBAHbI KOHYCbI
BuhpaKLMK 1 KapTbl 06paTHOrO NpoCTpaHCTBa.

Kniouesble cnosa:

MHOroCnoiHas OU(PaKLMOHHas peleTKa, ycnosue Bynboa-
Bparra, KoHyc pudpakumn, KapTel 06paTHOro NpocTpaHcTBa

BeepeHune

N3BecTHble M npoctble ycnoeus pudpakumn Bynboa-
Bparra peHTreHOBCKMX Nyyed B KpUCTannax OCHOBbIBAOTCA
Ha NpUHLMNE KOHCTPYKTUBHOM MHTEP(EPEHLMM W 3aKOHE OT-
paxeHus. Moxoxue ycrnoBus BPIrroBCKOM AMBPAKLMM MOXK-
HO 3anucaTb OIS MHOMOCNOWHBIX AUMPAKLMOHHBIX PELeToK
(nanee — MOP). Ux MoxHO HalTH B page pabot, Hanpumep
B [1,2]. OmHaKo OHM MOCBALIEHbI KOMMNaHaPHOW AnudpaKLuu.
HacTtosiwas ctatbs npusBaHa BOCMOMHMTL 3TOT mpoben pns
HEKOMMNaHapHOW AM(pPaKLMM PeHTreHOBCKUX nydeit B MIIP.
Ha puc. 1 npencTaBneHa cxeMa HeKOMMNNaHapHoi AutpaKLmK.
BeepneM cucteMy KoOpAMHaT: NycTb OCU T M 1y HanmpaBneHbl
Bonb nosepxHoct MIP, ocb z - yxoput Brny6e. MOP mMoxer
WMETb NPOU3BONbHbINA a3uMyTasbHbIN MOBOPOT BOKPYF OCH z C
yrnoM . lNepuon, MPaKLMOHHON pelieTku 0603HaUMM Kak
d,,, Nepuop, MHOroCNoHOro peHTreHoBcKoro sepkana (MP3) -
Kak d.. CuutaeM, uTo Nnockas BOMHA C AAMHON BOMHbI A U
BONHOBbIM BeKTopoM k7 napaeT Ha MIP nog, yrnom ckonbxe-
HWUS Y7, @ 0TpaXkKeHHas BOJHa PacnpoCTPaHsAeTCs C BOMHOBbLIM
BEKTOPOM ER, HanpaBneH1e KOTOporo MoXeM 0603HaumnTb No-
NAPHBIM ¥ g U @3UMYTaNbHBIM W R YrNAMM:

ET = kcosVr €, + ksintp €,
ER = kcosVUgcospr €, + kcosUgsinpg €, (1)

— ksindg €.

Mopynb BONHOBbIX BEKTOPOB PaBEeH BOSTHOBOMY YMCITY B BaKy-
yme k =27/ \.

Bragg's reflections
of a multilayer grating

AV. Karpov

Institute of Physics and Mathematics,
Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

karpov@ipm.komisc.ru

Abstract

The reciprocal space of multilayer grating in the non-coplanar
geometry of diffraction is investigated. Direct and inverse re-
lations between the angles of wave vectors and coordinates of
reciprocal space are written out. The Bragg's and diffraction
reflection angles are written. By example, cones of diffraction
and reciprocal space mapping are demonstrated.

Keywords:

multilayer grating, Bragg's law, diffraction cone, reciprocal
space mapping

Ig > 90°

-

PucyHok 1. CxeMa HeKoMnnaHapHo# AMGPAKLUM PEHTTEHOBCKOW BOMHbI HA
MIP.

Figure 1. Schematic representation of non-coplanar X-ray diffraction on mul-
tilayer grating.

1. 06paTHOe NpOCTPaHCTBO

PeHTreHoRM(PaKLMOHHbIA aHanNW3 KPUCTannoB MPUHATO
npoBoAMTb B 06paTHOM NpocTpaHcTBe. MccnenosaHue obpar-
HOTO MpPOCTPaHCTBa KPUCTaNoB HeKOMMNnaHapHoi Audpak-
uun B bparr- u Jlaya-reometpumn MoxHO HanTu B pabote [3].
Cnepys 3Toi TpafuLMMU, PacCMOTPUM BEKTOP AMPaKLMM @
Kak paguyc-BeKTop obpaTtHoro npoctpaHcTea MIP:

Q = ER - ET~ 2)
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3anuwem onpepenenve (2) ANS Kaxmoi NPoeKUMn Qg |y .-

Q. = kcosvgcospr — kcosir,
Qy = kcosUgsingpg, (3)
Q. = —ksindp — ksin9g.

PaBeHcTBa (3) ByneM HasblBaTb MPAMbIMM COOTHOLIEHWS-
mu. [lo6aBUM K HUM onpeneneHHoe yCnoBue:

’193:900 = (pRIOO. (ll-)
yrﬂbl B YPaBHEHUAX (3) MMEKT eCTeCTBEHHbIe OrpaHUYeHund:
0° < 97 < 180°,
0° < ¥p < 180°, (5)
—90° < pr < 90°.

CnenoBaTenbHo, eCTb OrpaHMueHus ans (:

Q2+ Q2+ Q2 < 2k\V/Q2 + Q2,
(Qu k) + Q2+ Q2> k2, (6
Q. <0.

Bce MHOXecTBO BEKTOPOB Q YLL0BNETBOPSIOLLMX YCIOBUIO
(6), HasoBeM o6nacTbio onpegenenns Q ypasHenui (3). 06-
nactb QQ nokasaHa Ha puc. 2. OHa uMeeT thopMy NONOBUHbI TO-
pa, Ha TopLax KOTOporo Bblpe3aHbl ABe Nofycthepbl pagnuycoMm
k. Ecnun BekTop Q npuHagnexut Q, To Bo3MOXHbI 06paTHble
COOTHOLLIEHUS

.
cosVr =
cosp =
. _Q,
Smpyp = ——,
kcostr

2
3pech S = sign(cosdr + Q. /k), C =1+ %%ﬁ

z

PucyHok 2. O6nactb onpepenenus Q.
Figure 2. The definition region Q.

VpaBHeHus (3) MMetoT [Ba pelleHus, U 3HaK s = *1 pas-
nuuaet ux. Ha puc. 3 cMHUMM (HUXKHUMK) BEKTOPAMM MOKa3aHo
pelleHne ¢ s = +1, KpacHbIMK (BepxHUMM) — C s = —1.

PucyHok 3. [1Ba pewenus ana (). OpuHapHO# NMHWEN NokasaHbl yribl Y,
OBOIHON — I R, TPOMHOI — Y R.

Figure 3. The two solutions for Q Single lines show angles ¥, double lines
— VR, triple lines — pr.

2. bp3rroBcKMe OTpaXeHus

MepuoanNYHOCTM KPUCTANNUYECKOH pewWeTK B NpsIMOM
NPOCTPaHCTBE COOTBETCTBYET CETKA Y3N0B, COCTABNEHHas U3
BEKTOPOB 06paTHOM peleTku fz, B 06paTHOM NpOCTpaHCTBE.
MIP vMeeT natepanbHyl U BEpTUKaNbHYH NEpPUOLUYHOCTD.
NatepanbHoit nepvopmuHocTy MIIP conoctaBuM BeKTOp

—

hy = hycos @€y, + hysingéy, (8)

BEPTUKaNbHON —

a ceTke y3noB o6paTtHoi peweTku MOP —
l_im’n =m i_iq, + ni_iz, (10)

roe m un — Lenble YUCna, Ha3blBaeMble 1opsiaKamu AnppaK-
Uum. Mopgynu BEKTOPOB PaBHbI h<p|z = 27r/d<p|z.

'

z

PucyHok 4. Mpumep oBpatHoit pewetku MAP.
Figure 4. The example of a reciprocal lattice of multilayer grating.

Ha puc. 4 nokasaH npuMep CETKU U3 y3N0B i_im,n. Linchpamu
yKasaHbl AuMdpakLMOHHbIE NOPSAKK (m, n) LiBeToM Bbigene-
Hbl TOYKKU C OAUHAKOBbLIMU 1. Bce Touku nexart B OJJ,HOVI nnoc-
KocTu. B MopgenupoBaHuMKM uUcnonb3yeM cnepyrlme sHaueHma
napametpoB (6e3pasmepHble):

dy=1,d, = d,/10, A = \/4/2125, o = 30°. (1)
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Ha npuMepe BMAHO, Kak nonycdepsl paspbiBaoT Lemnoy-
Ky yanoB ¢ n = 1. B cBA3M C 3TUM MOXHO roBOPUTbL O pas-
peleHHbIX (peanuayembix) 1 3anpeleHHbIX (Hepeanuayembix)
AMDPAKLMOHHBIX MOPSALKAX.

3anuwem ycnosue Bynbda-bparra B BekTopHOM BMAe ANS
MAOP:
W3 (7) u(12) cnepytot peweHus:

~ mAC cos ¢
2d,

. dz AC\?
o (md. cosp)? + (nd,)2  \2d.)

A 2
cos ) = S\/<cos 05 + deOS(P> + (1)
©

n mAsin @ 2
d, ’

cos 97(,7;21 =

. (r) _ MAsing
sin gy, = ————=-
" dy,cos oL,
3peco
A
S = sign(cos 97(5; + deOSSO) ;
%)

(md.)* + (nd,)*

¢= (mh cos p)? + (nd,)?

Ecnu BbinonHsietcs ycnosue

I =67

m,n’

or =", (4)

70 ByneM roBopuTb, 4To Habnwpaetca 6parroBckoe oTpa-
sxeHue B (m,n)-N BUEBPAKUMOHHBIA MopAfoK. 3aMeTum:
1) oBHOMY M TOMY Xe AWGPaKLMOHHOMY MOPALKY COOTBET-
CTBYIOT [1Be KOHUrypaLmm yrnos; 2) 6parroBckoe oTpaxeHue
HEKOMMNNaHapHOW AudpaKuMyM XapaKTepusyeTcsa Tpemsa yria-
mu bparra.

3. IndpaKuMOHHbIE OTPAXEHUS U KOHYCbl AuW-
thpakuum

Ecnu yron 17 He cooTBeTcTBYET TouHOMY ycnosuio (14), To,
yTOBbl HATM HanpaBNeHWe OTPaXKeHHOW BOMHbI B (12, 1)-iA
AN(PaKLMOHHBIN NOPSIAOK, HE0BX0AMMO UCTONb30BaTb 3aKOH
orpaxeHnuns gna MIP:

ypaBHEHMe (15) COXPaHAET TONbKO TaHreHuuasnbHble KOMMO-

HEHTbl BEKTOPOB k7 U ER B ycnoeuu Bynbda-bparra. U3 (15)
CRegyeT, uto

\ 2
cos O = S\/(COS??T +m (;)S(P> +

©

Asing)”
+<m s0> . (1)
d%’

Asin

ino —
sin¢,,” = m——— .,
d, cos oL

sgecb S = sign (cos Y + %;W). PaseHcTBa (16)

on 9B 4 ()

PEnensioT YIibl AUBPAKLMOHHOTO OTPAXKEHNS O W (rn .

3TH yI7ibl 0QHO3HAUHbI U HE 3aBMCAT OT 7. Vbl BP3arroBCKuX

oTpaxeHuit (13) ABNAIOTCH YACTHBIM ClyuaeM yrios audpak-

LMOHHBIX oTpaxkeHuit (16): ecnn 91 = 9,(,?21 T0 «955) = 0,(7521
(R) _ (R)

" ¢m — ¢m,n-

PucyHok 5. Mpumep KOHYCOB AUGPaKLMK U BP3IrTOBCKUX OTPAXKEHUIA OTAENb-
HbIX (772, 70)-X AUDPAKLMOHHBIX NOPSAKOB.

Figure 5. The example of diffraction cones and Bragg's reflections of individ-
ual (m, n)-diffraction orders.

B HekoMnnaHapHOW reoMeTpuu BOMIHOBbIE BEKTOPbl AUd-
PAKLMOHHbIX OTPaXKEHWIt HampaBneHbl BAOMb 06pa3yoLMX
JIMHMIA NPAMBbIX KPYroBbiX KOHycoB. puMep ¢ napaMeTpamu
(1) meMoHCTpUpyeT Ha puc. 5 KoHychl augpaxymu. CTpen-
KaMW yKasaHbl BOMIHOBbIe BEKTOpPA ES,S,”L “ Eff’zl OTAENbHbIX
BP3rroBCKMX OTPAXEHUiA, uMdpaMu — HoMepa AnUdpaKLUoH-
HbIX MOpAAKoB (11, 7), LBETHAs 3aNMBKa KOHYCOB — [OMy-
CTUMble HanpaBneHUsa OUMPaKLMOHHBIX OTpaXKeHuid. HekoM-
NNaHapHyl AUGPaKLUI0 Ha3bIBAKT KOHUYECKOH ONBPAKLN-
e/. Mpamoit KpyroBoid KOHYC Lng m-AuthPaKLMOHHOO Nopag-
Ka MMeeT pacTBop Yrna npu BepluHe, paBHblit 2¢,,, rae

\si
)y, = Arccos <m Sm@) . 17
de

Ocb KoHyca nexwuT Ha ocv y. Ecnn o, < 90°, 10 pacwmpenne
KOHyCa COHanpaBfieHo C 0CbK ¥; eciu v, > 90°, To pac-
WwnpeHue ByaeT B MPOTMBOMONOXHYK CTOPOHY OT OCK Y; ECNU
.y, = 90°, To KOHYC BbIpOXAAETCs B JUCK.

4. KomnnaHapHas gudpakuus

KomnnaHapHas pudpakums, Korga BeKTOpbI ET, ER ne,
nexar B OJHOM MNOCKOCTM, SIBNSIETCS YaCTHbIM CNyuyaeM
HeKoMMiaHapHoW audpakuuu ¢ yriom ¢ = 0°. CnepoBatenb-
HO, @, = 0 1 ¢ = 0, @ OCHOBHbIE PELEHNS 3HAUNTENbHO
ynpouatotcs:
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9%

cos (TR —
(18)
2
—sn - =,
(md.)? + (ndy)? <2d2>
cos 0 = cos Oy + @
dy

3aMeTuM, uTo ecnu KoHtMrypaumm yrmos (¥, ¥ ) cooteet-

CTBYeT BEKTOp Autpakumn (Q, T0 HeTpyLHo y6eaurbes, uTto
KoHdurypauum yrnos (97, 9 ), rae

19%:71'—’[913, ;:{:71'—191" (19)
COOTBETCTBYET TOT XXe BEKTOp D,VICbpaKLLVIVI Q

5. KapTbl obpaTHoro npoctpaHcTBa

KapTMpoBaHMe MHTEHCMBHOCTM paccesHus (RSM —
reciprocal space mapping), Korga cTpouTca JByMepHas KapTa
KOHTYPOB PaBHbIX MHTEHCMBHOCTEH B IOraputhiMUUecKoM Mac-
wrabe B KoOpAMHaTax 06paTHOr0 MPOCTPaHCTBa, ABMSETCH
BaXKHbIM METO[IOM aHanu3a LUtpPaKLUOHHbIX LaHHbIX. B ka-
YecTBe Napbl KOOPAMHAT BbibUpaloT (Q, Qy), (Qy, Q=) nnu
(Qz, Q). UccnepoBaHue HekoMnnaHapHoW AMtpaKLmMy no-
BEPXHOCTHbIX AUPAKLMOHHBIX PELIETOK METOLOM Manoyrno-
BOTO paccesiHus Npu CKonb3aleM napeHuu nyuka (GISAXS —
grazing-incidence small-angle scattering) ¢ nomowbto RSM
MOXHO HaiTu B page pabot [4-9]. Ha npumepe (11) npoaHa-
NU3MUPYEM MONOXEHUE [UBPaKLMOHHBIX OTpaxeHuit Ha RSM,
MpefcTaBneHHbIX Ha puc. 6. Ha kapTax o6paTHoro npocrpaH-
CTBa TOUKaM COOTBETCTBYHOT ANDPAKLMOHHBIE OTPAXKEHUS MpK
yrne Y ~ 12.5°, yKasaHbl uucna m. ToUeUHbIMU IUHUAMM
MOKa3aHo, KaK MeHSIOTCS MONOXKEHWs! LUBPaKLMOHHbIX 0Tpa-
XeHWit B 06paTHOM mpocTpaHcTBe npu cMeHe yrna Jp. 3T
NIVHWW NPUHATO Ha3blBaTb yCEUYEHHBIMU CTEPXKHAMM OUBPAaK-
ymorHow pewetku (GTR - grating truncation rod). Ecnn gu-
(hpaKLMOHHbIE OTPaXKeHMs Ha KapTax (Q,, Q. ) (puc. 6 a) Bbi-
CTPOEHbI B [IMHUIO, TO AU(PAKLMOHHBIE OTPAXKEHMS Ha KapTax
(Qy, Q) (puc. 6 b) nexar Ha Ayre, KOTOPYK MOXHO OMMCaTb
KaHOHMUYECKMM YpaBHEHWEM 3NMUNCa:

(Q, + k cos I sin(2p)/2)*
(ksin ¢)° (1 — cos? ¥ sin® p)
(Q + ksinvr)®
k2 (1 — cos? I sin? ap)

(20)
=1

+

W3 (20) cnegyet, uto, 3Has 3KCMepUMeHTanbHbIM yron U
M ToukM (@, QQ-) Ha NUHUK ByrU AUGPAKLMOHHDBIX OTpaXxe-
HWW, MOXHO MOMbITaTbCHl BOCCTaHOBUTb Yron a3uMyTanbHOMO
noBopoTa (.

Qu

i
—40+ b0
_80 JRE [
80 b =10
—120- T B 1
~1604 -'f..._Lg, —20
—200 f —30
I_35I T T T T
a) —120 —100 —80 —60 —40 —20 Qy
Q-
—160 JssEIy
7140‘ ./..}. ~25 _20 _15 T \
—120- }.' —30 —10 1
—100- f i
{ ae 5
—804 ¢
—604 ¢ f
—40+ 0
) —120 —100 —80 —60 —40 —20  Q,

PucyHok 6. lpumepbl KapT o6paTHOro NpocTpaHcTBa. ToukaMmu noKasaHbl ou-
(hpaKLMOHHble oTpaXeHus ang yrna Jp /2 12.5°, ToUeUHbIMU NTUHUAMU —
MONOXEHNS ANUGPAKLMOHHBIX OTPAXEHWIA NpK CMeHe yrna Y-; untpamm yka-
3aHbl uncna m.

Figure 6. The examples of reciprocal space maps. Dots show diffraction re-
flections for angle ¥ =~ 12.5°, dotted lines show positions of diffraction
reflections when the angle changes; numbers indicate m.

3aknoueHue

MpuMenas k MOP aHanoruuHoe ycnosue Bynbda-bpar-
ra, 3anuMcaHHoe Ang KPWUCTannos B BEKTOPHOM BUfeE, B pa-
6ote Bbinu nonydeHsl yrbl bparra MIP B HekoMnnaHapHoil
oudpakuumn. Yenosue 6parroBckoro otpaxenus MIP onpe-
nensetca Tpems yrnamu. pu yrnax bparra pomxHo Habnio-
[aTbCs CUNbHOE AUppaKLMOHHOe oTpaxeHue. OfHaKo 3aKoH
bparra He yunTbiBaeT 3ththekT NpenoMneHns PeHTreHOBCKUX
nyuent B MIP 1 KoHeuHoro yrnoBoro WHTepBana gudpakLm-
OHHOro oTpaxeHus. MoOHATHO, UTO B 3TOM cnyyae Heobxopu-
Mbl MOMPaBKM K yrnaM, yuuTbiBatowue 3t ahceKTbl. 3pech
Ha MOMOLLb MPUXOLMUT 3aKoH oTpaxeHus (15), KoTopbI No3-
BONSIET BbIYMCIUTD YIMbl AUPaKLMOHHOTO OTPaXEHUS], eCNU
yron nafatoLLeil BonHbl 0TNMYaeTcs ot ycnosus Bynbda-bpar-
ra. Ecnu MIP uMeeT asuMyTanbHbI NOBOPOT U €€ WTPUXM He
neprneHaUKyNsapHbl BONHOBOMY BEKTOPY Mafaloleit BoMHbI, T0
OMpaKLMOHHbIE OTPaXeHUs C uucnoM m # 0 BymyT pac-
npeneneHbl BLOMb 06pa3yiolmnx NUHUI NPAMbIX KPYroBbIX KO-
HycoB. CooTBeTCTBYOUAsA AUDPAKLMOHHOMY OTPaXeHMUIO 06-
nacTb 06paTHoro npocTpaHcTBa (6) npepcTaBnsiet coboil no-
NIOBUHKY TOpa, U3 TOPLOB KOTOPOr0 UCKIKUEHbI Nonycdepbl.
Papmnycbl 0Kpy)XKHOCTW W OCK BpaLLeHWs Topa, a Takxke pagu-
yC nonycdep paBHbl BONHOBOMY UMCITY NafaolLeit BonHbl. 310
npuBOLMT K ToMy, uTo ang MIIP Tak e, Kak 1 onsg KpucTannos,
CYLLEeCTBYHT 3aMnpeLeHHbIe 1 paspelleHHble AutpaKkLUOHHbIE
nopsgku. OpHOMY M TOMY XXe BUtPaKLNOHHOMY MOPSIAKY CO-
OTBETCTBYIOT [IBE Pa3Hble KOH(UIypaLmuu yrioB nagatouen u
OTPaXeHHOW BOH.
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WccnenoBanHue BbiMoHEHO NPy YUHAHCOBOY MOAAEPKKE
MunuctepcTsa Hayku m Bbiclero 06pa3oBaHus Poccum B pam-
Kax cornawenns N 075-15-2021-1351.
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AHHoTaUKA

B pabote uccneposaHbl ocobeHHocT uncneHHoro FDTD-pe-
WeHNUa ypaBHeHuit MakcBenna, chopMynupoBaHHbIX B BUAE
3apay Kowu pns cooTBeTCTBYHOWMX OJHOPOAHBIX WU HEOR-
HOPOAHBIX CUCTEM ypaBHeHWi. MokasaHo, uTo Ang cnyuas
OrpaHWYeHHbIX BO BPeMEHU UCTOYHMKOB mons 3apaya Koww
ANs HeOQHOPOAHOM CUCTEMbl IKBMBANEHTHA COOTBETCTBYH-
weit 3apave Kowu pns opHopopHol cuctembl. OnpepeneH
KpUTEPUIA OLLEHKN CTEMeHW KOPPEKTHOCTW MOoNyueHHoro pe-
weHus. MpoaHanuaupoBaHbl 0CO6EHHOCTW YUCNIEHHOMD pelue-
HUS OHOPOAHLIX U HEORHORHbIX 3agau Kowun ana pasnnu-
HbiX (hOPM HaUanbHbIX KOHUIYpPaLMiA 3NeKTPOMArHUTHbIX No-
neil u 3apawwmx uMnynbco. CchopMynupoBaHbl Heobxopu-
Mbl€ U BOCTaTOYHbIe YCNOBUSA KOPPEKTHOCTH NoNyyaeMbix pe-
WEHUN.

KnioueBble cnosa:

3NeKTPOANUHAMUKa, MosenupoBaHue, Meton FDTD, uucneHHbliit
3KcnepuMeHT

BeepeHnune

Hu pna koro He SIBNSIETCS CEKPETOM aKTyaNbHOCTb W BOC-
TpeBoBaHHOCTb B HayKe U TEXHUUYECKUX NPUIOXKEHUSIX COBpe-
MEHHBIX UMCHEHHBIX METOL,0B, NMO3BOMSAIOWMX NPOCTO, HArNsAA-
HO M MHtOPMaTMBHO MOLENMPOBaTb MPOLLECCHI pacnpocTpa-
HEHWS! 3NEKTPOMArHUTHbIX CUFHAMNOB B PasfuUHbIX YCIOBUSIX.
OpHUM M3 Takux MeTtopoB siBnsietcst TexHuka FDTD (Finite-
Difference Time-Domain) — MeTOf YUMCNEHHOTO peLLeHus BOM-
HOBbIX ypaBHeHMi, paspabotanHblit K. Mu B 1966 r. [1], ocHo-
BaHHbI Ha annpoKCUMaLMKU NPOU3BOAHbLIX OTHOLIEHUEM KO-
HEeUHbIX pa3HoCTeil

df _Af

dr = Az’
[laHHasi annpoKcMMauWs BbIMNONHSAETCS MYTEM HEKOTOpo-
ro «orpybneHus 3apaun», COCTOAWEr0 B [OUCKPETU3aLuu
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Abstract

In this paper we investigate the features of the numerical
FDTD solution of Maxwell’'s equations formulated as Cauchy
problems for the corresponding homogeneous and inhomo-
geneous systems of equations. It is shown that for the case
of time-limited field sources the Cauchy problem for an inho-
mogeneous system is equivalent to the corresponding Cauchy
problem for a homogeneous system. The criterion for evalu-
ating the correctness of the obtained solution is defined. The
features of the numerical solution of homogeneous and non-
homogeneous Cauchy problems for different forms of initial
configurations of electromagnetic fields and setting pulses
are analyzed. Necessary and sufficient conditions of correct-
ness of the obtained solutions are formulated.

Keywords:

electrodynamics, simulation, FDTD method, numerical exper-
iment

MNPOCTpaHCTBa-BPEMEHW, MPKU KOTOPOM And(epeHLmanbHbie
YPaBHEHNS AN HenpepbiBHbIX BYHKLMIA 3aMEHSIOTCH KOHeY-
HO-Pa3HOCTHbIM YpaBHEHWEM NS (DYHKLMW OUCKPETHBIX Me-
PEMEHHBIX.

JTa cxeMa B HacTosLEee BPEMS Haluna WWPOKoe npuMeHe-
HWE B PasfMUHbIX 06MAcTAX HayKu, TEXHUKM M CaMblX PasHO-
06pa3sHbIX NPUNoXeHUaX. TaK, U3BECTHbI MPUMEPbI UCMONb30-
BaHUS METOfa AN PEleHns BUONOrMUECKMX U MeULUHCKMX
3afay [2-5], a Takxe npo6nem B 06racTy 3KONOr1M, reonoruu,
MUHepanoruu u reonoropassefku [6, 7). JocratouHo ouesua-
HbIM, OfIHaKO HUCKOMbKO He MOTepsIBWMM CBOEM aKTyanbHo-
cTH, aBnseTca npumeHeHue Metoga FDTD B onTuke, thoToHK-
Ke, 3NIEKTPOHUKe, CBA3M U TeNeKoMMyHMKaLuuax [8-11]. MomuMo
HernoCpeaCTBEHHO HayUHOW NUTepaTypbl, CYLWECTBYET MHOXe-
CTBO yuebHbIx n3ganuit [12-14], noceawerHbix Metogy FDTD.
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Takoe Wwupokoe ucnonb3oBaH1e MeToaa, 04eBMAHO, 06oc-
HOBbIBaEeTCS BONbLWMM YACNIOM ero JOCTOMHCTB, HEManoe 3Ha-
ueHMe cpepdu KOTOpPbIX UMEeT NPOCTOTa peanus3auium pacuet-
HOro anroputMa. KoHeuHo, LEeHOM 3TOi NpocToThbl ABMSET-
CSl HEKOTOPasi PECYPCOEMKOCTb BbIMOJHSEMbIX BbIYUCIEHUH,
onpepensieMas 3aMeTHbIMM 3aTpaTaMi MalWHHOMo BpPEMeHK
“ namatu. Ha nepBbiX nopax 370 CYyLWECTBEHHO OrpaHUuMBa-
no npumeHenue metopa FDTD, ogHako B HacTosiwee Bpewms,
B CBA3M CO 3HAUMTESIbHbIM NPOrPeCcCOM BbIUUCIUTENBHOM Tex-
HUKM, 3TWU OrpaHUYEHUs NoTepsnu cBoe 3HauveHue. Ewe op-
HUM BaXKHbIM NPEUMYLLECTBOM paccMaTpMBaeMoro MeTofa siB-
NeTcs BO3MOXKHOCTb WUCCNE0BaHWA CUrHANOB CO CHOXHOM
CTPYKTYPOIA CMEKTPa B XOLe OAHOKPATHOTO UMCNEHHOMO 3KC-
nepumeHTa. B cBS3n C 3TMM B 3neKTpogMHaMUUecKnX 3apa-
yax FDTD o6bluHO UCMONb3YOT AN MOAENMPOBaHUS Nnoeefe-
HWUS| UMNYNbCHBIX CUrHanoB, 0fHaK0 YacTo paccMaTpuBaeTCs
W KBa3UrapMOHWUECKUIA PeXUM Harpysku nepeparowen nu-
Huu [12].

MpuBeaeHHbIN Bbille KPaTKUA 0630p UCTOUHWKOB MOXET
co3faath owMboyHoe BneyatneHue o ToM, uto Metog, FOTD siB-
NSAETCS 0YEeHb XOPOLO pa3paboTaHHbIM MHCTPYMEHTOM C A0C-
KOHanbHO U3yueHHOW HayuHol Gasoit. MocnepHee He coBceM
KOPPEKTHO, TaK KaK, HeCMoTps Ha 06wwupHyto Bubnuorpaduio
no metopy FDTD, ero TwatensHoe 060CHOBaHWE U BCECTOPOH-
Hee MUCCNefoBaHMe No Cei fieHb He ucuepnano cebs. Bo MHo-
roM 370 06ycnaBnuBaeTCs TeM, UTo B UMeEKOLEnca nuTepatype
NPaKTUUECKM He pacCcMaTpUBAKOTCS BOMPOCHI CTPOTOi OLLEHKM
KOPPEKTHOCTU peLleHuit, nonyyeHHbix MeTogoM FDTD B pas-
JIMUHBIX NOCTAHOBKAX 3afaum.

Bo BCex M3BeCTHbIX aBTOpaM AaHHOi cTaTby paboTax Me-
Top, FDTD ucnonbayetca ong pelueHns ypaBHeHui Makceen-
Na C UCTOUHMKaMK (T.e. B hopMe HEeOLHOPORHBIX AN thepeH-
LManbHbIX YpaBHeHUI). BMecTe ¢ TeM MMeeTcd BO3MOXHOCTb
MPUMEHATb 3TOT METOR M B MHOW MOCTaHOBKe 3a[auu, nepe-
thopMynupys ee B BUAe 3afauv Kowm ang ofHopoaHoi cucte-
Mbl YpaBHeHM. [p1 3TOM ecTeCTBEHHbIM 06pa3oM BO3HUKAIOT
BOMPOCHI 3KBUBANEHTHOCTU [LaHHbIX (HOPMYNMPOBOK M OLEH-
KM KOPPEKTHOCTM PeLleHui, MofyYeHHbIX B UX paMkax. Kpome
TOr0, UNCNIEHHOE PeLleHne ypaBHeHuit MakcBenna B 0L HOPOA -
HOM thopMynMpoBKe TpeByeT CTPOroro oT6opa KOPPEKTHbIX Ha-
YanbHbIX YCNOBUIA AN COOTBETCTBYHOWEN 3anaun Kown u oT-
CEB HefoMyCTUMbIX KOH(MIYPaLLMIA 3NeKTPOMarHUTHOro nons.

Bonee Toro, maxe npu TPagMUMOHHOM CXEMe pelleHust
B HEOLHOPOAHOW (hOPMYNIMPOBKE YacTo BO3HWKAKOT BOMPOCHI
CTPOroM OLLeHKM KOPPEKTHOCTM NpuMeHeHus Metoga FOTD gng
CWrHanoB CO CNOXHOM hopMoK cnekTpa. 3TOT (haKT UMeeT Me-
cTo 6bITb flaxe ANg rapMOHMUYECKUX CUTHANOB, 0GHAKO B NU-
Tepatype (BKNOYaa Hawu npegbiaywme paborsl [18,19] no atoi
TeMe) OH 0CBelLaeTcsl HefoCTaToOuHO NOAPOGHO.

AHanusy oTMeueHHbIX BOMPOCOB W MOCBSALLEHA HacTOSI-
Wwaqa pabora. OcHoBHble ee pe3ynbTaTbl NPeCcTaBNAT coboil
[BE rMnoTesbl, CHOPMYNUPOBaHHble B (hopMe YTBEPKAEHMUI
B OCHOBHOM TeKcTe cTaTbu. CTporoe MateMaTuMueckoe foKa-
3aTeNnbCTBO 3TUX YTBEPXKLEHWUH He MPUBOLMTCS, OQHAKO 06-
CY)X[aKTCs UX MOTUBMPOBKA 1 060CHOBaHWeE CnpaBeIMBOCTH
Ha «n3nUeCcKoM ypoBHe cTporocTi». Kpome Toro, npusopuT-
CS apryMeHTaLus, NoAKpeniaeHHas YUCNEHHbIMU NPUMEpaMi,
noATBEPKAAIOWMMY CLeNaHHble BbIBOAbI.

1. OcHoBHbIe thopMYyNUPOBKU

Mukpockonuueckne ypaBHeHus MakcBenna B BakyyMe,
3anucaHHble B thopMe AudthepeHUManbHbIX YpaBHEHUA LS
TpEXMepHbIX BEKTOP-yHKLMIA B cucteMe enuHuL, CU, umetot
cnegyowuit sug [15-17]:

OE
va:Jext—"E()iv (1)

OH
V x E = —MHo—F=, 815

ot’
VE: pcxt’
€o

V-H=0. (2)

3pecb E v H — 370 Hanpsi)keHHOCTH 3NeKTPUYECKOro 1 Mar-
HWTHOTO MONEN, €g U fig — AM3ANEKTPUUECKAs U MarHuTHas
NPOHMULLAEMOCTM BaKyyMa, a MNOTHOCTb 3apsfa Poxt W NNOT-
HOCTb TOKA Joyy UIPaKT Pofib CTOPOHHUX UCTOUHWKOB 3MeK-
TPOMarHWTHOro nons.

Bynem pewartb 3afauy B 0TCYTCTBUW CTOPOHHUX 3apsL0B

Pext = 0. (3)

Ot6pacbiBas ypaBHeHus (2), malowme B NPUHATLIX HaMU
ycnoeusx (3) ctaTuueckoe peleHne AN nonei, 1 BBOAs 060-
3HaueHus (3hechb UCMoNb3oBaHa KpaTkas 3anuch 9, = 9/ 0t)

o E ~ V x ﬂoat . 0
Y= (H) , L= <Vx —&00; PP Jext )’ (4)
3aKoHbl Papages n Makceenna-Amnepa (1) MOXHo 3anucartb B
KOMMaKTHOW MaTpMYHO-0MepaTopHoM thopMe

Ly = . (5)

Cnepys obuienpuHaTon Knaccuduxkaumu [17], peweHuamu
ypaBHeHuii (5) MoryT BbiTb Kak HecTaLMOHapHble, TaK W KBa-
3UCTaLMOHapHble MW cTauMoHapHble nong. C MateMatuue-
CKOM TOUKM 3peHuns BbipaxeHue (5) npepcraenger coboit co-
KpaLLeHHYI0 3annuCb HEOAHOPOLHOM CUCTEMbI IMHEHHBIX LU~
(hepeHLManbHbIX YpaBHEHMIA B YACTHbIX MPOU3BOAHBIX NepBo-
ro nopsigka. OUeBUGHO, UTO B OTCYTCTBUM CTOPOHHMX TOKOB

Jext =0 (6)
BbipaxeHue (5) o6palLaeTca B 04HOPORHYIO CUCTEMY
Ly =0, (7)

PEWEHNAMM KOTOPOM Temepb MOryT 6biTb WUCKIIOUMTENBHO
HecTaLMoHapHbIe Mons.

B manbHelweM Beage, KaK ans ogHopoaHbix (7), Tak 1 ang
HeogHopoaHbiX (5) dopmynupoBok, BygeM pewatb 3agau
Kowm c HauanbHbIMM ycnoBuamu 1y = 1 (r, 0). 06o3Haumm
cumBonoM 1) (1, ) TOUHOe peweHue COOTBETCTBYHWEl 3aaa-
un Kowm nns HeogHopogHoi cuctemsl (5), Kotopoe dopMarnb-
HO MOXHO 3anucaTb B BUAE

d(r,t) =L, (8)

Onpepenenne 1. bygem HasbiBaTb MpPOM3BONbHYH (YHK-
unio f(r,t) tyHKUMEN OrpaHUYeHHO! JJIUTENbHOCTH, ecrnu
CylLEeCTBYeT TaKoW MOMEHT BPEMEHM T, MOCIe AOCTUKEHHS KO-
TOPOr0 OHa TOXAECTBEHHO 06palLaeTcs B Hyfb

f(r,t) =0, Vr,t>r
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Vreepxaenue 1. Bcaxaa 3agmaua Kowwm gng HeogHopogHoM
cuctembl (5) ¢ uctouHnkamu (r, t) orpaHUYeHHou gauTenb-
HOCTU T 3KBUBaNeHTHa 3afayde Kouwm 4s ofgHopogHou cucte-
mbi () € HayanbHbIM yCroBueM

1/)0 = ¢(r,t—7).

IKBMBANIEHTHOCTb 3TUX 3a[ay COCTOUT B TOM, 4TO UX pe-
LIeHNS MOEHTUYHbI.

OﬁCV)K.D.EHME 0AHHOI0 yTBEpPXXAEeHU] OTNOXKMM BNNOTb 00
paspnena 4, TaK Kak 191 0CMbICNEHMS 3aNI0XKEHHOIO B HErO CO-
AepXaHua npenBapuTeNbHO Tpe6yeTc;| Oﬁcyﬂ,MTb MHOXeCTBO
ﬂ,eTaJ’IEVI, M3N0XXEeHHbIX B NOCNeaywWmnx pasgenax.

2. 06was cxema uncneHHoro FDTD-pewenus

B ocHOBHbIX uepTax MaTepuan [aHHOr0 pasfena cnepy-
eT HalwuM npegbiaywum pa6otam [18,19] n knaccuueckum py-
koBoacTBaM [12-14], ogHaKo A9 MOMHOTBI KapTUHbI U ACHO-
CTU NMOHMMaHMS BOCNPOM3BEEM 30eCh BCe HE0BX0AMMbIE Bbl-
KNagKu.

C uenblo YNPOLWEHWs WU3NOXEHU U MaKCUMamnbHOW Ha-
TASIBHOCTY MONYYeHHbIX pe3ynbTaToB GyneM paccMaTpuBaTh
O[HOMEPHbIA CNyyal. 3T0 HUCKONbKO He yMangeT o6HoCTH
06CyXXAaeMbIx pe3ynbTaToB, TaK Kak UX MaclwTabupoBaHue Ha
cnyyau Bonblueid pasMepHOCTM He BHOCHUT HUUEro NPUHLMMN-
anbHoO HOBOrO.

WTak, nycTb aneKTpoMarHMTHOe Nofie pacnpocTpaHseTcs
BRONb pexkaproor och Oz, a Joyy = J(z, t)e,. Batux ycno-
Busx E = F.(z,t)e, n H = H,(z,t)e,, a 0CHOBHas cu-
cTeMa ypaBHeHui (5) npuHUMaeT Bup,

% _ oH, 0H, oL,
ar Mo T Ton ot

IncKpeTManpyeM npocTpaHCTBO-BPEMS W BbINONHUM Me-

pexopn 0T HenpepbiBHbIX dJYHKLI,VIi;I K UX TOYeUYHbIM aHanoram
cornacHo npeoﬁpasoaaHmo

fx,t) = fim] = Df(z,t) = f(mAx,qAt), (10)

=J 9

— €9

roe Az, At — (UKCMPOBaHHbIE WarM NpoCTPaHCTBEHHO-
BPEMEHHOI ceTku, a m,q € Ny — COOTBETCTBYIOWME UH-
Rexchbl, onpepensiolume ee ysen. 06patHoe npeopasosatue
f9m] — f(x,t) 6ynem o6osHauarb cumeonom D1,
Lanee, cnepys Knaccuueckoi paborte [1] v ucnonbays npe-
obpasosanue (10), BBeoeM f[Be CETKM AN 3NEKTPUUECKO-

ro F4[m] 1 MarHuTHoro Hgi% [m + %] nonei, CMeLLeHHble
Mo OTHOLIEHUIO APYT K APYTY B WaxMaTHOM nopsfKe. 310 nos-
BOJSIET 3aNMUCaTh KOHEYHO-PA3HOCTHbINA aHanor ypaBHeHuii (9)
B hopme

1 1 1 1
H5+2 {m%—} =H, * {m%—} +

At i ’ L
q _ q
+ S (Brfm o+ 1] - Effm]).
B m] = Effm] — 2 jotd )+
“0 (12)
At a+3 1 a+3 1

PasenctBa (11) v (12) otnMuaet oT aHanoros, NoMyYeHHbIX
Hamu paHee [18, 19], To, uTo OHM 3anucaHbl AnNg Bakyyma. B
aHrnossbluHom nuteparype [12-14] sa ypasHenusmu (11) u (12)
3aKpenunocb HasaHue Update Equations, oTpaxatowee Tot
(haKT, uTo NPy 3a,aHHBIX HAauanbHbIX YCNOBUAX

E° ~
(2) =P

[,aHHble YpaBHEHMS NO3BOMSIOT BblUMCNATD BPEMEHHYIO AUHA-
MMWKY 311eKTPOMarHUTHOIO Mo PeKypPPeHTHO.

Ha npaktuke cuctemy ypasHenuit (11), (12) ucnonbayiot
B 3KBMBANEHTHOW, HO HecKonbko Bonee obwei, dopme. [ng
3TOr0 BMECTO OfHOBPEMEHHOro 3afanua u Ax, u At perna-
MEHTUPYIOT BENIUUNHY UX OTHOWeHMs uncnoM KypaHTa [12]

cAt
v

rAe CKOpoCTb CBeTa B BaKyyMe ¢, Kak uasecTHo [15-17], cea-
3aHa C napaMeTpaMu €q U i Clepyiolnm 06pa3om

1
\/€0M0'

3ameuarme 1. BbiGop S, = 1 onpenensieT BpeMeHHOW war
ceTkn At TOUHO COOTBETCTBYIOLLMM BpEMEHM pacnpocTpaHe-
HW9 CBeTa B BaKyyMe MeXnay ABYMA COCELHWMM yanaMu ceT-
KM, PacnonoXeHHbIMU Ha pacCToaHUM Ax Apyr OTHOCUTENb-
HO Apyra. HecMoTps Ha KaXyllylocs ONTMManbHOCTb, TaKoW
BblGOp 3aBEAOMO He ABNAETCA KOPPEKTHbIM JaXe B BaKyy-
Me Npu MOAENnMpPoBaHUM AOCTATOUHO BbICOKOUACTOTHbIX CHUr-
Hano., nepuog, kotopbix 7 < Aft.
C noMowbto (14), (15) HECNOXHO NPUBECTM KO3 HULUEHTDI
ypasHeHrun (1), (12) k Buay
At S. At

= ) = SC )
wlAx 7 goAr K

(13)

(14)

(15)

CcC =

(16)

rfe UCMOMb30BaHO 0603HaUeHMe XapaKTepPUCTUYECKOro UMne-
[laHca BaKyyMma

n= /2 ~ 377 0m.

€o

(1

3ameuaHue 2. BBepeHue MNepaHca BakyyMa CBSI3aHO C Bbl-
BOPOM CUCTEMbI (BU3UUECKUX EOUHULL U TEOpUU U3MEpEeHMN
B WKpokoM cMbicne. Kak u3BecTHo, B cucteme CIC nopob-
HOM CYLHOCTW B MPUHLMNE He BO3HWKaeT. MoaToMy ucnonb-
30BaHWe 1) — ecTb CMeACTBUE TOTO, YTO Mbl BbIMONHSEM WC-
cnepoBaHue, ucnonb3ys cucteMy CU. Bennmumnna 7 Bansiet uc-
KNIOUMTENBHO Ha B3aUMHOE OTHOLIEHUE MEXAY 3MeKTpuue-
CKOW M MarHWTHOA KOMMOHEHTaMW 31eKTPOMarHUTHOro nons,
0[HAKO0 Ha OMHAMUKY (M (BU3MKY B MPUHLMNE) 3TO, KOHEUHO,
He BnuseT. [lepexop k eguHuu,am CI'C BbINOMHWTDL [,OCTATOYHO
npocro. [1pn 3T0M HeT Heo6xoAMMOCTH BBOAMTD UMNELaHC Ba-
KyyMa, a uncno Kypanta (14) TpaHcdopMupyeTtcs B napaMetp,
MMEIoLLMIA Pa3MepHOCTb 0BPaTHON CKOPOCTM M ONpeLensieMbli
KaK OTHOLLIEHWE LaroB CeTKu

At

SC:I;[}.
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B nopaBnatowem 6onblWMHCTBE Cyyaes aMNIuTyaa v 3HaK
(YHKUMW UCTOYHMKA J He WMMewT 3HauyeHus. ITo CBSA3aHO
C TeM, YTO MpU BbIYMCNEHUN CEYEHUS paccesHUs, Koadhu-
LLMEHTA OTPaXXEeHWS W Opyrux Nofo6HbIX BENUUYWH BCerpa uc-
nonb3yeTcd HOPMMPOBKa Mo napatoweMy nonto. Moatomy Het
Heo6Xo[MMOCTM IBHO 3a3aBaTb KoadduumneHt At /eq B (12) —
[OCTaTOYHO CUMTaTb €ro CopepXaluMcs B CaMoit thyHKLMM
MCTOUHMKA. TakuM 06pa3oM, MOXHO clienaTb nepexoq,

AL jarh _, govd, (18)
€0

OKoHYaTenbHO, C YYeTOM BCEX MPUHSATbIX HaMKU cornale-
HWW, BUCKPETHbIE aHanoru ypaBHeHui (5) NpuHUMaloT BUA,

1 1 _1 1

(19)

+ 2 (Exfm -+ 1) - E2fm]).

EZH[m] = E¢[m] - J*"*[m]+

1 1 (20)
s (13 e J] -t 1] ).

[lanee 6ymem paccMaTpuBaTb 3MEKTPOMarHWTHoe none
B HEKOTOpOi aKTMBHOW 06nacT — orpaHuueHHoi obna-
ctu npoctpavctea X C R — m € [0, N — 1]. 3gecb v ga-
nee N — 370 UMCNO Y3MOB ANEKTPUUECKOIA U MarHUTHOM CETOK,
0TBEYaloLWMX AaHHOM aKTUBHOM oBnacTy.

[Lnq NpocToTbl MOLENMPOBaHMS, UT0BbI HE YUMTbIBaTb MHO-
FOKpaTHble NepeoTpaXKeH s MeKTPOMarHUTHOro Nons ot rpa-
HUL, aKTUBHOM o6nactu, 6yaeM MCNonb3oBaTh Nornolwalme
rpannuHble ycnoems (ABC — Absorbing Boundary Conditions),
KOTOpble B PaCCMaTpPMBAEMOM HaMK OHOMEPHOM Clyuyae Mo-
ryT GbiTb 3aMMcaHbl B BUAE:

EIT0) = E2[1],

z

L 3 21
I [N_H—Hg%[zv—;’]. @

TakuM 06pa3oM, COCTOAHMA Noneit Ha rpaHuLLax paccMar-
pUBaeMoW HaMM 06NaCTU He PUKCUPOBAHDI KECTKO, @ AUHAMM-
UECKU U3MEHSAIOTCH B COOTBETCTBUM C TEM, UTO «K HUM NOAX0-
LT U3HYTpU». 3a cueT 3Toro peanusyetcs «yberaHue» nons
W3 aKTUBHOM 06nacTu 3a ee Npefenbl, UTo MOGENMpyeT nose-
L,eHWUE 3NIeKTPOMarHUTHOO Mo B OTKPbITOM NPOCTPaHCTBe.

VpasHenus (13), (19)-(21) nossonatoT peanusoBatb Utepa-
LLMOHHBIA anroputMm u 1,12-14], onpepensiowmii BCO AWHa-
MUKY 3MEeKTPOMarHUTHOro nosns ¢§,[m]. 3apagumcsa Tenepb
BOMPOCOM OMpefeNieHns KOPPEKTHOCTU TaKoro peleHus. [1ns
aToro TpebyeTcs OLEeHUTb CrPaBedSIMBOCTb PaBEHCTBA

¥4 [m] = Di(z, 1), (22)

rAe npaBas YacTb MOHUMAETCA KaK pesynbTaT OUCKpeTusa-
umv (10) peweHus 3agaum, TOUHOro B CMbicrie (8).

QueBMEHO, uTO CTporoe BbINONHEHWe paBeHcTBa (22)
MPUHLMNWANbHO HEJOCTMXKMMO B CUNY Heu3BeXHbIX OWM-
BoK umMcneHHoro cueta, nostoMmy Tpebyetca Gonee peanu-
CTWYHas NPoLeAypPa OLEHKN KOPPEKTHOCTY pewerns 13, [m].

3necb cnepyet ynoMaHyTb cnepyrouee. B Hawux 6onee paH-
Hux pabotax [18, 19] oTMeuanoch, uto «ycnex peanuaaLuu»
CthopMyNMpOBaHHOrO MeTof,a BO MHOTOM OMpepensieTcs «npa-
BUNbHO Nopo6paHHbIMM» NapaMeTpaMu MpOCTPAHCTBEHHO-
BPEMEHHOW CEeTKM, LN KOTOPbIX MPUBORMAUCH Chepylowue
OLLEHKM

Az <\, At<1/v, (23)

A€ A — LNMHA BOMHbI, @ / — YacToTa UCCeAyeMoro curHana.

Ha Tekyuuit MOMEHT HaMu YCTaHOBMEHO, UTO BbiMOMHEHWE
HepaBeHCTB (23) He SIBNSIETCS HU LOCTATOUHbIM, HU Heo6xoau-
MbIM YCIIOBMEM «YCMEWHOCTU» UUCNEHHOMO pellieHns ypaBHe-
Hu# (5). MpuMepsbl, NogKpennsiolLMe 3TOT TE3UC, NOKa3aHbl Ha
puc. 11 2, noapo6Hoe onucaH1e 1 aHanms KoTopbIX NPUBORUT-
A HaMy B criedyloleM pasaene. [laHHble npuMepbl 0TYETINBO
[eMOHCTPUpYIOT, uto Tpebyetca Kak Gonee TouHas hopMynu-
POBKa CaMOro MOHATUS «yCMeWHOCTU» pelweHns 3, [m], no-
NlyYeHHOro B pesynbTaTe unMcneHHoro pacueta no cxeme (13),
(19)-(21), TaK v Bonee KOPPEKTHbIA KPUTEPUI €ro [OCTUKEHUS.

3. 3apava Kowwu pns HeogHOPORHOrO ypaBHeHHS

Kak cnepyeT w3 BbllECKa3aHHOro, TPafULLMOHHO YpaBHe-
Hust Makcsenna (5) uucneHHo pewalot cnefyst cxeme Mu (13),
(19)-(21). C TOuKM 3peHWs MaTeMaTUKM [AaHHas MeTofMKa
npencrasnser co60i UTepaLMOHHbIN anropuT™ pellieHns Anc-
KPeTHOro aHanora safauu Kowu ans cMCTeMbl HEOHOPOMHbIX
ypaBHeHWi. [pn 3TOM Ha NPaKTUKE NHTEPECYIOTCA UMEHHO pe-
aKumel cucTeMbl Ha fieicTBie UCTOUHNKOB T — 1), [m), no-
3TOMY BO BCEX W3BECTHbIX HaM MyBRMKaUMsX NonaralT Ha-
yanbHOe COCTOSIHME CUCTEMbI HEBO3BYXKEHHbIM, T.€. BblBupa-
toT

o = 0. (24)

Boobuwe rosops, 3afaHWe MMEHHO TaKOro TPMBMANbHO-
0 HauyanbHOro ycnoeus He sBnsieTcs o06s3aTenbHbIM. Bme-
CTe C TeM HaMW YCTaHOBNEHO, UTo Aaneko He Nobon BbiGop
o # 0 NPUBOLMT K KOPPEKTHOMY peLleHuto 3afaun. B ceasu
C 3TUM OTNOXMM 06CY)KAEHMUE [,aHHOro Bonpoca Ao pasgena 4,
a B paMKax 3Toro NyHKTa 6yfeM MCcCnepoBaTb MMEHHO Tpaau-
LIMOHHYIO CXEMy pelleHus C HauanbHbIM YCIoBUeM (24).
Onpepenenne 2. bypeM HasbiBaTb peweHme ¢§; [m], nonyyen-
HOe B X0fe uTepaumoHHoro anroputma Wu (13), (19)-(21), kop-
PEKTHbIM C TOUHOCTbIO € > 0 B 3apaHHoi obnactn X x T =
{(z,t)|lx e X,t €T}, toe X CR,aT C R, UO, Bcny-
yae BbINOSIHEHUS YCNOBUS!

D tyYml = v t)| 25)
(1)

q
Menee cTporo, Byaem HasbiBaTb pelwenme 13, (1] KOppeKTHbIM
TOrga, Korpa

DY m] — P(x,t)| < (. 1). (26)

Tenepb, npexpae ueMm (opMynupoBaTb KpUTEpHiA Kop-
PEKTHOCTU peLlenuns 1y [m], IpUBEREeM HeCKONbKO KOHKpeT-
HbIX MPUMEpOB, [AEMOHCTPUPYIOLMX OCOBEHHOCTM noBefe-
HUS 1)y, [m] NpU pasnnUHbIX UCTOYHKKAX curHana 7. Bo Bcex
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Halux npuMepax Byfem nonaratb, YTO UCTOUHUK NOAS — TO-
YeYHbIW, OH PacMoNoXeH B y3ne CETKM ¢ HoMepoM m = 50
W reHepupyeT CUrHanbl orpaHUUYeHHoH auTenbHocTM 7. Kpome
TOro, 6yneM cumtath, UTo hopMUPYeMble UCTOUHUKOM CUrHa-
nbl 061afaloT ONPefeNneHHo! HanpaBneHHOCTbI0 U ANs onpe-
LENeHHOCTH pacnpocTpaHsioTcs Bnpaso (m > 50). Ang npo-
FPaMMHOW peanusaLuu Takoi cxeMbl BO3ByXneHUs Heobxo-
LMMO UCMONb30BaTb TEXHWUKY, U3BECTHYK B NUTepaType Nof
HasBaHueM TF/SF — Total-Field/Scattered-Field (cm., Hanpu-
mep, [12-14]). Mbl He ByaeM ocTaHaBNMBaTLCS Ha ee onuca-
HWUM, NOCKOMbKY A1 OCHOBHOMO COLEPXaHus CTaTbu 3T0 He
TaK Ba)HO, @ Bce HeoBXoaMMble AeTanu MOXHO HallTu B yKa-
3aHHbIX UCTOYHMKAX.

3.1. KBasurapMoHnueckue curHanbl. PaccMoTpuM cHavana
CUrHanbl ¢ Haubonee NPOCTbIM CNEKTPOM, @ UMEHHO: MYCTb UC-
TOUHMK «BKMKYAETCS» B MOMEHT BpeMeHu £ = 0 U TOK B HEM
npepcTaBnsieT co6on CUHYCOMAaNbHbIE (YHKLUW BPEMEHM

Jo(z,1) = 8(z — 50Az) Asin (2;”) (27)

0

1M MeHdaLWmnecqd co BpeMeHeM No 3aKOHY KOCUHYCa

Jo(z,t) = 0(x — 50Az) A cos (226t> . (29)
0

3pechk §(z) — menbTa-tyHKuMs [lupaka, yKasbiBatouias no-
NOXEHMEe MCTOUHMKA, A — aMnauTyga Co3naBaeMoro UM
curHana. Bo Bcex HalwMx uMCreHHbIX npumepax Gyoem no-
naratb A = 1. [lanee, npu LOCTUXEHUM BPEMEHM T, WC-
TOUHUMK «BbIKMIOUAETCA», U TOK B HeM obpalaercd B Hymb
J(x,t)]t=r = 0.

Mpouecchl BKNOUEHMS/BbIKMIOUEHNS UCTOUHMKA MaTeMa-
TMUECKM MOXHO CMOJENuUpoBaTb, YMHOXas (yHKuun (27)
n (28) Ha KoMBMHaLMIO thyHKUMIA XeBucaitpa Bupa 6(t)[1 —
O(t — 7)]. 3necb nepBbIil MHOXWTENb PETyNMPYeT MOMEHT
BK/IOUEHMS UCTOUHMKA, BTOPOW — OMpeaensieT BpeMs ero Bbi-
KMoueHus. B cBA3KM C TeM, UTo UCTOUHMK, MO HaleMy npeano-
NOXeHuto, paboTaeT orpaHMueHHoe BPeMs, CUrHanbl, Co3aa-
BaeMble UM, He ABMAKOTCS CTPOro MOHOXPOMATUUECKUMMU, Of -
HaKo BCerga MOoXHo BbibpaTtb 7 >> At. 3T0 N03BONMT NpeHe-
Bpeub BAMSHAEM TaKOrO POLA HEMOHOXPOMATUUHOCTM U CUM-
TaTb BCH CUCTeMy paboTalolueit B KBa3UrapMOHMUECKOM pe-
»uMe. [Inga poctuxeHusa atoro 3agagum 7 = 100AL.

Tenepb, Mocne nepeuncrneHns BCex MpenBapuUTesbHbIX
netanen peanusaumm cxembl (13), (19)-(21), obcymum ee
HenoCpeaCTBEHHble Pe3ynbTaTbl, NOMYUYEHHble A1 UCTOUHM-
KoB (27) v (28).

Tak, Ha puc. 1 NoKasaH pesynbTaT UACIIEHHOro pacyeTa ang
CUHYCOMAANbHOTO WUCTOUHWKA (27), reHepupyloWero curan
C OCHOBHOM OJIMHOM BOMHBI B criekTpe Ag = 3Ax. QueBUAHO,
uTO /19 3TOTO CNyyas CubHoe ycnoeue (23) 3aBefoMo He Bbi-
nonHsietca. BMecTe ¢ TeM U3 pUcyHKa Clegyer, uto pesynbTarts
MOZENMPOBaHMUA B 3TOM CUTYaLIMM MOXKHO CUUTATb KOPPEKTHbI-
MW C TOYHOCTbIO He XyXxe, yeM € = (.14. BakHo oTMeTUTb, uto
peaynbTathl guckpetuaaunn J4[m] = D.J(x, ) Toka (27) B
3TUX YCNOBUSAX KOPPEKTHbI C TOM XKe CTEMneHbo TOUHOCTH, UTO
W CaMu pesynbTaTbl MOAENMPOBaHMA, NpeacTaBnsiowme coboi
COCTOSIHME 3NEKTPOMArHUTHOrO Mons.

10 T
g=110 —

05 UL
E.[m] 0.0
-0.5 I
-1.0

50 75 100 125 150 175 200
m

1.0

o5 WU

J® 0.0

—0.5
L ARAEAAAARHELA
0

-1.0
25 50 75 100 125 150 175 200
q

PucyHok 1. PesynbTaTbl MOpeNuUpoBaHnUs AN CMHYCOMAANbHOO TOYEYHOrO
uctounuka (27) npu Ao = 3Ax (BCe ocTanbHble NapaMeTpbl pacyeta no-
Ap06HO OMMCaHbl B OCHOBHOM TEKCTE).

Figure 1. Simulation results for a sinusoidal point source (27) at A\o = 3Ax
(all other calculation parameters are described in detail in the main text).

MonTBEPXAEHNAMK OMUCAHHBIX Bbille (aKTOB ABMATCS
cnepylowye pesynbrathl. Ha BepxHeit uactu puc. 1 xopowo
BUOEH CWIHaM, MMEKWWA CUHYCOMAanbHYl (OpMy M pac-
NPOCTpaHAOILMACA BNpaBo TaK, uTo ero nepegHuit poHT
K MoMeHTy BpeMeHn ¢ = 110 ycnen npeogonetb AUCTaHUUIO
Am = 110. lpu 3ToM obnactb NpocTpaHCTBa, 3aHMMaeMas
BONHOBbIM MaKeTOM, COOTBETCTBYET POBHO ¢ = 33\, KaK 310
M [LOMKHO BbITb NpU M36paHHbIX HaMW NapaMeTpax Mogenupo-
BaHMs.

KpuBble, n3o6paxeHHble Ha puc. 1, cTporo rosops, He sB-
NAOTCA CUHYCOMTANbHbBIMU CUrHanaMu. NMpUUMHbI 3TOMO Nerko
MOHSATb, ECAIW YYecTb, UTO NpKU BbIGPAHHON HaMK ANWHE BOM-
Hbl Ag = 3Ax v uncne KypaHta S, = 1 BpeMeHHble oTCYe-
Tbl IUCKPETU3UPYIOT 3aat0LLMIA CUTHAN BCEro TPM pasa 3a ero
nepuop, 7. Bkyne ¢ Heu3BexHbIMU 0LIMBKaMu OKpyrieHus npu
YMCNEHHOM CYETE 3TO KaK pa3 ¥ MPUBORMT K OTMEUYEHHOMY Mo-
BepeHuio 7 7. CTouUT, OLHAKO, NOJYEPKHYTb, UTO Ha XapaKTe-
pe caMoro nons 5, [m| yKasaHHble OWMGKM AUCKpeTU3aLMM
ToKa (27) ckasblBaloTCsl He CTOMb CYLWECTBEHHO, KaK B Cily-
uae UCTOUHMKa (28). PewatowwmM 3pech 9BNAeTCa UMEHHO Npo-
LLeCC HauanbHoro pasBuTUA CUrHana, KOTopbIA X0Tb U ABNAET-
S [JOCTATOYHO PE3KUM (CM. HauanbHbINA YUaCTOK HUXKHEN KpH-
BOI 7, n306paxeHHblit Ha puC. 1, B CPaBHEHUM C NepesHUM
tpoHToM nona F, B6nuan y3na m = 160 Ha BepxHelt KpuBoK
TOr0 )X PUCYHKA), HO 3Ta Pe3KOoCTb He CTONb NPUHLMNUANbHA,
TaK KaK BNAeTC He XapaKTepuUCTUKOM CaMoro curHana (cM.
06CyXXAEeHWs, CBA3aHHbIE C PUC. 2, U YTBEpPXLeHMe 2), a N1lb
CnefCcTBUEM He CaMOW YAaUHOM ero UCKPeTU3aLmm.

BbinonHeHHble HaMKU [OMONHUTENbHbIE PacyeTbl NOKa3bl-
BalOT, UTO C YBENMYEHUEM )\ KOPPEKTHOCTb (B CMbICne onpe-
penenus 2) cxeMbl pelwenns (13), (19)-(21) ana cuHyconpans-
HOTo UCTOYHMKA (27) pacTeT (a €, COOTBETCTBEHHO, YMEHbla-
eTCsl), TaK Kak npu 3ToM Bce Gonee cnpaBefnMBbIMU CTAHOBAT-
ca ycnosua (23). Kpome Toro, TBepao YCTaHOBNEHO, UTO Npy
Ao < Az HM 0 KaKoi KOPPEKTHOCTU pelieHns FoBOPUTL He
npuxoauTCa.

Mocne cTonb Noapo6HOro aHanu3a pesynbTaToB MOQENu-
POBaHWA ANA CMHYCOMAANbHOMO MCTOUHMKA (27) nepeiipeM
K oBcyxpeHuto ocobeHHocTel paboTbl MCTOUHMKa (28). Ha
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puc. 2 nokasaHbl utoru pacuetos (13), (19)-(21) s cnyuae, korga
Ao = 100Az. Npu 3tom ycnosus (23) 3aBe10MO BbINOMHSIOT-
CSl, 1 pesynbTaTbl pacyerta JomkHbl 6biTb CYLWECTBEHHO fyylle
TeX, UTo NpefcTaBneHbl Ha puc. 1.

q:li() —
1.0 ;

'J i

il

E.Im] 0.0
~1.0 it
—2.0 L

1.0

0.5

J* 0.0
—0.5
-1.0

0 25 50 75 100 125 150 175 200
q

PucyHok 2. PeaynbTaTbl MOLENMpOBaHUs /1S TOUEUHOTO UCTOUHKKA (28) npu
Ao = 100Az.
Figure 2. Simulation results for a point source (28) at A\p = 100Azx.

B neicTBuTenbHocTM Bce 06CTOMT poBHO HaoGopoT —
MrHOBEHHbIE 3HAUEHMs pelenns 15,[m], NpeacTaBneHHble
Ha pucC. 2, He MOryT BbiTb MPU3HAHbI KOPPEKTHBIMU B CMbIC-
e onpeneneHnsa 2, Tak KaK NpefcTaBnaioT co6oi HeKoTopbIi
«MKUN00GPa3HbIA» CUrHan (KaK Mbl YBUAMM BMNOCNEACTBUM, 3TO
[,0CTaTOYHO TUNMYHAs KapTUHa, Bo3HWKatowas B xoge FDTD-
MofenupoBaHua). bonee Toro, BbloendeTcd W To, UTO CUrHan
«MpOHUKaeT» B 06nacte m < 50, B KOTOPOH ero He [OMKHO
BbITb COrNacHo NpuHAToM Hamu cxeme TF/SF.

BmecTe c TeM 3aMeTuM, B ;aHHOM KOHKPETHOM Cny4yae pe-
3yNbTaT YCPeAHEHNSI MTHOBEHHbIX 3HaueHuit 1)3,[m)], koTo-
PbIM MOXHO MOMYYUTb Kak MOMYCYMMY ero BEPXHEN U HIKHEW
orubaroLmx, BNonHe COOTBETCTBYET NOBEAEHUIO OXMLAEMOr0
TOUHOTO pewerns 1 [1m] u MoKeT BbITb MPU3HaH KOPPEKTHbIM.
Tak nu 310 B CNyyae NPOW3BONBHOMO UCTOUYHMKA — BOMPOC Ha
AaHHBIA MOMEHT OTKpBLITBIN U TpebyeT 6onee NopgpoBGHOro Uay-
ueHus.

MonbiTaemMca NOHATb NPUUMHY CTONb Pa3UTENbHOMO OT/K-
uusl pesynbTaToB MOMENMPOBaHUA B PaCCMOTPEHHBbIX HaMy
cnyyasix. [lng 3T0ro 0TMETWM, UTO B HEKOTOPbIX UCTOYHMKAaX
(cM., Hanpumep, [12]) ynoMuHaeTca BRMAHWE Ha pesynbTatl
MO[IeNIMPOBaHMS NMOCTOAHHOM COCTaBNAIolLel B CNeKTpe uc-
cnepyemoro curHana. Pesynotatom @ypbe-npeobpa3oBaHus

fo) =71 = o= [ e e

BPEeMeHHG yacTv curianos (27) u (28) aensioTcs cnepyoime
0606LeHHble hYHKLUKU

waﬂA¢§ww+ww—&w—mn7 (30

Je(w) = A\/Z [6(w 4 wp) +6(w —wp)].  (3))

O6pawiaeT Ha cebs BHUMaHMe TOT haKT, UTo B NPaBbIX Ya-

ctax Bbipaxerun (30) u (31) durypupyloT genbTa-dyHKLUK
[lpaka. 310 ABNAETCA CNEACTBUEM TOrO, UTO Mbl BbIUMCIISIM
npeoBpasoBaHne Oypbe (29) ona HeorpaHUUeHHbIX BO Bpe-
MeHM (M NMOTOMy CTPOro MOHOXPOMaTUueckux) hyHkuui (27)
W (28). Yuer orpaHMUeHHOW LAWTENbHOCTM LaHHbIX CUrHa-
noB (APYrMMK CNoBaMu, UX KBasMrapMOHUUHOCTH) NPUBORMT
K TpaHCopMaLmMu fenbTa-myHKLUMA B hyHKLMM Bonee Cnox-
HOro BUAa. B uactHocTy, nepsoe cnaraeMoe BbipaxeHus (30)
npeo6pasyerca K Buay

T
2V 21

34ecb MCMonb3oBaHO [0CTAaTOUHO CTaHAapTHoe oBosHaue-
HWe tyHKuMK sincz = sin(x)/x. [N ocTanbHbIX cnarae-
MbIX B (30) 1 (31) MMetoT MecTo aHanor1uHble 3aMeHbl, KoTopble
He BbiNMCaHbl MONHOCTbIO B BUAY X FPOMO3LKOCTY.

[lng Hac cywecTBeHHO To, uTo Kak ana ®ypbe-TpaHcdop-
MaHT (30) 1 (31), Tak 1 o 6onee TOUHbIX UX aHANOrOB, MOX-
HO C yBEPEHHOCTbIO yTBEPXK/AATb OTCYTCTBUE MOCTOSAHHOW CO-
cTaBnsiowei curHana, T.e. F[Js o (t)](0) = 0.

3.2. Umnynbebl M HerapMoHWMUecKue curHanl. Tenepb 06-
CYLMM 0CO6EHHOCTM MOLLEeNMPOBaHMS CUrHaNoB C Gonee CNox-
HbIM CMEKTpanbHbIM COCTaBOM. HauHeM co cnydas oTLeNbHbIX
MMMYNbCOB, B KOTOPOM OTPaHUUMMCS TOJIbKO LBYMS NpuUMepa-
MU: UMMyNbCaMM rayccoBa BULA

(w4 wo)T

Aexp [—z ] sinc

(w+ wo)T
5 )

2

(t —to)’
W uMnynbcamu B opme BerBneta Pukepa
Ju(t) = A (1 — 2 [t — to)]“‘) X
(33)

X exp (— [ (t — to)]2> .

3pech, Kak v Bcerga, amnautyga A = 1,atg, w M vy, — eCTb
napameTpbl curHanos (32) u (33), onpenensiowue ux dopmy.
BenunuuHa ¢y B 060MX Ciyuasix 3aaeT OCHOBHYH BPEMEHHYIO
3a[lepXKKY, T. €. TOT MOMEHT BPEMEHM, K KOTOPOMY [0CTUraeT-
cs J(to) = A. 3HaueHue w pernaMeHTUpyeT OCHOBHYHO Npo-
LOMKNTENbHOCTb raycCOBa CUrHana, TaK uto ero nogasnsio-
las MOWHOCTb MCTOYHMKA TOKA COCPEAOTOUEHa BO BPEMEH-
HOM WHTepBane [ty — w,to + w]. Ham Bynet ynobHo Bbi-
PaXaTb 3TOT MapaMeTp B eL4MHMLLAX LIArOB BPEMEHHOW CETKU
w = wAt. BennunHa v,,, 3afaeT Ty 4acToTy B CNeKTpe Bei-
Bneta Pukepa, Ha KOTOpPYH NPUXOQUTCS €ro Makcumym. [lng
Lienen conocTaBneHns BCex PesynbTaToB 3TOM0 Pasfena Ham
yno6Hee 3afaBaTth He 1y, a OTBEUYAIOWY0 e [AAMHY BOMHbI
Am = ¢/Vp,, KOTOPYKO MOXHO BbIpa3uTb B eAMHULAX LUAroB
MPOCTPaHCTBEHHOM CeTKU A\, = 1, Ax.

Llnq rayccoBa MMMynbca BpeMeHHYH 3a4epXKy to MOXHO
HenocpefCTBEHHO 3aiaBaTb B thopMe o = d/At, B T0 BpeMms
KaK ong BeiBneTa Pukepa ee ypobHee npencraBnaTh B efu-
HMLaX 0BpaTHOM YacToTbl, MHOXWTENEM d,, OMpeneneHHbIM
COrnacHo:
to = clri =d, Am = drlﬂAt. (34)

C

Vi c S,
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MocneaHee paBeHCTBO 3[,ECh 3aMMCaHO C NOMOLLbIO onpefe-
nexns uncna Kypaurta (14). B panbHeiieM HUXHUA UHOEKC
y napametpa d B BHOM BM[e YKa3blBaTb He ByfeM, TaK Kak
ero CMbICN BULEH M3 KOHTEKCTa.

Ha puc. 3 nokasaHbl pesynbTaTbl MOENMPOBaHUS cCornac-
Ho cxeme (13), (19)-(21) ana uctounuka (32), dopmupylolero
HarpaBfieHHbIe BrPaBo raycCoBbl UMNYNbChI C PasHOMN WMPH-
HOM w. Ha BepxHel yacTu pPUCYHKa MOKasaHbl MrHOBEHHbIE
pacnpegnenexus nons E.[m] B npocTpaHcTBe Ans 06oux UM-
NYNbCOB, BbIUMCIEHHbIE AN191 Y06CTBa B TaKMe MOMEHTbI Bpe-
MEHM g, uT0Bbl AUCTAHLMM A7, NPOALEHHbIE [aHHbIMU CHUT-
HanaMmu, OTAMYanMUCh B 1Ba pasa. HWXHSS YacTb TOTo Xe pu-
CYHKa MINIOCTPUPYET BPEMEHHYIO AMHaMUKY ToKa 7 ¢, thopMu-
PYIOLErO 3TV UMMYNbCHI.

1.0 ,
2
J105 1 \

0.0

0 25 50 75 100 125 150 175 200
q

PucyHok 3. PesynbTaTbl MOLENMPOBaHUs LSl TOUEUHOTO UCTOUHMKA (32) npu
d = 30.
Figure 3. Simulation results for a point source (32) at d = 30.

Bernoro B3rnapa, o6palieHHOro Ha [aHHbIA PUCYHOK,
BMOMHe [0CTAaTOUHO AN YTBEPXAEHUS, UTO pesynbTaThl UMC-
NIEHHOr0 pacuyeTa 3MeKTPOMarHUTHOro Mons ANs CurHana
MeHbLUEi WHUPHHBI w BrONIHE KOPPEKTHBI. B To e Bpems pe-
3ynbTaT MOLENUPOBaHWUS MONS, Co3AaHHOro bonee WHUPOKUM
MMNYbCOM TOKa, NPOSIBASIET Te e 0C06eHHOCTH, uTo bbinK OT-
MeueHbl HaMu Npu aHanu3ae paboTbl UCTOUHKKa (28). A UMeHHo,
MHOBEHHbIE 3HaueHMs nons 1)3,[m], paccuMTaHHble B 3TOM
cnyyae, LEMOHCTPUPYIOT «Mnoobpa3Hoe NOBEAEHNUE», TAK UTo
UCTMHHYIO (HOPMY CUrHana MOXHO BOCCTAHOBMTb TONbKO Kak
nonycyMmy ero ormbarowmx.

BmecTe c TeM, kak 6bio 0TMEYEHO HaMu paHee, thopMa
rayccoBa CMrHana onpefensieTcsl He TONbKO ero WHPUHON W,
HO 1 3aflepXXKoi d. BnusHue aToro napaMeTpa MOXHO OLLEHUTb
u3yuasi puc. 4, Ha KOTOPOM NpepcTaBneHbl pe3ynbTaTbl pac-
yeTa Ans rayccoBa UCTOUHMKa (32), hopMUpyIOLLEro CUTHanbI
0OMHaKoBoOM WwupuHod w = 10, Ho C pa3HoW 3ajepXxKoii d.

Ha puc. 4 nokasaHo, uTo yMeHbLIEHWe BPEMEHHOMW 3aflepX-
KK d rayccoBa MMNynbCca Npy TOM e 3HAYEHWM ero WUPUHbI W
YXYyALWaeT KOPPeKTHOCTb pesynbTaToB pacueta. 310 yxyauwe-
HWe BOCMPUHMMATCS He CTOMb 3HAYUTENbHbIM, MOCKOMbKY U3-
meHeHue 3Havenus d ot 30 po 20 npu w = 10 nycTb v yBenu-
UMBAET HauarbHblit TOK jgo npumepHo B 100 pas, Ho cama ero
BENIMUMHA OCTAETC CPaBHUTENbHO HeBOMbLIOK U cocTaBnsieT
~ 2 % oT MaKCUManbHOro 3HaueHus. 3aMeTuM, uto Aanb-
Hellwee cokpaleHue d, HanpuMep Ao 3Hauenus 10, yxyn-

WUMT KOPPEKTHOCTb pe3ynbTaToB pacyeta curHana Ps cunb-
Hee, ueM ns Gonee WMPOKOro UMNynbca Po, NPeAcTaBneH-
HOrO Ha puc. 3.

1.0

d=30,q=130 —-— ‘ I\
d=20g= 70 — [ \Ps \P1

E.[m]0.5 ' i ‘\‘
/ \
0.0 - :

0 25 50 75 100

1.0 ,
J40.5 D \

i &
0.0 £/

0 25 50 75 100 125 150 175 200
q

PucyHok 4. PeaynbTaTbl MOAENMpPOBaHUSA ANS TOYEUHOMO UCTOUHMKA (32) npu
w = 10.
Figure 4. Simulation results for a point source (32) at w = 10.

TakuM 06pa3oM, paccMOTpeHHble MpuUMepbl MPUBOAAT K
BbIBOAY O TOM, UTO Ha KOPPEKTHOCTb Pe3yNbTaToB UMCTIEHHOTO
pacyeta no anroputMy ¥ (13), (19)-(21) caMbiM CyLLECTBEHHBIM
06pa3oM BNUSIET MMEHHO BENMUMHA HauanbHoro Toka 7 ° uc-
TOUHMKa (Ha puc. 3 3TOT ypoBeHb 0TMeueH HeBonbLUoi BepTH-
KanbHOW CTpenKoii npu Hyneeoi abcumcce).

3aMeTUM, UTo CMeKTp rayccoBa curHana

jg(w) = %A exp [— (%)2 — iwto] , (39)

BoOGLLE roBops, MMEeT [LOCTATOUHO CYLLECTBEHHbINM BKNag, no-
CTOSHHOW cocTaBnatowei. MoatoMy Ans NOATBEPXOEHWS Bbl-
BOA0B, CHOPMYNUPOBaHHbLIX B NpepdbliayLeM absave, Heobxo-
LMMO MCKIIOUNTD BRMsSHWE JaHHoro takTtopa. [pu 3ToM ypo6-
HO WUccnepoBaTh MMNYNbChI Kak pas B opMe BeliBneta Puke-
pa, NOCKOMbKY WX CMeKTpanbHbIiA COCTaB

~ wQ

Jr(LU) = WAX

m

L \? (36)
X exp |— <27w ) —wty

He MMeeT NOCTOSAHHOW COCTaBNSOWEN.

Ha puc. 5 npeacTaBneHbl pesynbTarbl YACNEHHOMO pacye-
Ta [MHAMUKM 3NEKTPOMArHUTHOrO Nons COrNacHo anroputMy
Wn (13), (19)-(21) pnst ucTounmKa (33), hopMupytoliero Hanpas-
neHHble BPaBo UMMyNbChI B hopMe BeliBneTa Pukepa ¢ pas-
HOM ANMHOI BOJHbI, OTBEUYAIOLEH MaKCUMyMy B CrekTpe L.
Kak 1 Bcerga o atoro, BepXHaa YacTb PUCYHKa NpeacTaBns-
eT coboil pacnpefeneHye aNeKTPUUECKOro nons B NpoCTpaH-
CTBE, TOTAA KaK HUXHAA — [,aeT NpefcTaBneHue 0 pPasBuTUu
CO BPEMEHEeM TOKa, ABNAIOLLEr0Ca UCTOUHMKOM CUrHana.
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PucyHok 5. PeaynbTatbl MOLENMPOBaHUS LIS TOUEUHOTO UCTOUHMKaA (33) npu
d=1.
Figure 5. Simulation results for a point source (33) atd = 1.

MapaMeTpbl 1, MCNONb30BaHHbIE NS OBYX UCTOUHUKOB,
AENCTBME KOTOPbIX MOKa3aHo Ha puc. 5, nopo6paHbl Tak, uto-
6bl thopMMpyeMble UMW UMNYNbChl CYLECTBEHHO OTAMYAMUC.
Tak, npu manoM 3Hauenun 1, = 3 (npu 3atom A, = Ax,
HO Ay 3% Ax) NpocTpaHCTBEHHas NPOTSHKEHHOCTb COOTBET-
CTBYIOLLErO BOMHOBOIO MaKeTa HAaCTOMbKO Y3Ka, YTo OKasblBa-
€TCS COMOCTaBMMOM C NPOCTPAHCTBEHHBIM LIaroM CETKM, 0fHa-
KO €ro CreKTpanbHbliA COCTaB [OCTAaTOUHO WMpPOK. B npoTueo-
MONOXHOCTb 3TOMY, ANg Bonbloro 3HaueHus 1, = 50 Bce 06-
CTOWUT poBHO Hao6opoT. CylwecTBeHHO, uTo Ans 060Mx UMNYNb-
COB BpeMeHHas 3a[iepXKa BbibpaHa 04MHAKOBOM W eayHNY-
HOM d = 1, TaK uTO U3HauanbHO (B MOMeHT BpeMeHn g = 0)
06a UMNynbca NPaKTUUYECKN HEOTIIUUUMBI OT HYMS, @ MaKCu-
MyMa [OCTUraloT K MOMeHTaM BpeMeHn ¢ = 3 u ¢ = 50 cooT-

BETCTBEHHO.

0 25 50 75 100 125 150 175 200

0 25 50 75 100 125 150 175 200
q

PucyHok 6. PeaynbTaTbl MOLeNnMpoBaHus 4s TOUEUHOTO UCTOUHMKA (33) npu
Im = 50.
Figure 6. Simulation results for a point source (33) at 1, = 50.

Kak u pns puc. 3 u 4, MrHOBEHHbIE 3HAUEHUS 3NEKTPU-
YeCKOro Nosist Ha BEPXHEW YacTu puc. 5 npuBefeHsbl Ans Mo-
MEHTOB BpeMeHM, Korfa uMmnynbcbl Py v Py ycnenu npontu
OMCTaHLMM, OTNMYatoLMecs Lpyr oT apyra B Aga pasa. Mpu
3TOM OYEHb XOPOLUO BMAHO, UTO Pe3ynbTaTbl MOLENUPOBaHMS
IBNSATCS KOPPEKTHBIMU B 060MX CRyyasix, U 310 06CTOATENb-
CTBO HMKaK He CBSI3aHO CO CMEKTpanbHbIM COCTaBOM 06onX
umnynbcoB. CoBeplueHHo MHaue 0BCTOMT feno Torga, Korga

CYWLECTBEHHbIM OKa3blBaeTCs HauyanbHOe 3HaueHue ToKa UC-
TOYHMKA jro 2 0. [Lo6UTbCS 3TOr0 MOXHO YMeHbLUas 3Haue-
Hue 3apepkkun d. ConoctaBneHne pesynbTaToB MOLENMPOBa-
HUS C KpUTMYeckuM cnyyaM d = ( NoKasaHo Ha puc. 6, Bce
OCTaNbHble MapaMeTpbl Ha KOTOPOM 3afaHbl TaKUMU Xe, Kak
u ong umnynbca P4 Ha puc. 5.

Puc. 6 npeKkpacHo MNNCTPUPYET Te BbIBOA,bI, KOTOPbIE MO-
CTENeHHO hopMyNMpPOBanuUChb Npu 06CY)XAEHUM pPesynbTaToB
MOAENMPOBaHNA ANS BCEX NPEAbIAYLLMX UCTOUHMKOB CUTHaNa.
MoxHO yTBEpXAaTb, UTO pUC. 6 B HEKOTOPOM CMbICNE KOMOK-
HUpYeT pe3ynbTaTbl, NPeACTaBneHHbIe paHee Ha puc. 1u 2.

3.3. PesynbTatbl pasgena. [lononHUTeNnbHO HaMK YCTaHOB-
NIeHO, YTO BCE 0COBEHHOCTM YMCNEHHOrO pewwenns 3agaumn Ko-
WY ANS HEORHOPORHOrO ypaBHeHMs (5) C HauanbHbIM YCNOBY-
eM (24) cornacHo cxeme (13), (19)-(21), paccMoTpeHHble B gaH-
HOM MYHKTE, 0CTaloTCA CNpaBefIMBbIMU U AN APYrMX YacTo
BCTPEUaIOLNUXCH CUTHAMOB, TaKUX KaK TpeyrofibHble MMMynb-
Cbl, MeaHap u T. A. TakuM 06pa3oM, MOXKHO COpMYNMpoBaTh
OCHOBHOW pe3ynbTaT [aHHOro pasfena B cneaylolleit dopme.
VTBepxpeHne 2. HeobxoguMbiM 1 [JOCTATOUHbIM YCIIOBUEM
KOPPEKTHOCTM 4MCIIEHHOrO pewienns 1)5,[m] 3agaun Koum
Q119 HeoHopoAHoro ypaBHeHus Maxcsenna B Bakyyme ()
C HEeKOTOPbIM HayarbHbIM YCI0BUEM 1)y, MOJTyYEHHOO B X0fe
uTepaLoHHoro anroputma Win (13), (19)-(21), sensiorcs cneny-
1oljMe OrpaHNyeHus:

1. llar npoctpaHcTBeHHoM ceTkn Ax < Amin (A€ Amin —
3T0 MUHUMATbHASA ASIMHA BOMHbI B CNIEKTPE CUTHana, re-
HEPUPYEMOro UCTOYHUKOM);

2. HauanbHbiii TOK UCTOYHMKA HE MMEET CyL|eCTBEHHbIX
CKAYKOB 10 CPABHEHMIO C 3a[JaHHOM HayanbHOW KOH(pM-
rypauwesi anextpuyeckoro nons J°[m] < E%[m).

3ameuanme 3. TpeboBanne At < 1/vp,ax, BOOBLE roBops,
W3MNULWHE, TaK KaK OHO 0BecneunBaeTca aBTOMaTUUECKM Mpu
CO6MIONEHNM NEePBOro YCNOBUA YTBEPXKAEHNS 2 U PasyMHOM
BbiGope uncna Kypata (S, < 1).

3amedarme 4. XapaKTtep creKkTpa CUrHanoB, reHepupyeMbix
WCTOUHWUKOM TOKa, HE BNWSIET Ha KOPPEKTHOCTb MOAENnupo-
BaHMSA B paccMaTpMBAEeMOM HaMu Cryyae PacnpocTpaHeHus
B BaKyyMe. BMecTe ¢ TeM crieKTpanbHbii cocTas (M B 0co6eH-
HOCTM ero NocTosiHHasi cocTaBnsiouas F [©(t)] (0)) curHa-
MI0B — OWH U3 KNIOUEBbIX (haKTOPOB, BNMSIOLNX Ha KOPPEKT-
HOCTb MOAENMPOBAaHUA B Cllyuae WX reHepaLum 1 pacnpocTpa-
HEeHWs B TOW MNW MHOW cpefe. 3TOT BONPOC OYeHb 0BWMpeH
1 TpeByeT OTAENbHOro PaccMoTpeHus.

4. 3apayva Kowwu png ogHOpPOAHOro ypaBHEHMUS

[l0 3T0r0 MOMEHTa C NoMoLLbI0 anropuTMa Mu Mbl ucenepo-
BaM NoBeAEHMe 3NeKTpOMarHuTHoro nons 15,[m/], cospasa-
eMOro MCTOYHMKOM TOKa 7 [m] npu HyneBon HauanbHoM KOH-
(urypauum nons. C MaTeMaTMUECKOM TOUKM 3PEHHS peluanach
3apava Kowu ansg HeogHopogHoro ypaBHeHus Makcsenna (5)
C TPMBMANbHLIM HayambHbIM ycnosueM (24). Tenepb nocMoT-
PUM Ha 3a[,auy C MHOM TOUKM 3peHus. A UMeHHo, ByoeM cun-
TaTb TO peulenme 13, [1m], KoTopoe HaMM1 NoNYyYEeHo ANS Heop -
HOpOLHOW 3afauM Kowwu K MOMeHTy 3aBeplueHus LeicTBUA
OrpaHWUUYEHHOr0 M0 BPEMEHM MCTOUHMKA, HAUaNbHbIM COCTOSI-

HWeM nonsi Yo [m] = 5, [m] |q>7—/At'
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MocKonbKy oneparop L, onpeneneHHbI cornacHo (4), a6-
CO/IOTHO OOMHAKOB KaK AN OQHOPOLHOr0, Tak ANf Heoa-
HOPOLHOrO YPaBHEHMA, TO COBEPLIEHHO ACHO, UTO peleHue
CcthopMynupoBaHHO TakuM 06pa3oM 3agaun Koww gng ogHo-
POLHOTO YPaBHEHMS MOMHOCTbI0 3KBUBANIEHTHO PEWEHMI0 CO-
OTBETCTBYIOWEN 3afaum Koww Ang HeORHOPOAHOro ypaBHe-
HMS. VIMEHHO 3TO M MMenocb B BMAY MpW OPMYNMPOBaHNM
YTBEPKAEHMS 1, MPUUEM eLUHCTBEHHbIM HEOBXORMMbIM YCro-
BMEM 3[eCb ABNAETCS TOMbKO OrPpaHUUEHHOCTb BO BPEMeHM
UCTOUHMKA nonq.

4.1. KoHdmrypauumu noneid, cootsetcTByiowme Gerywmum
BONHaM. Hanbonee npocTo NpogEeMOHCTPMPOBaTL 3KBUBA-
NIEHTHOCTb 3aAay Koww, 0 KOTopbIX FOBOPUNOCH BbllLE, MOXHO
B CNyyae KOH(MrypaLmit aneKTPoMarHUTHOro nos ¢ Toi Unm
WHOW M3BpaHHOM HanpaBNeHHOCTbIo. B uacTHocTy, B Npefbl-
Ayliem pasgene ¢ nomolublo TexHukn TF/SF Mbl Beane Mope-
NIMPOBany BONHbI, PaCNpOCTPaHAIOLLMECS B BaKyyMe BNpaBo 0T
MCTOYHMKA, pacnonoXxeHHoro B Touke m = 50. Mpu 3ToM, no-
ckonbky BekTopbl &, H v k cocTaBnsoT B aNeKTpOMarHUTHO
NNocKoi BonHe npasyto Tpoiky [15-17], Bcerna cnpasennneo

EE [m - 4]

Lk

B cnyuae pacnpoctpaHeHus BonHbl BNeBo Npegpigyliee
paBEHCTBO LOO/MKHO 6bITb 3aMeéHeHO0 COOTHOoLWeHneM:.

Hilm] = (37)

BT [mt ]
_ ! _

Monb3yscb 3TWM, 3aJafMM HauanbHYl KOHMMUIypaLuio
3NeKTPOMarHUTHOro Nons Buaa:

HY[m] (38)

polm = [ F) (39)
Ex[m+3]/n

roe EX[m] — pacnpepenenne HanpskeHHOCTU anekTpuye-
CKOro nons, nokasaHHoe Ha puc. 4 gns umnynbca P;. [a-
nee, cnefys onucaxHoi paHee cxeme u (13), (19)-(21), Gynem
pewatb 3apgayy 6e3 uctounukoB 7 = 0. PesynbTat peweHus
B L@HHOM Cnyyae npuBefeH Ha puc. 7.

45

40
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PucyHok 7. Pewenue 3apauun Kowu ans ogHopogHoro ypaBHeHus Makcsen-
fa C HayalbHbIM YCNOBMEM B BUAE rayccoBa uMnynbcea (39), HanpaeneHHoro
BNEBO.
Figure 7. Solution of the Cauchy problem for the homogeneous Maxwell equa-
tion with initial condition in the form of Gaussian pulse (39) directed to the
left.

0 L L
0 25 50

Kak v cnepoBano oxupatb, KapTuHa, U30b6paxkeHHas Ha
puc. 7, npeacTtaengaet coboi rayccoB MMNynbC, pacnpocTpa-
HAILWMWIACA M3 HAUaNbHOMO COCTOAHMA BNeBo 6e3 MCKaxe-
HUs hopMbl. PesynbTaTbl MOAENMPOBaHNUSA BNIOAHE MOXHO NpH-
3HaTb KOPPEKTHbIMW C TOUKM 3peHus onpepenedus 2. Ha-
MM YCTAHOBMEHO, YTO TOXE CaMoe OTHOCMTCA K MMMynbCam
W OrpaHWueHHbIM CUrHanaMm n6on apyrod dopMbl — Koflb
CKOpO HauanbHag KOH(MUrypaLus nons NpeacTaBnseT co-
6oi (37) unu (38) (nna noboro Hanepen 3afaHHoOro pacnpe-
nenewus E7[m]), pewenne 3apaun Kown pns ofHopoaHoro
ypaBHeHus Bcerna Gyner KOppPeKTHbIM.

4.2. KoHdwmrypauuu nons, cOOTBETCTBYIOWME W3Nyue-
HUIO HeHanpaBNeHHbIX UCTOYHWKOB.B cnyuae, korpa roso-
PUTb 0 KOHKPETHOM HanpaBieHHOCTM 3IeKTPOMarHUTHOro no-
NS Henb3s, HauyanbHoe COCTOSHUE 3MeKTPOMarHUTHOro Mons
LOMKHO MpeacTaBnaTb CoBoM cynepnosnLmio 060MX KOH(K-
rypauui (37) 1 (38) ogHOBpEMEHHO.

1 T T T T T T T
q=30 ——

Em] 0 |
-1 ; |
s T

nHg[m] 0 <l
B L
1 T T T T
= EY ——— an — |
S0 T
& | /
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PucyHok 8. HekoppeKTHO 3afaHHasi HauanbHas KOHGUrypaums anexkTpomar-
HUTHOro nons Buaa (40) AN HeHanpaBNeHHOro raycCoBCKOro UMMNYNbCa 1 ero
pasBuTME BO BPEMEHM.

Figure 8. Incorrectly specified initial configuration of the electromagnetic
field of the form (40) for a non-directional Gaussian pulse and its evolution
over time.

3pecb 0YeHb BaxHO MOAUEPKHYTb, UTO pacrpefeneHue
Hanps)XeHHOCTW 3anekTpuyeckoro mons E*[m], nokasaHHoe
Ha puc. 4 Ans uMnynbca P; W y)Xe UCMoNb30BaHHOE HaMu pa-
Hee B MpefblAyLLeM MOAMYHKTE, HE MOXET paccMaTpuBaTbhCs
Tenepb B KauecTBE «OTMPABHOM TOUKW» AN 3afaHus g [m).
370 CBSI3aHO C TeM, YTO ANS LAHHON KOHUrypaLmm aneKTpu-
YeCcKoro nons UMNYMbCbl, pasberaroliuecs B NPOTUBOMONOXK-
Hble OT MCTOYHWKA CTOPOHDI, ELLe «He Pa3fenuiuCh OKOHYa-
TerbHO» (ApYrMMU CIOBaMM, MPOLLNO NULLb BPEMS T /2, HO HU-
KaK He 7). 370 BbI3bIBAET CYWECTBEHHbIE YUCTIEHHbIE OWNGKY
W HerpaBunbHbIe Pe3ynbTaTbl MOLENUPOBAHUS B LIENOM, UTO
0YeHb NIErKo MOHSTh, aHanu3mMpys puc. 8.

HuXHsIst yacTb [aHHOTO PUCYHKA [EMOHCTPUPYET Hayanb-
HYI0 KOH(UrypaLMIo 3NeKTPOMArHUTHOTO Mons,, A KOTOPOA
MPUHATO 3aflaHHbIM pacnpefeneHne HanpsKeHHOCTH 3neK-
Tpuueckoro nons E%[m], cootBetcTByloWee uMnynbey Py
puc. 4. PacnpepieneHue HanpskeHHOCTM MarHUTHOrO Mons 3a-
[,aeTcs C nomolblo KomBuHauuu (38) ans nesoi Monosu-
Hbl nakeTa u (37) mns npaBoit cooTBETCTBEHHO. OUeBMAHO,
4TO 3[,€Cb MMEeTCs CyleCTBEHHas «Hetuanyeckas» 0co6eH-
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HOCTb — KOHEUHbIH Pa3pbiB HANPSXXEHHOCTH MarHUTHOTO Nofs
B LiEHTpe BOJIHOBOIO NaKeta.

Pa3pbiBHOE MOBEJEHMe MarHUTHOrO Moisi B HayanbHOM
KOH(UrypaLLmM BONHOBOrO NaKeTa 0TBETCTBEHHO 3a fanbHew-
luee HEKOPPEKTHOE NOBEAEHUE pelleHus. A UMEHHO, BEPXHSS
YacTb pucC. 8 UNNIOCTPUPYET, YTO B NOCNEAYIOLME MOMEHTSI
BPEMEHM KaK MarHUTHOE, TaK W 3NeKTPUUECKoe None AeMoH-
CTPUpYIOT «NWNo0Gpa3Hoe NOBELEHWE» B LEHTPambHON 30He
MPOCTPaHCTBA, PACMONOXEHHOH MeXOy [BYMS «MONOBUHKA-
MM HayamnbHOro rayccoBa MMNynbca, PacXoAswuUMUCs BReBo
W BNpaBo».

OcTaeTca HepacKpbITbIM NUWb Chepylowmii Bonpoc. [lei-
CTBUTENbHO 1M YKa3aHHas HauyanbHas KOHGMrypauus nons
HekoppekTHa? Ecnu nonbiTatbea Npupath el Hekui tusuue-
CKWIA CMbICT, TO TaKOE MOBEJEHUE PeLeHUs MOXXHO MHTepnpe-
TMpOBaTb CreaytoL M 06pa3oM. B HauanbHbI MOMEHT BpeMe-
HM UCTOUHMK TOKA 0Ka3ascsl «pe3Ko BbIKIOUEH» UMEHHO B TOIA
CUTYaLIMM, KOTa hOPMUPYEMBIA UM CUTHAN JOCTUM MaKCUMY-
Ma. OueBMHO, UTO NPU 3TOM HEM3BEXKHO JOMKHO NPOSIBUTB Ce-
65 ABNeHWe CaMOMHAYKLMW, LeCTBME KOTOPOTO KaK pas 1 Ha-
bntopaetca B BUAe «BeCKOHEUHOro NMNoobpasHoro CUrHana»
B MOCTOSHHO paclumMpsatoLeica LieHTpanbHoit o6nactu. Bnpo-
YeM, ecnu BCMOMHUTb pa3BUBaEMble HaMW paHee coobpaxe-
HUs 06 ycpenHeHUM HEKOPPEKTHO Befylux ce6s curHanos no
WX oruBaloLmM, To [LaHHbIM ABNEHMEM, BOoGLLe roBOpS, MOX-
HO NpeHeBpeub, TaK Kak CpefH1e 3HaUeHWUs HaNPSAXXEHHOCTEI
nonei B LIEHTpanbHoW o6nacTi Bcerga ocTakTcs HyNeBbIMU,
W [,Be MOMOBMHKW HauanbHOro rayccoBa UMNynbca OeicTBU-
TeNnbHO pacxofsTCce BNeBo U BrpaBo. Hackonbko MoXHO Nofb-
30BaTbCA TAKOW MHTEPMIpETaLMen pelueHus — BOMpoc, No BCel
BMAMMOCTH, elle OTKPBITbIA, HO HE NIUWEHHBIN CMbICTa.

4.3. UHble KoHdurypaumum nons. Metop FDTD B ToM Bupe,
B KOTOPOM OH CGhopMynMpoBaH B flaHHol pa6ote, Booble ro-
BOPS, HEKOPPEKTeH NS 3318y CTaTUKM, MOCKONbKY YPaBHEHUS
MakcBenna (2) Hamm 6binu oT6poLLeHbl B CAMOM Hauane 1 Hu-
KaK He NMPUHMManUCb B pacuyeT Npu anropuTMU3aLLUK CXeMbl
pewenus (13), (19)-(21). B cBA3M C 3TUM OUEBMAHO, UTO KOH(K-
rypaLuu aneKTpoMarHUTHOrO Nons BUAaA

W5lm] = (E%m}) o)

B 530 = (1) @

B 0611EeM Criyuae He MOryT paccMaTpUBaTLCS HaMK1 B KauecTBe
KOPPEKTHO 3aflaHHbIX HauanbHbIX YCNOBWUW LSl OAHOPOAHOM
(a paBHO 1 HeogHopogHoM) 3agaun Koww. Bmecte ¢ TeM fo-
CTaTOYHO MHTEPECHbIM NPEACTABNSETCH UCCef0BaHM1e NoBe-
[LeHVs peLleHuii, onpepensieMbix anroputmom Mu (13), (19)-(21),
W B 3TUX CNyyasnx.

B KauecTBe npuMepoB [OCTAYHO MOCMOTPETb Ha puc. 9
1 10, KoTopble MAMIOCTPUPYIOT MOBELEHWE UMCIIEHHOMO pelue-
HWS 0QHOPOAHOM 3afaun Kown Ang HauambHbIX KOHGUrypa-
uuit Bupa (40). Ha puc. 9 ucxopHoe pacnpepeneqve E,[m]
3alaH0 PaBHbIM KOHMMUrypaLuun 3MeKTPUUECKOro Mo WUM-
nynbca Py (cM. puc. 3), a Ha puc. 10 — COOTBETCTBYIOWMUM UM-
nynbcy Py (cM. puc. 5).

1 T T T T T
=30 ——
Eim] 0 TN
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1 T
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nHI[m] 0 \\ <
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PucyHok 9. HekoppeKTHo 3afiaHHas HayanbHas KOH(Urypaums anexktpomar-
HWTHOrO nong Buaa (40) ang HeHanpaBNeHHOTo raycCoBa MMNYNbCa U ee pas-
BUTWE CO BPEMEHEM.
Figure 9. Incorrectly specified initial configuration of the electromagnetic
field of the form (40) for a non-directional Gaussian pulse and its evolution
over time.

OHeBVIJJ,HO, YTO pe3ynbTaTbl MOAENNPOBaHUA HN B TOM, HU
B [pYyroM cnyuyae, CTPoOro rosops, He MoryT 6biTb NpPU3HaHbI
KOPPEeKTHbIMK, XOT4 ONg9 rayccoBa MMnynbCa pelleHne Bbl-
MapnT «HECKOJIbKO Bonee nNnaBHbIM». |-|0HFITHO, YTo pyKoBOp-
CTBOBATbCH TaKUMU COOﬁpa)KEHMQMM NPU OLLeHKe KOPPEKTHO-
CTU pelleHnqa Henb34d, TeM ﬁonee, YTo 30ecCb Ba)KHei;ILIJMM aB-
nqeTca sonpoc npanmbHoﬁ MHTEpPNPEeTaLnn NoNTyYEeHHbIX pe-
3ynbTaToB. ﬂaHHblﬁ BOMpOC Ha TEKyLI.l,VIﬁ MOMEHT HaMi elle He
3aKpbIT, @ ero bonee nogpo6Hoe UayueHue MOXET BbITb Npo-
LOMKEHO B nocnegyrowmx paborax.

1 ‘ ‘ ‘ ‘ ‘
=30 —
Ei[m] 0
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1 T
q=15 s
nHi[m] 0 . N G
-1
1 ‘ ‘ ‘ ‘
o> ES UHS —
S
-1

0 25 50 75 100 125 150 175 200
m

PucyHok 10. HekoppekTHO 3afaHHas HauanbHas KOHUrypaLus aneKkTpomar-
HWTHOrO nona Buaa (40) anga HeHanpaBneHHoro UMNynbca B opMe BelBneTa
Pukepa 1 ee pa3BuTMe CO BPEMEHEM.
Figure 10. Incorrectly specified initial configuration of the electromagnetic
field of the form (40) for a non-directional impulse in the form of a Ricker
wavelet and its evolution over time.

3aknioueHue

TakuM 06pa3oM, B AaHHOI paboTe uccnenoBaHbl 0Co6eH-
HOCTM UMCIIEHHOTO pelleHus ypaBHeHuit MakcBenna MeToaoM
FDTD B pasnuuHbix thopMynupoBKax. [lokasaHo, uto ang cny-
yas orpaHUUYEHHbIX BO BPEMEHW UCTOUHMKOB nons 3agady Ko-
WM NS HEOLHOPOAHON CUCTEMbI YPaBHEHMI MOXHO CopMy-
N1poBaTh B hOpMe IKBMBaNEHTHOW 3afauun Kowm png cucre-
Mbl OIHOPOLHbIX YPaBHEHMIA, B KAUECTBE HauaNbHOro YCNoBUA
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KOTOPOi4 BbICTYNAaeT pelleHne UCXOQHOW 3afaum, NonyyeHHoe
K MOMEHTY OKOHUYaHMs LeMCTBUS UCTOUYHMKA. YKa3aHo, uTo anis
Gerywux BofH ¢ U3BpaHHOW HaMpaBNeHHOCTbI0 TaKaa nepe-
thopMynu1poBKa BO3MOXHa BCEraa, B T0 BPEMS KaK s pacxo-
OAWMXCS BOMH NpY ONPeLeneHnn HauanbHoW KOHgUrypaumm
Mnong MMeKTCs HeKoTopble 0C06EHHOCTH, KoTopble obsizaTens-
HO CrefyeT yUUTbIBaTD.

KpoMe Toro, HaMu onpefeneH KpUTepun Ang oLeHKM cre-
MEHN KOPPEKTHOCTU YACIEHHOrO PeLeHns, NOMyYeHHOro Me-
TopoM FDTD cornacHo anroputy Mu. C nomolbio AaHHoro
KpuTepus npoaHanu3npoBaHbl 0COBEHHOCTM YMCNEHHOrO pe-
IUEHMSI OLHOPOLHBIX M HEOJHOPOAHbIX 3a8ay Koww ans pas-
NIUYHBIX HOPM HauanbHbIX KOH(UIYPaLIMiA 3NeKTPOMAarHUTHbIX
nonen 1 3apatwyx uMnynbcoB. CdopMynuposaHbl Heobxoau-
Mble ¥ [LOCTATOYHbIE YCOBUS KOPPEKTHOCTM MOAyYaeMbIx pe-
WEHMH.

ABTopbl GnarogapHbl P.H. CkaHgaxkosy (@MU ®UL Komu
HL| Yp0 PAH), B.C. BnacoBy (CbIKTbIBKapCKui rocyapCcTBeH-
Hbi¥ yHuBepcuTeT umenu [utupuma CopokmuHa) n B.B. TemHo-
By (LSI, Ecole Polytechnique, CEA/DRF/IRAMIS, CNRS, Institut
Polytechnique de Paris) 3a KOHCTPYKTUBHYH KPUTUKY, M0S€3-
Hble 3aMey4aHusi U BHUMaHWe, CTUMYIMPOBAaBLINE [aHHOE UC-
crne[oBaHue.
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H6unewu

OTpen MaTeMaTUKH
Komu HL| YpO PAH
(k 30-netuto obpasoBaHuA)

Tpupuatb net Hasag, 13 Mas 1993 r., B KoMu HayuHOM LieH-
Tpe YpanbcKoro otaeneHusa PoccuitcKoit akafeMun Hayk Bbin
co3[aH Ha npaeax uHcTuTyTa OTHEn MaTeMaTUku — nepeoe
camocTodTenbHoe MaTeMaTWyeckoe NogpasfeneHue LeHTpa.
B 03HameHoBaHMe 31010 cobbITMSA Nybnukyem MocTaHoBNeHKUe
Mpesuauyma Poccuidickon akapemun Hayk ot 11 maq 1993 r.
«06 opranusauuu Otpena mateMaTMkM KoMM HayuyHOro LeH-
Tpa Ypanbckoro otgenedns PAH (npepctasnenue Mpesnau-
yMa Ypanbckoro otgenenua)». Bnocnepcteum OTpen mate-
MaTWKK npeobpasoBaH B OU3MKO-MATEMaTUUECKUIA UHCTUTYT
®UL Komu HL, YpO PAH.

POCCHACKAR AKALEWHA

Anniversaries

The Department of Mathematics
of the Komi SC UB RAS
(to the 30th anniversary of foundation)

Thirty years ago, on May 13, 1993, the Department of
Mathematics was established as an institute at the Komi
Science Center of the Ural Branch of the Russian Academy
of Sciences. It was the first independent mathematical unit
of the center. In commemoration of this event, we publish
Resolution of the Presidium of the Russian Academy of
Sciences dated from May 11, 1993 “On organization of the
Department of Mathematics of the Komi Science Centre of
the Ural Branch RAS (recommendation of the Presidium of the
Ural Branch)”. Then, the Department of Mathematics was re-
named into the Institute of Physics and Mathematics FRC Komi
SC UB RAS.

HAYEK

MPE3HIHY R

NOCTAHOBJEHHE

II mas I993 r.

aaTefpO-"eOMETDUUECKAE METONH CO3

MaTeMaTUyecKue METOME
cpen,

TSODHUA BEDOATHOCTEW U

MIOITOTHUECKNE MET

3. BOBJNIOHHTH HA

TULPOLHUE

n
MeTonMyec

H.A. [pomos,
[11aBHbIA HayYHbIH COTPYIAHUK
OMU OUL Komun HL Vp0O PAH

PenaKLmoHHbI¥ COBET XypHana «M3sectns KoMy HaydHOro LieHTpa YpanbcKoro otaenequs Poccuickor akagemmm Hayk»
103apaBnseT KonneKTs OUanKo-mMaTeMaTUUecKoro MHCTUTYTA C robunesiHoi gatom!
JKenaem HoBbIX HayuHbIX OTKPLITUI M [OCTHKEHWI.
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167982, Poccuiickas ®epepauus, ICM-2, r. CoikTbiBKap, yN. KOMMyHUCTUYECKaS, . 24.

Appec yupeputens, nsnarens: OefiepanbHoe rocyfapcTBEHHOE GHOIKETHOE YUPEXEHNE HayKK
DenepanbHblit UCCNeaoBaTeNbCKUI LeHTP «KoMu HayuHbii LeHTp Yp0 PAH».
167982, Poccuitckas ®epepauns, [CM-2, r. CoikTbiBKAp, yN. KOMMyHUCTUYECKaS, f. 24.



