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Abstract
Lobachevsky geometry simulates a medium with special con-
stitutive relations D' = eoc*E¥F, B = pou'tHP,

where two matrices coincide: ¢*(z) = p'*(x). The sit-
uation is specified in quasi-Cartesian coordinates (z,y, 2)
in Lobachevsky space, they are appropriate for modeling a
medium nonuniform along the axis z. Exact solutions of
the Maxwell equations in complex form of Majorana-Op-
penheimer have been constructed. The problem reduces to
a second-order differential equation for a certain primary
function which can be associated with the one-dimensional
Schradinger problem for a particle in external potential field
U(z) = Uye?*. In the frames of the quantum mechan-
ics, Lobachevsky geometry acts as an effective potential bar-
rier with reflection coefficient ® = 1; in electrodynamic
context, this geometry simulates a medium that effectively
acts as an ideal mirror distributed in space. Penetration
of the electromagnetic field into the effective medium along
the axis z depends on the parameters of an electromagnetic
waves w, k7 + k2 and the curvature radius p of the used
Lobachevsky model. The generalized quasi-plane wave so-
lutions f(¢,z,y,z) = E + iB and the relevant system of
equations are transformed into the real form, which permit us
to relate geometry characteristics with expressions for effec-
tive tensors of electric and magnetic permittivities.
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AHHoTauus

leometpusa Jlo6aueBckoro Mopenupyet cpepy C Matepuans-
HbIMU YPaBHEHMsIMM cheumanbHoro Bupa: D' = ¢pe'* EF,
B' = pou'*H*, rpe psa Tensopa cosnagawr: €'F(z) =
p* (). B npoctpauctee JlobaueBCKoro MCnonbayloTcs KBa-
3MpeKapToBble KOOPAUHATHI (I, Y, 2 ), OHU MOJENUPYHT cpe-
Ay, HEOLHOPORHY 0 BROMb OCH 2. B 3TMX KoopamMHaTax nocTpo-
eHbl TOUHblE pelueHns ypaBHeH MakcBenna B KOMNEKCHO
thopMe MaitopaHbl-OnneHreitMepa. 3agava cBopuTCS K Ouch-
thepeHLManbHOMY YPaBHEHUH BTOPOro NOpsAKa ANS HeKoTo-
Poil OCHOBHOIA thyHKLMM, 3TO YpaBHEHME MOXKET GbiTb CBA3aHO
C offHoMepHoiA 3apaueit lipepuHrepa Ang yacTuubl Bo BHel-
HeM noteHuumanbHoM none U (2) = Uye? . B kBaHTOBO# Me-
XaHuKe reomeTpusa Jlo6aueBCcKoro aeMcTByeT Kak atdeKTus-
Hblii NoTeHUWanbHbli 6apbep ¢ Ko3dthULMEHTOM OTpaXeHHs
R = 1; B 3neKTpoaMHaMUYECKOM KOHTEKCTE 3Ta reoMeTpus
AeNCTBYET KaK pacnpefeneHHoe B NPOCTPaHCTBE UaeanbHoe
3epkano. [[poHMKHOBEHME 3NEKTPOMArHUTHOro nons B atdek-
TMBHY0 Cpefy BAOMb OCH z 3aBUCUT OT XapaKTePUCTUK 3NeK-
TPOMarHuTHOM BonHbl w,k? + k3 ¥ papnyca KpUBM3HBI p Npo-
cTpaHcTBa Jlobauesckoro. [locTpoeHHble 06061,eHHbIE BONHO-
Bble pewenus f(t,z,y,2) = E + iB u cooTBeTcTBYHOWas
cUcTeMa ypaBHeHuit npeobpasyioTcs B [eiCTBUTENbHYIO hop-
My, UTO N03BONSAET CBA3aTb reOMETPUUECKUE XapaKTEPUCTHKH
C BbIp@XeHUAMM ANs 3 (heKTUBHbIX TEH30POB 3/IeKTPUUECKOiA
1 MarHUTHOM NPOHMLLAEMOCTEA.

KnioueBble cnosa:

ypaBHeHus MakcBenna, topmanusm MaitiopaHbl-OnneH-
reiiMepa, reoMetpus Jlo6aueBcKoro, TOUHble pelleHus, Mo-
AenupoBaHue MaTepUanbHbIX Cpen,
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Introduction

To treat Maxwell equations we make use of complex rep-
resentation of them according to the known approach by Ma-
jorana-Oppenheimer [1-11], also see [12, 13] and references
therein for extending this approach to curved space-time
models.

The situation is specified in quasi-Cartesian coordinates
in Lobachevsky space, they are appropriate for modeling a
medium nonuniform along the axis z. Exact solutions of the
covariant Maxwell equations in complex £ + ¢ B form of Ma-
jorana-Oppenheimer have been constructed. The problem re-
duces to a second order differential equation for a certain pri-
mary function which can be associated with the one-dimen-
sional Schradinger problem for a particle in external potential
field U(z) = Upe??. In quantum mechanics, curved geome-
try acts as an effective potential barrier with reflection coef-
ficient R = 1; in electrodynamic context results are similar:
Lobachevsky geometry simulates a medium that effectively
acts as an ideal mirror. Penetration of the electromagnetic
field into the effective medium along the axis z depends on
the parameters of the electromagnetic waves w, k7 + k2 and
the curvature radius p of the used Lobachevsky space. These
generalized quasi-plane solutions f(¢,x,y,2) = E + iB
and the relevant system of equations are transformed into the
real form, which permit us to relate geometry characteristics
with expressions for effective tensors of electric and mag-
netic permittivities.

1. Cartesian coordinates in Lobachevsky space
We will apply the coordinate system in Lobachevsky space
dS? = dt* — e " (da* + dy?) — d2?,
dV = e **dxdydz. (1)

It is helpful to have at hand some details of the parametriza-
tion of the model H5 by coordinates (z, y, 2). Itis known that
this model can be identified with a branch of hyperboloid in
4-dimension flat space

p? + u?.

2 2 2 2 _ 2 _
Uy — U] — Uy — Uz = p°, U=+

Coordinates (x, y, z) are referred to u, by relations

1
Uy = 3 [(ez +e %)+ (172 + y2)6_2} LU = ze 7,

1
Uy = ye 7, uz = 3 [(ez —e?) + (:v2 + yz)efz] .

We will employ the Poincare realization for Lobachevsky
space as the inside part of the 3-sphere

4 = Z i

uw Pl
Quasi-Cartesian coordinates (z,y, z) are referred to ¢; as
follows

q:q; < 1.

_ 2x
Q1_x2+y2+€22+1’
2y
g2 =

x2+y2+e2z+1’

? +y* e -1
I2+y2+€2z+1'

q3 =

Inverses to (2) relations are

. q Q2 2V 1—¢?

T = , Y= ,ef=2Y—"" (3
1—gs 1—gs 1—gs3

In particular, note that on the axis ¢y = 0, ¢ = 0, q €
(=1, +1) relations (3) assume the following parametrization
of the axis z

1o
=0, y=0, e =4/ +q5,
1—gs

gs = +1, e = +oo, z — 400;

so that

g — -1, ¢ =40, z = —c.

Solutions of the Maxwell equations, constructed in the fol-
lowing way, can be of interest for description of electromag-
netic waves in special media because Lobachevsky geome-
try simulates effectively a special medium [12, 13], inhomoge-
neous along the axis z. Effective electric permittivity tensor
€'*(z) is given by

1 0
e*(z) = —/—g9"(x)g*(x)= 0 1 0 ,
0 0

whereas the effective magnetic permittivity tensor is

. 922933 0 0
(wH*@)=v=g| 0 ¢¥¢" 0 =
0 0 911922
1 0 O
=101 0
0 0 e**

The constitutive relations read
D' = e By, B = pop™HY;
two tensors coincide €% (z) = (u=1)%*(2).
2. Maxwell equations in complex form, separa-
tion of the variables

In the coordinates (1), we will use the tetrad

1 0 0 0
g0 e 00

(@) 0 0 e 0 |-
00 0 1

1 0 0

0 —e* 0 0

C@B=1 0 0 —e* 0

0 0 0 -1
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In this tetrad, the matrix equation (see notations in [12, 13])
has the form

(—i@t +ale*d, + ae*d, + a0, —

—atss —|—a281> < E—f(—)iB ) =0. (4)

Let us apply the substitution

0 _ —iwt ikix ikay 0
(E+iB>_e e fe) )

ei(krl Ttkoy—wt) _ eitp .

Eq. (4) gives
d
(—w + atefik, + a?eFiky + o® ——

dz
—alsy +a?51)(0, f1(2), f2(2), f3(2))" = 0.

Here ()* stands for transposition. After calculation with
the use of explicit expressions for all involved matrices
(see [12, 13]), we derive the first-order system for functions

f1(2), f2(2), f5(2)

d
ik1€® f1 + ikoe® fo + <dz - 2) f3=0,

d
—wfi — < - 1) fo +ikoe® f3 =0,
dz

d o
—wfz + <dZ - ].) fl - zkle f3 = 0,
*UJfg - ikgezfl + iklezfg =0.

Allowing for three last equations in the first one, we get
the identity 0 = 0. So, there exist only three independent
equations (we will simplify notations: k1 = a, ke = b)

wf3 = —ibe® f1 + iae® fs,

wfi=— <;; - 1> fa +1ibe* f3,

wfs = (jz - 1) P )

With substitutions f; = e*Fi(z), fo = e*F»(z) from Egs.
(5) we get

d
ng = *Z.b€2zF1 + iae2ZF2, WFl = 7d7F2 + ibfg,
z

UJFQ = i.Fl — iafg. (6)
dz

There exists a particular case readily treatable, when
a=0,b=0, f3 =0:
d d
P =——F F=—F
win dz’ 2 Wiz dz b
that is

Fl(Z) _ e:l:iwz7 FQ(Z) —_ ii@iiwz,

which leads to the following plane wave solutions

@i = ( E_EZB ) _ 6—iwtez (O,Giiwz,ﬂ:ieiiwz,())t7

whence we get
Ef +iB{ = cos(wt — wz) —isin(wt — wz),
Ef +iBS = sin(wt — wz) + i cos(wt — wz),
and
E; 4+ 1By = cos(wt + wz) — isin(wt + wz),
E; +iB; = —sin(wt 4+ wz) — i cos(wt + wz).
Let us present this solution in the real form

Ef = cos(wt — wz), Ef =sin(wt —w2), Ef =0,

B = —sin(wt — wz), By = cos(wt —wz), Bf =0
and

E; =cos(wt +wz), By = —sin(wt +wz), By =0,
B[ = —sin(wt+wz), By = —cos(wt+wz), By =0.

In turn, from complex-valued identities (in this case, we have
= —wt)

E+iB=¢e"f(z) =€ (F(2) +iG(2)) =
= (cosp + isinp)(F(z) +iG(2)),
F*=F, G'=G, ¢=kux+ky—uwt
we derive expressions for real vectors E and B:
E = cos pF(2) — sin pG(z),
B =sinpF(z) + cos pG(z), ¢ = —wt.

Let us turn back to the general system (6); with the help of
the first equation we eliminate the variable f3, so producing
the system of linked equations for £} and F,

d abe?? b2e?* — w?
(4 ey vy

dz ' w

w
d  abe* w? — a?e?*
<d — ) Fr=——F,. (7)
P w w

In the new variable Z, e* = \/wZ two last equations are
written as

d
Z <dZ + CLbZ) F2 = <b222 — W)Fl,

Z (jZ - abZ) Fy = —(a*Z% — w)F,. (8)

This system can be solved straightforwardly in terms of
the Heun confluent functions. Indeed, from (8) it follows a
second order differential equation for F}

d2F1 a2Z2 +w dF1
dz? Z(a?Z? —w) dZ

N w2+ 2abw
7?2 a2Z? —w

—(a® + bQ)w) F; =0,
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where we note the presence of an additional singular point
Z = £y/wa™'. Inthe new variable y = a?Z%w~!, we
arrive at the equation

PR (11 )R,

dy? y y—1) dy
w?  2abw + (a® +b%)w? bw o
492 4a?y 2a(y — 1) te

With the use of the substitution Fy = y°¢1(y), ¢ =
+iw/2, further we derive

d2gl+ 2¢+1 1 @_’_
dy? y y—1/ dy
2c —w?/2 — b — b*w?/(2a®
+( c—w?/ w/a w/(a)+
2y
—2c+bw/a
2(y - 1) >gl_0’

which can be identified with the confluent Heun equation. Be-
low we will develop a method that makes possible to con-
struct solutions of the system (7) in terms of more simple
Bessel functions.

3. Solutions in terms of the Bessel functions

Let us perform a linear transformation over the system

(7):
Fi = oG + BGy,
Gy =nky — 5F2>

suppose the constraint an — Sm = 1. Combining equations
from (7), we get

d d

= —n(a*Z? - w)F, — B(B*Z* — w) I,

FQ = mG1 + TLGQ,
Gy = —mFy +aFy; (9

dz dz
=m(a*Z? —w)Fy + a(b?Z% — w)Fy,

—mZ (d — abZ> F+aZ <d + abZ) Fy, =

whence it follows
d
Z@G1 — Z%ab(nF) + BFy) =
= —Z2(na*Fy + BV Fy) + w(nFy + BFy),
d
ZEGQ + ZQab(mFl + OéFg) =

= Z*(ma’*Fy + ab®Fy) — w(mFy + aF}). (10)

Taking into account (9), we reduce Egs. (10) to other form

{deZ — Z%ab(na +mpB) + Z*(a*mn + b*aB)—

_w(nm+aﬁ)] G, = [—ZQ(an—bﬂ)Q_’_w(nQ—kﬁQ} Go,

{deZ + Z%ab(na +mp) — Z%(a*mn + b*aB)+
+w(nm+aﬂ)] Gy = [Zz(am—ba)Q—w(m2+a2)}G1.

Let us impose additional restrictions:
the first one is

an — bs =0,

S|

that is

{ij — Z%ab(na + mpB) + Z*(a®*mn + b*aB)—

—w(nm + aﬁ)} Gi = w(n® + B*)Gs,

d
{ZdZ + Z%ab(na +mp) — Z*(a*mn + b*aB)+

+w(nm+a6)] Gy = [ZQ(am—ba)Q—w(m2+a2)}G1;
m

the second one is

am —ba =0, thatis

gv

3le

{deZ — Z%ab(na+mpB) + Z*(a*mn + b*aB)—

—w(nm+aﬁ)] G, = [—ZQ(an—bﬁ)2+w(n2+52)} G,

d
{ZdZ + Z%ab(na +mp) — Z%(a*mn + b*aB)+

+w(nm + aﬁ)] Gy = —w(m? + a?)G,.
These two possibilities are equivalent to each other, for

definiteness we will use the variant (11). It can be presented
in more symmetrical form

b a
1 1 B 2 \/m 1 \/m 2
a b
F, = mGy +nGy = — Gy + Ga;
SR Y- ey - Y
(12)
at this Egs. (6) lead to
ZdiZGlzo.JGQ,
d
727G = [Z%(a® + b*) — w] G1. (13)

From (13) we derive a second order equation for G;:

d? d
(ZQdZ2 + Zd? +w2 —(.U(Cl2 -+ bZ)Z2> G1 = 0.
(14)

It is convenient to transform this equation into the initial vari-
able z, then it reads
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d2
<Z2dZ2 + w2 - (a2 + 62)62Z> Gl =0. (15)

It can be associated with the Schrodinger equation

d2

with the potential function U(z) = (a? + b?)e?*, the cor-
responding effective force acts on the left £, = —2(a® +
b%)e?*. The situation described by Eq. (15) can be illustrated
in Fig. 1.

Y

Figure 1. Effective potential curve.
PucyHok 1. 3ththekTMBHAA noTeHLManbHas Kpueas.

Therefore, we should expect the properties of the electro-
magnetic solutions similar to those existing in the relevant
quantum-mechanical problem. Note that whena = k; =
0,b = kg = 0, this force vanishes. In accordance with
(16), an equation below w? = U(2) = (a® + b*)e?* de-
termines a critical point z in which behavior of the func-
tion G1(x) must change dramatically. To such a point z,
To = iva? + b2e®® = jw. Expression for the turning point
2z is given by the formula

Z0 = IHL.
0o=2p p Tf 12
The last relation is written in the usual units. The p is a cur-
vature radius of Lobachevsky space, it is a free parameter of
the model description.
The primary variable G1(z) determine all remaining
ones. Let us turn back to Eq. (14). In the variable x =

ivw(a? +b?)Z = iva? + b2e” it takes the Bessel form
> 1d 2
<2++1+°J2>G1:0. (17)
T Trx €T

The first-order system (13), being transformed to the variable
x, reads

d w? + 22

d
-G =wGy, -Gy = Gi.
T T w
The second function is determined by relation
1 d 1d
G2 = — 7G == 1-

wide tT wdz
In turn, taking into account the transformation (12), we get
(see (6)

e?* va? + b2

f3 = 7(—ZbF1 + iClFQ) = 622G1(Z).
w w

Let us write down the final expressions for obtained solu-
tions

E(z) +1B(z) = (cosp + isinp) f(z),
¢ = ax + by — iwt,

where

fi(z) =€e*Fi(z) =

o (ba +@G)
o \Veerr N Verr )
fo(z) = e’ F(2) =

< ¢ G+ G)
= e — y
Va2 + b2 ' Va2 + b? 2

f3(z) = _i#

where (G4 (z) is the solution to equation (17),

Ga(z) = liGl(z), x =1iva? + b%e”.

e2ZG1(z),

wdz

Conclusion

In the frames of the quantum mechanics, Lobachevsky
geometry acts as an effective potential barrier with reflec-
tion coefficient R = 1. In electrodynamic context, results
are similar: this geometry simulates a medium that effec-
tively acts as an ideal mirror distributed in space. Penetration
of the electromagnetic field into the effective medium along
the axis z depends on the parameters of an electromagnetic
waves w, k¥ + k3 and the curvature radius p of the used
Lobachevsky model. The generalized quasi-plane wave so-
lutions f(¢,z,y,2) = E + iB and the relevant system of
equations are transformed into the real form, which permit us
to relate geometry characteristics with expressions for effec-
tive tensors of electric and magnetic permittivities.
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