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Abstract

There is a 15-component equation, which describes the vec-
tor particle with the additional electromagnetic characteris-
tics - polarizability. We specify this equation in cylindrical co-
ordinates and in presence of the external uniform magnetic
field. After separating the variables, the system of 15 first-or-
der differential equations in the polar coordinate is derived.
To resolve this system, we apply the algebraization method.
In this approach, the complete wave function is decomposed
into the sum of three parts. Dependence of the components
in each part is determined by only one corresponding function
Fi(r),7 = 1,2, 3. We construct these three basic variables
in terms of the confluent hypergeometric functions. There is
a quantization rule for some spectral parameter exists. Ad-
ditionally, there arises an algebraic homogenous system of 15
equations, which completely determines the structure of 15-
component solutions. From vanishing the determinant of this
linear system, we derive a cubic algebraic equation with re-
spect to the energy parameter 2. Its solutions are found in
analytical form and studied numerically. In this way, we have
obtained three energy spectra. One does not depend on the
polarizability parameter and the other two are substantially
modified by this characteristics.
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AHHoTauua

WsBecTHo 15-KOMNOHEHTHOE YpaBHEeHWe, ONUChIBalolLLeE BEK-
TOPHYH YacTULy C AOMONHMTENbHOM 3NEKTPOMarHUTHOM Xa-
PaKTepUCTUKOW — Monsipu3yeMocTbio. IT0 YpaBHEHUE UCCIe-
AyeTcs B LMNUHAPUUYECKUX KOOPAMHATAX NP1 HANUUUM BHEl -
Hero ofHopoaHoro MarHuTHoro nong. Mocne paspenexus ne-
peMeHHbIX NonyyeHa cucteMa 15 autdepeHLnanbHbIX ypas-
HEeHWW nepBoro NopsafKa B NONAPHLIX KOOpAMHaTax. ing pe-
WeHUs 3TOW CUCTEMbI McronbayeTcs MeTod anrebpausauuu.
B 3toM nopxope nonHas 15-KoMnoHeHTHas BONHOBas (yHKLMS
pacKnapbiBaeTcs Ha CyMMy Tpex yacTeid. 3aBUCUMOCTb KoM-
MOHEHT B KaX[A0/ Y4acTW onpefenseTcsa ToNbKO OfHON (hyHK-
uneit F;(r),i = 1,2,3. Tpn oCHOBHble NepeMeHHble no-
CTPOEHbl B TEPMUHAX BbIPOXAEHHbIX FMMNEpreoMeTpUUecKuX
thyHKuMiA. Tpu 3TOM cywecTByeT NpaBMNO KBaHTOBaHUS ANs
HEKOTOpOro CreKTpanbHoro napaMerpa. ononHUTeNbHO BO3-
HWKaeT anre6panyeckas ogHopogHas cuctema us 15 ypasHe-
HWiA, KOTOpas MONHOCTbIO onpedenser cTpykTypy 15-Komno-
HEHTHbIX pewweHuit. U3 o6palenns B Hynb onpepenvtens atou
NUHEeHHoH cucTeMbl nonyyeHo Kybuueckoe anrebpanueckoe
ypaBHeHMe OTHOCUTENbHO NapameTpa 3Heprum 2. Ero pewe-
HWS HaWAeHbl B aHANUTMUECKOM BUAE W UCCNeAO0BaHbl YuC-
newHo. MonyyeHo TpK 3HepreTUUECKUX CNEKTPa, OAUH U3 Ko-
TOpbIX TPUBMANEH W He 3aBUCUT OT NapaMeTpa NnonsipuayeMo-
CTH, @ ABa APYIUX CYLeECTBEHHO MOJM(ULUPOBaAHDI 3TOM fi0-
NONHUTENbHOI XapaKTepUCTUKON.

KnioueBble cnosa:

yacTMua Co CnuHOM 1, monspusyeMocTb, LMNMHApUYECKas
CUMMeTpHs, BHellHee OAHOPOAHOE MarHWUTHoe none, paspe-
NeHue nepeMeHHbIX, MeTog anrebpansaLum, TOUHbIe peleHus,
3HepreTMYeCKMUe CNeKTpbl
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Introduction

In the present paper, we will study a vector particle with
additional electromagnetic characteristics - polarizability in
presence of the external uniform magnetic field. We specify
the relevant 15-component equation [1-6] to cylindrical coor-
dinates and tetrad. After separating the variables, we derive
the system of 15 first-order differential equations in polar co-
ordinate. To resolve this system, we apply the algebraization
method. Within this approach, the complete 15-component
wave function is presented as a sum of three constituents.
Dependence of each constituent on the polar coordinates is
determined by only one function F;(r),i = 1,2, 3. We find
expressions for these variables £ () in terms of the conflu-
ent hypergeometric functions. At this there arises a quanti-
zation rule due to the presence of the external magnetic field.
Besides, there is an algebraic homogenous system of 15 equa-
tions. Its solutions determine the structure of 15-component
solutions. From vanishing the determinant of the system, it
follows a third-order equation with respect to the energy pa-
rameter 2. Its solutions are found in analytic form and stud-
ied numerically. So, we have found three series of physically
interpretable energy levels. One does not depend on the po-
larizability parameter ¢ and the other two are substantially
modified by the polarizability parameter o.

1. The basic equation
Initial equation has the form [7]

{ra(a:) (aa + B, — z'an> . z%

- } U(z) =0,

where
« a_ o 1 ab B
“(z)=" €(a) (), Ba(z)= §J e(a)VQe(b)ﬁ,

€la) (z) is a tetrad, J?° represents generators of the used
15-component set of tensors. Below we will use the no-
tation M instead of M¢/h. To the uniform magnetic field

—

B = (0,0, B), there corresponds the following 4-potential

B 2
Ag =0, A, =0, A¢:—TT
We will use the diagonal cylindrical tetrad and the relevant

Ricci rotation coefficients

J A, =0.

Yabo () =0, Yap1(z) =0,

0 0 0 0
0 0 1/r 0
Yar2() = | —1/r é 0

0 0 0 0

) ’Yab?)(l‘) =0.

The local matrices I'* () have the form

[(x) = (T'(2),T7(2), (), [*(2)) =

(ro,rl, W,F?’) .
T

In this way, we get the following explicit form of the basic free
equation

1
[r“ao + 010, 4“9y + J')+

4739, — M] U(t,r,é,2) = 0. (1)

The presence of the magnetic field may be taken into account
by using the formal change in eq. (1):

1
7F2(8¢ + le) =
r

1 ieB 12
We will take into account the last replacement later on, be-
sides, we will apply the shortening notation B instead of
eB/(2h).

For separating the variables, we need the explicit form of
the matrices I'*. The most convenient is their representation
in the so called cyclic basis, where the generator .J'? is di-
agonal (we will apply the block structure of the matrices with
dimensions 1,1, 3,1, 3, 3, 3, see in [7]):

0100 0 0 0
1 000 0 0 0
0t 0t 0 0 0 —of O
M=|1 o 46 o o 0 0],
ot 0t 00t 0 0 O
0t 0t 0 0t £I 0 O
ot 0t 0 0t 0 0 O
0 0 —é& 0 0 0 0
0 0 0 0 0 -0 0
e 0 0 0t 0 0 —om
=10 o 0 0 0 0 0
e 0 0 0t 0 0 0
00 0t 0 —(x)& 0 0 0
0 0t 0 00 (£)m 0 0

where €;, €t, 7 stand for the matrices

_ L i
2 2 0
étl: O 7ét2: 0 7é€}: ]‘ Y
1 = 0
V2 V2

the generator .J'? is diagonal, J'? = diag(0, 0, 73,0, 73, T3, T3).
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2. Separating the variables

Let us search for solutions in the form of cylindrical
waves:

v{C, Co, C, @0,5,5,1?}, C(x) = e “e*=eimoC(r),
Co(.%‘) — e—iet6z'lczeimq56«0(T)7

B G
C(z) = e ttethzeim? ngrg ,
Po(z) =

P
5(:};‘) _ e—ieteikzeimqb @2(7“
P

E(l‘) — e—zetezkzezmqb E2 (T
E

ﬁ(l’) — e—ieteikzeimqb

Taking in mind the block structure of the wave function and
matrices, we obtain the block equations

d - 1 . .
i Cy — &, —C — =&(im + 73)C — ikesC = MC,
hc dr r
_d = 1, S L=
—e1—F — —éy(im + 13)E — ikés E = MCy,
dr r

d - 1 = = =
Zi —1m—H — —1y(im + 73)H — iksH = MC,
he dr r

1 . .
i 0C — =& (im + 3)E — ks E = My,
he r
€ = d d -
— B & —C—-m—H
th +U€1dr Tldr +

—

1
+- [imaégc — mo(im + Tg)H} +
r

+ik(oeiC — mH) = MO,

€ - d 1. ) =
71&@ — éﬁa@o — ;ngg@o — Zk'é’g(b() = Z\4E7
d- 1 S .
Tld—<1> + —m(im+73)P + ik73® = MH.
r r

With the use of the shortening notations (to take into ac-
count the presence of the magnetic field, we make the change
m = m + Br?):

1 /d L m + Br?
m—=\ -+ ———— ] =am,
V2 \dr r
L _i + M — bma
V2 dr T
we can present the resulting system of equations as follows
—iéCO — bm_1C'1 — a7ﬂ+103 - ZkCQ = MC,

—bm_1E1 — a1 Es — ikEy = MC,
€By +ia,Hy — kH, = MCY,

1€Fy — tby,_1H1 + tam1Hy = MCy;
i€Bs — iby Ho + kHs = MCl,

—ie0C — by, 1F1 — a1 B3 — itkEy = M ®g,
i€Ey — ocamC + iam Hy — kHy = M®;,
ieEy — iby—1Hy + a1 Hs + tkoC = M@,
i€Es — 0byyC — by Ho + kHy = M®s;

—ie®; + an®o = ME,, —ie®y—ik®y= MEs,,
—1€®3 + b, P90 = M E3, —ia,, P>+ kP = MH,,
10—1P1 — 101193 = M Hy, 1b,, Q5 — kP35 = M Hj.
3. Solving the system of equations, algebraiza-

tion method

Analyzing the structure of the above equations, we can
notice that they may be transformed to algebraic form, if the
complete wave function is presented as the sum of three parts
and each part is determined by only one corresponding func-
tion Fy(r), Fa(r), F3(r):

U =V, (r) + Uy(r) + U3(r),

Wy(r) (C(T)a Co(r), Ci(r), Ca(r), Cs(r), Po(r), @1 (r),
Do(r), By(r), Br (1), Eo(r), Ey(r), H(r), Ho(r), Hy(r)) =
- (C, 5,0, Cs, 0, 0, <I>2,O,O,EQ,O,O,HQ,O)tFl(T)—i-
+(0,0,€4,0,0,0,;,0,0, E4,0,0, H,, 0, o)tFQ(r)Jr

+(0,0,0,0,C5,0,0,0,;,0,0, E3,0,0, H3)tF3(r),
where t denotes transposition. Additionally the following dif-
ferential constraints should be imposed
b_1Fo(r) = a1 Fi(r), anFi(r) = azFy(r),
am1F3(r) = aoFy, b, Fi(r) = asF3(r),

where «, ..., ay4 are some numerical parameters. In the
last constraints, without loss of generality, we can set a3 =

a1, g4 = . Then we get
bm_lFQ(T’) = alFl(r), ClmFl(T') = CleQ(T’),
am+1F3(7") :agFl, bmFl(’r'):OéQFg(’f'),

whence follow the second-order equations for the separate
functions:

(b1 — @2V Fi(r) = 0, (ambm_1 — ) Fy(r)
(@mi1bm — a3)F1(1) = 0, (a1 — a3) Fa(r)

We will turn to these equations later on.

)

0
0.
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In this way, we arrive at the following algebraic system —oa1C +ieE) — kHy + i1 Hy = M®q,
—1€Cy — a1 C1 — 1kCy — aaCy = MO, 1tkoC + ieFEy —ia Hy + taaHg = MO,
—a1 By — ikEy — anEs = MCy, —oayC + ielBs —iopHy + kHy = M ®3,
a1y — ey = ME,, —ik®y — ieDy = M Es,
as®y —ieb3 = M E3, k®) — iae®y = M Hy,
101 P — i ®P3 = M Hs, iaa®y — kP35 = M Hj.

ZEEl —’Lk’Hl +1041H2 MCl,
7;€E2 — iCMlHl + iOéQHg, = MCQ,

ZGEg — ZO(QHQ + kH3 MC3, . .
It may be presented in the matrix form A15.15% = 0, where

—iecC — a1 By — ikFEy — agE3 = M®g, matrix A;sx15 is as follows
A15><15 =
—-M  —ie —a1 —ik —a2 0 0 0 0 0 0 0 0 0 0
0 -M 0 0 0 0 0 0 0 - —ik —az O 0 0
0 0 -M 0 0 0 0 0 0 i€ 0 0 —k i 0
0 0 0 -M 0 0 0 0 0 0 i€ 0 —to 0 i
0 0 0 0 -M 0 0 0 0 0 0 ic 0 —iax Kk
—ie0 0 0 0 0 —-M 0 0 0 -1 —tk  —oao 0 0 0
—oo 0 0 0 0 0 -M 0 0 i€ 0 0 —k 1o 0
= | iko 0 0 0 0 0 0o -M 0 0 ic 0 —ia1 0 o
—oao 0 0 0 0 0 0 0 —-M 0 0 i€ 0 —i0n k
0 0 0 0 0 a1 —ie O 0 -M 0 0 0 0 0
0 0 0 0 0 —ik 0  —ie 0 0 -M 0 0 0 0
0 0 0 0 0 Qaz 0 0 —1ie 0 0 -M 0 0 0
0 0 0 0 0 0 k  —ia; 0 0 0 0 -M 0 0
0 0 0 0 0 0 da1 0 —day O 0 0 0 -M 0
0 0 0 0 0 0 0 (Xe ) —k 0 0 0 0 0 -M
From vanishing its determinant, we get +2aSM? — 20205 M? — 20 M?)+
det A= —M°(a + a3 + k* + M? — €%)x +(4M® + 403 MO + a3 MO+
X{a?g(kQ—i—MQ — ) +aj(k? 4+ M? —?)x —|—o/11M4—|—0/21M4—2afa§M4)]l/2}. (2)
x [—a30 +o(k* — ) + M*(oc +1)] — 4. Second-order equations for basic functions
_al{% (K2 4+ M? — %) — 2M* (k> + M? — %)+ Let us turn to the second-order equations for separate
b o , . functions. Taking in mind the definitions
+203 [K*(M?(20 + 1) — 20€%) + k'o+ 1 <d m+Br2>
Am = —F= o - 9
+M*(o — 1) — M*(20 + 1)e* + o€*] }+ V2 \dr r
2
+(k*+M*—€) [0 + ag(o(k* — ) + M (o + 1))+ b, = 1 _i+ m + Br
V2 \ dr r ’
401.2 2 4
+MA(k"+ M ) + 20‘2]\4 ]} =0. we get their explicit form
Further we find three roots: [;22 n 1; B2
63:0{%4—04%—!—]{32—0—]\42, " rar
2
2 1 y n122Bm+2B’+2oz]F1:O,
£ 2[M4 4 o(at 4 ad — 20202)] "
> 1d 9 9
x{a[(a?—kag—a?a;‘—a‘fa%)—k w2 o — B -
2 2 4 4 2 2 2
+(M +k )(2a1+2a2—4a1a2 ]"‘ _7n2_2Bm_ZB+2a§:| Flzo’
+(2MS 4+ 202 M* + 202 M* + o M2+ "
2 1d
+asM? — 2afa; M? + 2k* M*)+ [dﬂ +o B*r?—
+(af — a3)[o?(af + a5 — 2aia5)+ (m —1)?
j— 7_ —_ 2 =
to(dat M + 40 M — 8a2aZM + 225 M+ 2 T 2Bme 20‘1} F=0
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1 2
DT B 4 202] B =0
T
From two first equations, it follows a constraint for o and
ad:
203 = 2a7 +4B.

Let us introduce the notation 2B +2a? = X, then the above
two equations read

2 1d 2
[d 2+B2r2m223m+x} F, = 0.
r r r

dr
Correspondingly, two remaining equations are presented as
follows
d ld B2,2 (m — 1>27
dr? = rdr 72

—2B(m+1) + X] F, =0,
d2
e

—2B(m —1) + X] F3 =0.

_(m+1)?
rdr r2

We can notice the symmetry between them: m < —m,
B < —B.

Now, we take the inverse transformation B/2 <+ B (see
(2)); then we obtain three different equations:

d? 1d B2 m?

L e 2 By X|F =0
[dr2+rdr 4 r2 me ] ! ’
#? 1d B (m-17°

dr?  rdr 4 72
B(m+1)+X]F2:0,

#? 1d B (m+1)?*

dr?  rdr 4 72

—B(m —1) +X]F3 =0.

In the variable z = Br? /2, they read more symmetrically:

2 1d 1 (m/2)?
szﬁ *

zdr 4 2

These three equations are of the same type. It is
enough to examine the first one, and the similar results
for the remaining two can be obtained by formal changes.
We are looking for solutions of first equation in the form
Fi(z) = z%e®f(z). For function fi(z) we get the
equation

of] +(2A+142C)fl + E(AQ — (m/2)*)+

+<2AC+C—m+X> +x<c2—1)}f1:o.

2 2B 4
Let
A% — (m)2)* =0= A=+|m/2|,
1 1
2
C 1 0=C 5

To construct solutions related to bound states, we are to set
A = +|m/2|, C = —1/2, then the above equation simpli-
fies

7" m +m 1 X
zf) +(|m|+1—m)f{—<||2 + 5~ 23) fi=0.

It is of confluent hypergeometric type with parameters
Cml+m 1 X

- _ = — 1
a 5 5 55 © im| + 1,
F =®(a,c,x).
The polynomial condition @ = —n; gives
1
X = +2B <|m2+m+2+n1> >0, =0,1,2,....

This spectrum corresponds to the following solutions:

Fi(x)=2" &5 e "2 f1(x),
fi(z) = ®(—nq, |m| + 1, z).
Other two equations lead to similar results. Thus we have
Fi(x) = x+ﬁ2‘6_”/2f1 (x),
fi(z) = ®(—nq, |m| + 1, z).

2 2
n=0,1,2,...;
Fy(x) = Lt e~ fy(x),

fo(z) = ®(—ng, m + 1|+ 1,2),

1 -1 1
m + 1]+ m + - +ny | > B,

2 2

ny=0,1,2,...;

1
X:2B<|m+m++n1> > B,

X:2B<

Fi(z) = ot e 2 fy(x),
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f3(x) = (I)(_n?n |m - 1| + 1,213’),

m—-1+m+1 1
B +§+7”L3 >B,

71320,1,2,....

X—2B<

In all three cases the quantity X is the same, below we will
apply the variant

X =2BN >0,
1
N: <|Tn|2_'—”n+2+n>’n:07172’

Note that parameter IV takes half-integer values. Note the
formulas

X = B+2a3,
203 =2B +2a] =2B+ (X — B) = B+ X,
1 1
o1 =—=VX—-B, aa=-—=VX+B,
1 \/§ 2 \/i
1
X =2BN, N:7,§,§,....
222

5. Numerical study of the energy spectra

Taking into account relations (3), we transform equation
det A = 0 to the more simple form (it is factorized into two
equations)

2+ M?* 4+ X - =0,

et (B%— + M4) b (—23%20 ~ B2M*(20 + 1)—
_B20X — 2K2M* — 20X — 2M6)+
+B%k*M?*(20 + 1) + B*k*o + B*k*0 X +
+B?’M* + B2M?c X + 2k2M*X + 2k>MS+
+EMA 4+ MAX2 4 2MO5X + M = 0.

In dimensionless quantities

M2
they read simpler:
e =K>+1+uz,
and
B (b%— + 1) + E? (—2b2K20 — (20 +1)—
Bor — 2K? — 2z — 2) +V2K2(20 + 1)+

+02 K% + V2 K%0x + b0 + bPox+
12K + 2K + K*+ 224+ 22 +1=0.

The second equation leads to the roots
1
EBP= ———
2(1 + b20)

X |6+ 2K% + 22 + 2 + (202 K? + 2b* + b*x) o+

+b\/b2 + 4z + 4 + (4b%0 + 2020z + b20222) |,

x=2bN, N =

N W
N | Ot

5 P

1
9’

Let us detail numerically several particular cases:

b=0.1,K =0.1,0 = 0.01

2 2 2

€ € €1
N=1/2 1.05357 1.01 1.21999
N =3/2 1.14455 1.20086 1.42911
N =5/2 122882 1.39241 1.63754
N =7/2 130767 1.58449 1.84544
N=9/2 138203 1.77703 2.05288
N =11/2 145258 1.96995 2.25994
N =13/2 151987 21632 2.46666
N =15/2 1.5843 2.35674 2.67311

b=1,K =0.1,0 = 0.01

& e &
N=1/2 1.41774 1.01 3.9902
N =3/2 2.0025 244301 6.53739
N=5/2 245153 3.99801 8.96259
N=17/2 2.83019 5.6186 11.3222
N=9/2 31638 7.28183 13.6392
N =11/2 346554 8.97564 15.9255
N =13/2 3.74299 10.6928 18.1886
N =15/2 4.00125 12.4285 20.4331

b=0.1,K =0.1,0 = 0.001

& e &
N=1/2 1.05357 1.01 1.22

N =3/2 1.14455 1.20087 1.42912
N=5/2 1.22882 1.39242 1.63757
N=17/2 1.30767 1.58452 1.84548
N=9/2 1.38203 1.77707 2.05293
N =11/2 1.45258 1.97 2.25999
N =13/2 1.51987 2.16325 2.46673
N =15/2 15843 2.3568 2.67318
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62

b=1,K =0.1,0 = 0.001

e e e
N=1/2 1.41774 1.01 4.008

N =3/2 2.0025 2.4479  6.5681
N=5/2 2.45153 4.0088  9.00521
N=17/2 2.83019 5.63581 11.3762
N=9/2 3.16386 7.30578 13.7042
N =11/2 3.46554 9.00657 16.0014
N =13/2 3.74299 10.7309 18.2752
N =15/2 4.00125 12.4738 20.5302

Conclusions

We can see that only two obtained spectra depend on the
value of additional parameters o.

Besides, it should be noted that the used algebraization
method to solve the system of 15 differential equations is more
simple than previously applied method for treating this prob-
lem in the paper [7], though the energy spectra are the same.

Also it should be mentioned that the used algebraiza-
tion method is closely related to method developed by Gron-
skiy and Fedorov [8] for treating the particle with multi-spins
S = 1/2®3/2, where the three constituents of the complete
wave function were fixed with the use of projective operators
constructed from generator J'2 of the field. The algebraiza-
tion method may be effectively used for separating the vari-
ables in various physical problems.

The authors declare no conflict of interest.
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